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PREFACE. 



This volume is intended to be a continuation of that already 
r. published as Part I. in 1882. The time occupied in its pre- 
^ paration has been longer than I had anticipated. This is partly 
^. due to the want of sufficient leisure, and partly also because as 
i I proceeded with the work new questions to which no sufficient 
answers had yet been given seemed continually to arise. The 
^ pleasure and labour of attempting to answer these, however im- 
: perfectly, has delayed the book. 

L5 Although a large portion of this volume has already appeared 

in the latter half of the third edition, yet much of this has been 
recast and new illustrations and explanations have been given 
wherever they appeared to be necessary. Besides this much 
new matter has been added. Exactly also as in the last edition 
those parts to which the student should first turn his attention 
are printed in a larger type than the rest. 

Following the same plan as in Vol. I., the several Chapters 
have been made as independent as possible. The object in view 
was that the reader should select his own order of study. His- 
torical notices and references have been given throughout the 
book. But it has not been thought necessary to refer to the 
author's own additions to the subject, except when they have 
been first published elsewhere. 

In this volume much use has been made of the new symbol 
for a fraction lately introduced by Prof. Stokes. The symbol 
B. D. II. b 
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VI PREFACE. 
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a/b for T is very convenient as it enables the algebraical formulae 

to be written on a line with the type. If some such abbreviation 
as this is not used two whole lines are required to write the 
simplest fraction. When the numerator or denominator of the 
fraction so written contains several factors, the rule adopted has 
been that all that follows the slant line up to the next plus or 
minus sign is to be regarded as the denominator. In the same 
way all that precedes the slant line up to the next plus or minus 
sign is to be taken as the numerator. When more complicated 
factors have to be written, brackets are used to indicate the 

numerator and denominator. Thus —j H { would be written 

cd g — h 

ab/cd^-(e+f)l{g-h). 

Numerous examples have been given throughout the book. 
Some of these are intended to be merely simple exercises, but 
many are important as illustrating and completing the theories 
given in the text. Sometimes when the principles of a theory 
had been explained numerous applications seemed to arise. In- 
stead of loading the text with these it appeared preferable to 
put them into the form of examples and to give such hints as 
would make their solution easy. Everywhere the results have 
been given, and care has been taken to secure their accuracy ; 
but amongst so many problems, it cannot be expected that no 
errors have escaped detection. 



EDWARD J. ROUTE. 



Petebhoube, 

August, 1884. 
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In order that the plan of the book nuy be understood the following short 
summary is given of the subjects treated of in Part I. 

Chap. 1. Theory of moments of inertia and the ellipsoids of inertia. 

Chap. 2. D*Alembert*s Principle and other fundamental theorems. 

Chap. 3. Theory of motion about a fixed axis with applications to the pendu- 
lum, the numerical value of g, the watch balance, the ballistic pendulum, the 
anemometei;. 

Chap. 4. General principles of motion in two dimensions. Special considera- 
tion of stress, friction, impulses and relative motion. 

Chap. 5. Geometry of motion in three dimensions, with Euler's equations. 

Chap. 6. On Momentum, with the discussion of sudden changes of motion. 

Chap. 7, On Vis Viva and Work, with some general theorems by Camot, 
Bertrand, Thomson and Gkiuss. 

Chap. 8; Lagrange's equations. Theory of reciprocation, the Hamiltonian 
transformation and the Modified function. 

Chap. 9. Small oscillations. Several methods described. Lagrange's method, 
the energy test of stability and the Cavendish experiment. 

Chap. 10. Some special problems. Oscillations of rolling bodies, and La- 
grange's rule on large tautochronous motions. 
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38, line 28, for one signed read one signed and positive. 
73, line 5, for cannot read may not. 

248, line 42, insert dt after the integral sign. 
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251, line 37, fw SL read SN. 
„ line 40, for hL read dN, 
289, line 5, insert GO at the beginning of the line. 



DYNAMICS. 



CHAPTEE I. 



MOVING AXES AND RELATIVE MOTION. 



Moving Axes. 

1. In many problems in dynamics it will be found that the 
axes of reference suitable to the initial state of the motion are not 
well adapted to follow the body under consideration during its 
whole course of motion. It is therefore sometimes convenient to 
use axes which themselves move in space so that they always keep 
those portions which are most appropriate to the instantaneous 
position of the body. Thus to take a simple case; in dynamics of 
a particle we sometimes resolve our forces along the tangent and 
normal to the path. This is practically the same as using a set of 
Cartesian axes which move so as to be always parallel to the 
tangent and normal. This theory has been generalised in Vol. I. 
chap. IV. where the motion is referred to any two lines whatever 
which move in one plane. We now propose to extend the theory 
still further. We shall discuss the general equations of motion of 
first a particle and then a rigid body referred to any rectangular 
axes which move as we may find convenient. 

2. If we make the axes to which we refer the body move, it 
is clear that we must have some means of determining the posi- 
tion and motion of these axes in space. This might be effected 
by having another set of axes which are themselves fixed in space 
and to which in turn we might refer the moving axes. This is the 
course adopted by Euler; thus in the equations usually called 
after his name (Vol. i. Chap, v.) he uses two sets of axes. The 
advantage of giving motion to the axes is however greatly 
diminished if we must use a set of fixed axes as well through- 
out the motion. For this reason we shall now determine the 
motion of the moving axes by angular velocities ^^ ^j, 0^ about 
themselves. In other words, we regard the axes as if they were 
a material system of three straight lines at right angles whose 
motion at any instant is given by three coexistent angular veloci- 

R. D. n. 1 
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2 MOVING AXES. 

ties about axes which instaDtaneoiisly coincide with them. In 
this way we do not use any fixed axes except at the beginning or 
end of the solution and only in such a manner as we may find 
convenient. 

3. In order to understand how the motion of a body is re- 
ferred to moving axes let us first su{)pose that the body is turning 
about a fixed pomt. Taking this point as origin we determine the 
motion of the body by three aneular velocities a>^, a>,, 6>, about the 
axes in the same manner as if the axes were fixed in space. The 
position of the body at the time t-^dt may be constructed from 
that at the time t by turning the body through the angles to^dt, 
fo^dt, wAt successively round the instantaneous positions of the 
axes. But it must be remembered that fo^dt does not now give 
the angle the body has been turned through relatively to the 
plane xz^ but relatively to some plane fixed in space passing 
through the instantaneous position of the axis of z. The angle 
turned through relatively to the plane of xz is (a>, — 6^ dt 

If there be no fixed point we follow the construction explained 
in Vol. I. Chap. v. We represent the motion of the body by the 
six components u, v, w; w^, o>j, ©, referred to any origin, the 
axes being treated as if they were fixed for the moment. Here 
u, V, w are the resolved parts in the directions of the axes of the 
velocity of the origin or base point, and ©,,6),, o), are the resolved 
parts about the same axes of the angular velocity of the body. In 
the same way the motion of the axes is given by the components 
of motion p, q, r; 6^,6^,0^^ the moving axes being themselves the 
instantaneous axes of reference. 

In most cases however the axes will be made to turn round 
some point which is either fixed or which may be treated as fixed. 
Their directions in space are made to vary in a manner suitable to 
the purpose we have in hand. We then have p^ q, r all zero. 
Since any point may be reduced to rest by the method explained 
in Vol. I. Chap. iv. this supposition, which will be generally made, 
does not really limit our choice of axes. 

4. Velocities referred to Moving Axes. The position of a 
point P being defined by the co-ordinates x, y, z referred to rect- 
angular axes which turn rownd a fixed point O, it is required to 
find the velocities resolved parallel to the instantaneous positions of 
the moving a^xes. 

The resolved velocities in space are not given by dx/dt, dyjdt, 
dzjdt These are the resolved velocities of the point relatively to 
the moving axes. To find the motion in space we must add to 
these the resolved velocities due to the motion of the axes. If we 
supposed the particle to be rigidly connected with the axes its 
velocities would be expressed by the forms 0^z — 0^^ &c. given in 
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Vol. I. Chap. V. Adding these together the actual resolved veloci- 
ties of the particle are 

«^=^-^^« + y^i- . 

If the origin be itself in motion with the resolved velocities 
p, qy r we must add these also to the right-hand sides of the 
equations to obtain the actu^tl resolved velocities of P in space. 

5. Accelerations referred to Moving Axes. The instan- 
taneou8 velocities of a point P in space being u, v, w witen resolved 
parallel to the instantaneous positions of the axes it is required to 
find the accelerations parallel to these a^xes. 

At the time t, let Ox, Oy, Oz be drawn from any point 
parallel to the instantaneous directions of the axes. At this instant 
Uy Vy w are the resolved velocities in these directions. At the time 
t -\-dt the axes by their translations and rotations will have changed 
their positions in space. Let Ox\ Oy\ Oz be drawn from the same 
point parallel to these new directions. At this instant, 

,du J. , dv J. . dw ,^ 

at at at 

will be the resolved velocities in these directions. 

Describe a sphere of unit radius whose centre is at the fixed 
origin and let all these axes cut the sphere in the points x, y, z, 
X, y, z' respectively. Thus we have two spherical triangles ocyz 
and x'y'z\ all whose sides are right angles. The resolved part of 
the velocity of the particle at the time t'\'dt along the axis of z is 



f w+ -^ dt\ cos zx'-\' \y-\- -^dt\ cos zy-V { ^ + "jI ^0 



c^^zz. 



By the rotation round Oy, a?' has receded from z by the arc Q^t^ 
and by the rotation round Ox, y has approached z by the arc 6 fit. 
Therefore zx' = zx + 0fit, 

zy ^^zy — 6 fit. 

Also the cosine of the arc zz* diflfers from unity by the squares 
of small quantities. Substituting these we find that the compo- 
nent velocity of the particle at the time t-Vdt parallel to the axis 

of z is ultimately w + -, - dt — uOfit + vOfit 

But the acceleration is by definition, the ratio of the velocity 
gained in any time dt to that time. Hence if ^be the acceleration 

1—2 



4 MOVING AXES. 

xesolved parallel to the axis of z^ we have 

Similarly if X and F be the accelerations parallel to the axes 
of X and y, we have 

6. Ex. 1. Let the motion be refBrred to oMt^ti^ moTing axes so that the 
sides of the qpherical triangle xyz are a, ft, e and the angles A, B, C, Let the equal 
quantities sin a sin & sin C, sin & sine sin il, sinesinasinB be called /l Prove 
that if the Telocity be represented by the three eomponenU u, v, w parallel to these 
axes, then the reiultant acceleration parallel to the axis of « is 

dw du dv 

with similar expressions for X and F. 

Tlfls may be done by the use of the spherical triangles xtfz, x'y'z't by first preying 
that zx^=b + 9^ sin c sin il, zy'=a - 9^dt sin e sin B, and then sobstitating as before. 

Ex. 2. Prove in the same way that if «, y, ;b be the co-ordinates referred to 
obliqae axes moving about a fixed origin, and tt', v", «/ the ruuUavt velocities 

parallel to the axes, 19'=^ + ^ co8&+-^ cosa-ac^^-fy^iAS 

with similar expressions for «' and xf, 

Ex. 3. Prove also that the equations connecting the components tt, v, v> with 
the co-ordinates «, y, z referred to axes with a fixed origin are 



dz 



^^ -ootB -cot^ 
z X y 



with two similar eiqsressions for ti and v. 

Since w' is the component parallel to 2 of (u, v, w,) we have tioo6&+ vco8a+tr=t(7', 
with similar expressions for ti' and v'. By solving these we get the required values 
of «, Vf w. 

Ex. 4. If the whole acceleration be represented by the three components 
Xf Y, Z parallel to the axes, prove that the expressions for these in tenns of uvva^ 
may be obtained from those given in the last example by changing x, y, sintou, v, v> 
and tt, V, V) into X, y, Z. 

7. Oeometiy of Moving Axes. In order to use moving 
axes it is necessary to be able to express with respect to these 
axes any conditions which may exist with regard to straight lines 
or points which move independently in space. We have therefore 
placed together in the following articles a few of the more im- 
portant conditions. 
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8. To express the geometrical conditions that a point whose 
co-ordinates are (x, y, z) is fixed in space. 

This may be*^ done by equating to zero the resolved velocities 
of the point as given in Art. 4. We thus obtain the conditions 

with two similar equations. 

9. To express the geometrical conditions that a straight line 
whose direction cosines are (1, m, n) moves parallel to itself in space 
or that its direction isfi^xed in space. 

Let a straight line OL of unit length be drawn from any point 
O fixed in space parallel to the given straight line. The co- 
ordinates of L referred to axes which turn round as an origin 
so as to be always parallel to the moving axes will be Z, m, w. 
Since OL is fixed in space, the resolved velocities of L are zero. 
The required geometrical conditions are' therefore 

with two similar conditions. 

It is sometimes necessary to express the direction of the straight line by the 
Enlerian angles Q^ 0, ^ as explained in Vol. I. chap. v. The moving axes are there 
called OAy OBy OC, and the straight line whose direction is to be fixed in space is 
represented by OZ. We see that the equations just written down are equivalent to 
those usually called Euler*8 geometrical eqtuitions, but expressed in a symmetrical 
form. 

10. We may use the proposition of Art. 9 to find the path in space of the 
origin of the moving axes, as well as the directions of the axes themselves. The 
components of motion $1, 62* ^s being given functions of the time, we have three 
equations to find l^ m, n. These may be regarded as the direction cosines of any 
one of three axes of reference ^, 17, t fixed in space. The integration of these 
equations wUl involve three arbitrary constants. One of these is determined by 
the condition 1?+m^+n^=l, The other two will depend on the initial position of 
the moving axes relative to the particular axis ^, 17 or ^^ we are considering. 

The velocity of the origin of the moving axes parallel to this straight line is 
equal to Ip+rhq+nr (Art. 3). The velocities d^jdt, drildtf d^jdt being thus found, 
we determine ^, 7, t &s functions of the time by integration. 

Ex» If the components 0^ 0^, 0^ h^ dXl constant, prove Z, m, n are given 
by three expressions of the form 

l=G0^+AQ sin Qt - (8$^ - Cd^ cos Qt 
where O^ = 0^ + 0^ + 0^ and A0^+ 30^ + 00^ = 0. The three arbitrary constants are 
therefore A, B and Q^ Thence find the path in space of the origin of the moving 
axes. 

11. If the direction cosines of a straight line connected with the moving axes be 
(1, m, n), find the angle between two positions in space at an interval of time dt. 

Drawing a unit length OL as before parallel to the position of the straight line 
at the time t, the resolved velocities of X will be dlldt-m0i+n02t <&o» If OL' be the 
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parallel at the time t + dt and 8U ^m* 9n the projections of the length LL' on the 
moving axes, we have therefore 

hn=dm- nB^dt + IB^t, 
dn=dn- le^t + mO^dU 

Since OL and OL' are each of unit length the required angle LOU=dx ^ given 
by (9x? = («)• + («»»)' + W. 

Cob. The direction cosines of the plane LOL' are obviously proportional to 
mdn-ndni, nH-UUf ISm-mdL 

Ex. The six components of the motion of the axes (Art. 3) are given 
functions of the time, iind the radii of curvature and torsion of the path described 
by the origin. 

The direction cosines of the tangent are proportional to p, g, r. Hence by this 
proposition the angle of contingence is known. By the corollary the direction 
cosines of the osculating plane, and therefore those of the binomial are known. By 
substituting for 2, m, n in the proposition the direction cosines of the binomial, 
the angle of torsion can be found. 

12. Sometimes, while using moving axes, we require to refer 
the motion of some straight line OM connected with the moving 
axes to an axis of reference fixed in space. The object of the 
following example is to show how this may be done. 

Ex. Let the direction cosines of a straight line OM fixed relatively to the 
moving axes be (X, /i, y) and let it be required to refer the motion of OM to some 
straight line OL fixed in space whose direction cosines at the time t are (2, m, n). 
Let the angle LOM be and let rj/ be the angle the plane LOM makes with any 
fixed plane in space passing through OL, Then show that 

eoB0=l\+mfi+nyt 



sin^^ ^ =^1 (2 - X cos ^) + e^im - /* cos 0) + 0^(n-y cos 
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If ^„ 0^ be the resolved parts of the angular velocities about OL, OM respec- 
tively, the last equation may be written in the form 



Bia^ 0^-=^ 01-0^ COS 0. 
dt 



If the straight line OM be not fixed relatively to the axes, then (X, /t, y) will be 
variable and we must add to the right-hand side of the second equation the deter- 
. Ad/t dk\ , f dv dfi\. f dK ^ dv\ 

In this determinant we may replace X, /i, v by any quantities X/r, /t/r, k/c propor- 
tional to them (whether k be variable or not) provided we divide the determinant 
by ic». 

The mode of proof may be indicated as follows. Let P be a point in OM at a 
distance unity from and let P move about with OM, The moment of its velocity 
about OL is sin«^ d^/df. But if (aj, y , z) be the co-ordinates of P, its velocities paral- 
lei to the axes are given by Art. 4, and the moments of these velocities about the 
axes will be L^yw-zv^ M=zu-xw, N=xv-yu, Hence the moment about OL 
will be Bhx^0d\l/ldt=zLl+Mm-\-Nn, If we effect these substitutions and (since OP 
is unity) replace x, y, « by X, /*, y, we get the results in the example. 
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13. It is not onr object here to show the atility of moying axes io Solid 
Geometiy farther than to prove those theorems whioh are required in Dynamics. 
It will be fonnd however that both curves and surfaces are sometimes raost easily 
treated by referring them to a set of moving axes in which the origin travels 
along the curve or surface and the directions of the axes are such tangents and 
normals as may be suitable to the property under discussion. We may refer the 
reader to a paper by the author in the Cambridge Mathematical Journal (Vol. vn. 
1866) where the application of moving axes to the curvature of curves is illustrated 
by several examples. The two following examples though of no immediate im- 
portance will be found useful farther on. 

Ex. 1. The principal axes at any point P of a curve are the radius of cxurvature, 
the tangent and binormal. If these be taken as the axes of x, y, z, prove that the 
components of motion by which the axes are screwed along the curve through an 
arc dy are p=0, q=^dy, r=0; ^i=0, O^^-dr^ 0^=-de where dr and de are the 
angles of torsion and contingence. 

Ex. 2. The principal axes at any point of a surface are the tangents to the 
lines of curvature and the normal to the surface. Let these be called the axes of 
X, y, z. Let it be required to move the axes from O into the position of the 
principal axes at a neighbouring point 0' on the axis of x. If 00'= dx the six 
components of motion for the base point are given by 

p=dx, 3=0, r=0; «.=0. «.= -y , Q-j)»t=^ Q)*". 

where p, p* are the principal radii of curvature for the sections xz^ yz respectively. 
By combining this with a corresponding motion along the axis of j/, we can move 
the axes from into the positions of the principal axes at any neighbouring 
point O' on the surface. 

14. Application of Moving Axes to Dynamics. To 

explain a method of changing from fixed to moving a^xes. 

If a body be moving about a fixed po>int and we have esta- 
blished any general proposition referring its motion to fixed axes 
meeting at the fixed point, then we may use the following method 
to infer the corresponding proposition referring the motion to axes 
moving in any proposed manner about the origin. Suppose the 
general equation established to be 

•^ [g}„, d(Ogg/dt, &c 1=0, 

where co^, 6>y, ©, are the angular velocities about the fixed axes. 
Let 6)j, 6)j, 0)3 be the angular velocities of the body about the 
moving axes and let the motion of the axes be defined as before 
by the angular velocities 0^, 0^, 0^ about themselves. 

The fixed axes being arbitrary in position, let them be so 
chosen that, at the moment under consideration, the three moving 
axes are passing through them, so that the two sets are for an 
instant coincident. Then we may write a)jg = a>^, ©^ = 0),, ©, = ft>,, 
but we cannot assert dci)Jdt = da>Jdt, for the moving axes at the 
time t+dt are not coincident with the fixed axes. 

To determine the relation between doDjdt and dtajdt we may 
proceed thus. Let OL be any straight line fiaed in apace making 
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the moving axes the angles a, fi, y. Let 11 be the angular 
Telocity of the body about this straight line, then 

Xl = ftij cos a + ©, cos /8 + fi)j cos 7, 

d% . A dS • dy 

Since OX is any fixed line in space, let it be so chosen that the 
moving axis of z coincides with it at the time t Then a = ^tt, 
fi= I^TT, and 7 = 0, also dn/dt will be dcojdt Since a is the angle 
OL makes with the moving axis of x, dz/dt is the rate at which the 
axis of X is separating from a fixed straight line coincident with the 
axis of z and this is clearly 0^. Similarly dfijdt=^^0^, hence 






dt dt 

Similarly ^. = ^ - «.^. + „.^.. 

da>y dcD ^ ^ 

Hence we obtain the following rule. If we substitute in the 
given general equation -^ = 0, for 0)^., co^, ©, the values 6)1,©^, to^ 
and for dco^/dt, doy/dt, d(oJdt the equivalents written above we 
shall have the corresponding equation referred to moving axes. 

If the moving axes he fixed in the body, and move with it, we 
have ^,=6),, ^j = G)j, ^jj = 6). In this case the relations will 
become da)Jdt = d(o /dt, dxoyjdt^dayjdt, do)^/ dt = dm^/ dt, as in 
Euler's equation, Vol. i. Chap. V, 

The preceding proof of the relation between dayjdt and dayjdt is 
a simple corollary from the parallelogram of angular velocities. The 
result will therefore be true for any other magnitude which obeys 
the "parallelogram law" In fact the demonstration is exactly the 
same. Now linear velocities and linear accelerations do obey this 
law. Hence the expressions obtained in Arts. 4 and 5, for the 
velocities (u, v, w) and the accelerations (X, Y, Z) may be deduced 
from the one proved above. 

If the general equation "J^ = should contain the velocity or 
acceleration of any particle of the body, then to obtain the corre- 
sponding equation referred to moving axes, we must substitute for 
these velocities or accelerations the expressions found in Arts. 4 
and 5. 

15. If the general equation shonld contain cPugJdt^ or any other eecond dlf. 
ferential coefficients, the expressions to be substituted for them become more 
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complicated. Since dwjdtj dtajfjdt, dujdt, are angular accelerations, tbey follow 
the parallelogram law. We have therefore 

^ = (^- «2^a+<«'3^2)eo8a+^^-«8^i + a'i^3Jcos/3+^^-«i^a+Wj^ cos 7. 
We may repeat the same reasoning and we shall finally obtain 

So we may proceed to treat third and higher differential coefficients. 

16. Expressions for the moments of the EfTeotive 
Forces. A body is turning about a fixed point in any manner, 
to determine the moments of the effective forces about any axes 
which meet at the fixed point. 

Let X, y, z be the co-ordinates of any particle m of the body 
referred to axes fixed in space and meeting at the fixed point. 
Let Aa-, Ay, A, be the angular momenta about the axes. Then if 
^xi ®y» ®, be the angular velocities about these axes and -4, F &c. 
the moments and products of inertia, we have 

with similar expressions for h^ and \, The moments of the efiFec- 
tive forces aboiit these fixed axes will then be dhjdt, dhjdt, dhjdt. 
See Vol. I. Ghap. ii. 

Let \i\y A3 be the angular momenta about a set of moving 
axes having the same origin; o>j, ©j, o), the angular velocities of 
the body, A^ F &c. the moments and products of inertia about 
these moving axes. Let the motion of the moving axes be given 
by the angular velocities 0^y 0^, ^,. Then since moments or 
couples follow the parallelogram law, we see by the general pro- 
position of Art. 14 that the angular momentum about the moving 
axis is obtained by writing gj^, (o^, o>g for o)^, o)^, o>,. We thus have 

with similar expressions for h^ and h^. By the same proposition 
the moments of the effective forces will be 

^^-KO,+hA, 
-^ - K^i + K^s^ 

17. If the moving axes be fi^ed in the body we have ^j = co^, 
^g = fi)j and ^3 = ci)g, If also the axes be principal axes we have 
A = Ag)^, \ = B(o^y A3 = (7a>3. The moments of the. effective forces 
about the axes then become 

dh. J. d(o. .-r. rf\ 
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with similar expressions for A, and A,. These of course are the 
Eulerian forms given in Vol. i. Chap. v. 

18. If it be required to find the moment about the axis of z 
of the eflfective forces for a rigid body moving in any manner in 
space, we use the principle proved in Chap. Ii. of Vol. i. The 
moment about any straight line is equal to the moment about a 
parallel straight line through the centre of gravity plus the 
moment for the whole mass collected into its centre of gravity. 

In the case of a system of rigid bodies, the moment of their 
effective forces may be found by adding up the separate moments 
of the several bodies. 

19. Oeneral equations of motion. To obtain the general 
eqtuUions of motion of a system of moving bodies referred to any 
rectangular axes moving about a fixed origin. 

These equations of motion may be found by equating the 
expressions just found for the resolved parts and moments of the 
e£(ectivo forces to the corresponding expressions for the impressed 
forces. 

Thus consider any one body of the system. Let X, Y, Z he 
the resolved parts of all the impressed forces on that body, including 
the unknown reactions of the other bodies of the system. Let 
L, M, N be the moments of these impressed forces about the axes 
of reference. Let m be the mass of the body. Let u, v, w be the 
resolved velocities in space of the centre of gravity of the body, 
then u, V, w are known in terms of the co-ordinates of the centre 
of gravity by the equations of Art. 4. The equations of motion 
of the centre of gravity are 

du . ^ /% X 

at * * m 

with corresponding expressions for F and Z, 

Let \,\, Ag be the angular momenta of the body about the 
instantaneous positions of the axes of reference, then \, h^, h^ are 
known in terms of Wj, g)j, Wg the angular velocities of the body 
by the expression found in Vol. I. Chap. v. The equations of 
motion will then be 

dh^ 

dt 

with similar expressions for M and iV*. 

* These [equations were given in this form by the late Professor Slesser 
{Cambridge Quarterly Joumaly Vol. ii.), to whom the results of the two following 
special cases had been previously shown by the author. It appears however that 
similar results had been previously published in Liouville^s Journal in 1858f^ The 
reader should also consult a paper in Vol. x. of the Cambridge Transactions y 1856, 
by R. Hayward. /j jI f 
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Besides these dynamical equations there will be the geometrical 
equations which express the connections of the system. As every 
such forced connection is accompanied by some reaction, the number 
of geometrical equations will be the same as the number of un- 
known reactions. 

Thus we have sufficient equations to determine the motion. 

20. Two important special caBes. There are two cases 
in which the equations of motion just found admit of great sim- 
plification. As these often occur it is worth while to discuss them 
separately. 

In the first case we suppose the body to be turning round some 
point fixed in space and to be such that two of the principal 
moments of inertia at the fioced point are eqtial. 

Let OG be the axis of unequal moment of inertia and let us 
take this as the axis of Z, Let us choose as the other axes of 
reference two other axes 0-4, OB which turn round 00 in any 
manner we please. To fix this let v be the angle the plane GO A 
makes with some plane fixed in the body and passing through 0(7. 
Then we have B^ = o> , ^^ = ©^ and ^^ = o>g + d'yjdt. Also \^ A<o^ 
\ = B<o^y \ = (7<i)g. The equations of motion are now 



^(^+".i)+(^-^ 



Wjft)^ = M 



> . 



^'dt 



= N 



In this case the most convenient geometrical equations to express 
the relations of these moving axes to axes fixed in space are those 
usually called Euler s geometrical equations. They are given in 
Chap. V. of Vol. I. where 0^^, 0^, 0^ must of course be written for 

^l> ®2' ®8' 

21. Since dx/dt is arbitrary it may be chosen to simplify either 
(I.) the dynamical equations or (II.) the geometrical equations. 

I. We may put dx/dt = — o>g. The dynamical equations then 
become 

-4 -iT^ -F Oa>,o>g = Zr 



dt 

do), ^ 
dt * » 



M 



dt 



= JV 
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II. We may so choose dvjdi that ^ = 0. In this case the plane 
GOA always passes through a straight line OZ fixed in space. 
Euler's geometrical equations then become 

d0 dslr . ^ dy dy!r ^ 

^r-=Ci)«, -^ Sina= — G),, — A ^COSa = G).. 

dt ^' dt '' dt dt » 

22. Second special case. In the second special case we 
suppose as before that the body is turning about a fixed point, but 
that all the moments of inertia at the fixed point are eqvuL In this 
case there are three sets of axes which may be chosen with 
advantage. 

Firstly. We may choose axes fixed in space. Since every axis 
IS a principal axis in the body, the general equations of motion 
become 

dco^ __ L dci)j __ M dcD^ __ N 

'dfA' WA' 'di'"A' 

Secondly. We may choose one axis as that of 00 fixed in 
space and let the other two move round it in any manner, then as 
in the first special case, the equations of motion become 

dt ^dt'^A 
dt'^'^^dt'A 

'di ""Z 

Thirdly. We can take as axes any three straight lines at right 
angles moving in space in any proposed manner. The equations 
of motion may be deduced from the first set just written down by 
the help of the general rule for changing from fixed to moving 
axes. We have therefore 

The geometrical equations will then be the same as those 
given in Art. 9. 

23. Ex. An ellipsoid, whose centre is fixed, contracts by cooling and being 
set in motion in any manner is under the action of no forces. Find the motion. 

The principal diameters are prinoipal axes at thronghont the motion. Let ns 
take them as axes of reference. The expressions for the angular moments ahont 
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the axes &rehi=Au>i, ^ = Bo^s, %s= Cta^, The equations of Art. 19 then become 

Multiplying these equations by Aufi, Bta^, Cw,, adding and integrating we see 
that A^iai^+B^<a^+C<i)^ is constant thronghont the motion. To obtain another 
integral, let-4=^(j/(«), P=Bo/(«), C=CJ{t) where /(«) expresses the law of cool- 
ing which has been supposed such that the body changes its form yery slowly. Let 
«i/(0=Oi> <*2/W=02> Ws/lO^Og, and put dtldf=f{t), then the equations become 

^o^-(Bo-^o)OA=0, 

and two similar equations. These may be treated as in the chapter on the motion 
of a body under no forces. Liouville*8 JoumaU 



On relative motion. 

24. Olairaut^B Theorem*. The theory of relative motion is 
best understood by viewing it in as many aspects as possible. We 
shall therefore now consider a method of determining the motion 
which is more elementary and does not in the result make an 
exclusive use of Cartesian co-ordinates. 

Let it be required to refer .the motion of a particle P to any 
given set of moving axes. Let P^ be the position of P at any 
time t and let P^ be attached to the axes and move with them 
during any short interval. Let f represent the acceleration of P^ 
in direction and magnitude at the time t The particle P will of 
course separate from P^, but as is explained in Dynamics of a 
Particle the actual acceleration of P in space is the resultant of 
its acceleration relative to P^ treated as a fixed point and the 
acceleration / of P^. The acceleration of P^ is called the " accele- 
ration of the moving spaceJ* 

Let ayz be the co-ordinates of the particle P referred to the 
moving axes and let X, F, Z be the impressed forces on the 
particle resolved parallel to the axes. If we eliminate u, v, w 
from the equations of Art. 4 and Art. 5 we have 

* This method of determining the relative motion of a particle was first given 
by Glairaut in 1742, and afterwards the same rule was demonstrated in a different 
manner by Coriolis. The arguments of the former were criticized and improved by 
M. Bertrand in the nineteenth volume of the Journal Polytechnique, The mode of 
proof of the latter is altogether independent of all co-ordinates. Another demon- 
stration by the use of polar co-ordinates is given in YoL zu. of the Quarterly 
JourruU of MathemaHes by the Bev. H. W. Watson. 
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with similar expressions for Y and Z. Here A,B,C,D are func- 
tions of 0,, d^y 0^, p, q, r and their dififerential coefficients with 
regard to t which it is unnecessary to write down. If x, y, z were 
constants all the terms of X would disappear except the four last. 
These then with the corresponding terms in Y and Z express the 
acceleration / of a point P^ rigidly attached to the axes but 
occupying the instantaneous position of P. 

We have now to examine the effect of the remaining terms. 
The motion of the axes of reference during any interval dt may 
be constructed by a screw motion along and round some central 
axis 01. Let Udt be the translation along and ildt the rotation 
round OZ Let V represent the velocity of P relative to these 
axes, and let 6 be the angle the direction of V makes with 01. 
Consider now the second and third terms of X taken together, 
and the corresponding terms of Y and Z neglecting for the 
moment all the other terms. If we multiply the expressions for 
^ y^ ^ by tfj, d,, ^3 respectively the sum of these terms is zero. 
The resultant of these accelerations is therefore perpendicular to 
01. Again, if we multiply the expressions for X^ Y, Z hj dx/dt, 
dy/dt, dzjdt respectively the sum of these terms is again zero. 
The resultant of these accelerations is therefore perpendicular to 
the direction of the relative velocity V. Finally by adding up 
the squares of these terms we find that the magnitude of the 
resultant acceleration is 212 F sin A 

To determine the manner in which these forces should be 
applied, we must transpose the terms which represent them to the 
other sides of the equations. The first equation will then become 



df 



= X+2m(^e.-ge.)~m(^x + %+C^ + i>), 



and the other two will take similar forms. These are the equa- 
tions of motion of a particle referred to fixed axes, moving under 
the same impressed forces as before, but with two additional forces. 
These are, first, a force equal and opposite to that represented by 
mfy where/ is the acceleration of the point of moving space occu- 
pied by the particle ; and secondly, a force whose magnitude has 
been shown to be 2m FH sin 6. To determine the direction of this 
force, let the axis of 2r be taken along the axis 01, and let the 
plane of yz be parallel to the direction of motion of the particle, 
then 0, = O, 0,= O and dx/dt = 0. We then easily see that this 
force disappears from the equations giving mtPy/d^ and md^zjdf ; 
while in that giving md^x/df, we have the single term imOjiy/dL 
The magnitude of this force is obviously 2m FA sin 0, and it acts 
along the positive direction of the axis of x. This is the left- 
hand side when the receding particle is viewed firom the central 
axis 01. 
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When these equations have been integrated, the arbitrary con- 
stants are to be determined from the initial values of x, y, z, 
dxjdty dyjdty dz/dt These diflferential coefficients are clearly the 
components of the initial velocity of the particle, taken relatively 
to. the moving axes. 

25. Relative Motion of a particle. We may express these 
ccmclusions in the following rule. 

In finding the motion of a particle of mass m with reference 
to any moving axes we may treat the axes as if they were fixed 
in space, provided we regard the particle as acted on, in addition to 
the impressed forces, by two other forces : 

(1) a force equal and opposite to mf where / represents in 
direction and magnitude the acceleration of the point of moving 
space occupied by the particle. The force mf is called the ''force 
of moving space;'' 

(2) a force perpendicular to both the direction of relative 
motion of the particle and to the central axis or axis of rotation 
of the moving axes and which is measured by 2m Ffl sin where 
V is the relative velocity of the particle, ft the resultant angular 
velocity of the moving axes and 6 is the angle between the 
direction of the velocity and the central axis. This force is called 
the compound centrifugal force. 

To find the direction in which this force is to be applied; stand 
with the back along the central axis so that the rotation appears 
to be in the direction of the hands of a watch ; then viewing 
the particle receding from the central axis the force acts to the 
left-hand. This central axis may be conveniently called the axis 
of the centrifugal forces. 

26. Ex. If the particle be constrained to move along a carve which is itself 
moving in any manner, the compound centrifagal force, being perpendicular to the 
direction of the relative velocity of the particle, may be included in the reaction of 
the curve. The only force which it is necessary to impress on the particle is the 
force of the moving space. If the curve be turning about a fixed axis with an 
angular velocity (2, the components of the accelerating force of moving space are 
clearly Gh" tending directly from the axis of rotation, and rdil/dt perpendicular 
to the plane containing the particle and the axis, where r is the distance of the 
particle from the axis. This agrees with the result obtained in the section on 
relative motion in Vol. i. Chap. iv. 

27. In finding the compound centrifugal force it will be 
useful to remember, that we may resolve the angular velocity XI 
or the linear velocity V in any manner that we please, and find 
the forces due to each of the components separately. Though we 
have thus more than two forces which must be applied to the 
particle, yet, by making a proper resolution, sonie of these may 
produce either no effect, and may therefore be omitted, or may 
produce an effect which it may be easy to take account of. 
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28. BelatlYe Motion of a Rigid body. When we wish to 
appl^ dairaut's theorem to the motioD of a rigid body, we must 
consider each particle to be acted on by the two forces which 
depend on the position and velocity of that particle. To find the 
resultant of all these forces, we shall generally have to effect an 
integration throughout the body. This integration though not 
difficult will sometimes be troublesome. To avoid this we may 
use the two following methods. 

In the first place we notice that the forces of moving space 
for any body are the same as the effective forces of an imaginary 
bodjr occupying the instantaneous position of the real body and 
moving with the space instantaneously occupied by it. The 
resultant of these forces may therefore be obtained by the usual 
rules given to find the resultant of the effective forces of a real 
body. These have been already sufficiently explained in Vol. L 

In the second place we notice that the components of the 
compound centrifugal forces on anyparticle are by Art. 24 algebraic 
functions of dxjdt, dyjdt, dz/dt. These functions are of that kind 
described in Vol. I. Chap. I. and represented in Art. 14 of that 
chapter by the symbol V. We may therefore use the following 
theorem. If M be the mass of the body, V the velocity of its 
centre of gravity, fl the angular velocity of the moving space, 
the angle between the direction of Fand the axis of fl, then the 
compound centrifugal forces of all the particles of the body are 
equivalent to a force 2MVD,am acting at the centre of gravity 
perpendicular both to its direction of motion and the axis of £2, 
together with the compound centrifugal forces of the body after the 
centre of gravity has been reduced to rest. 

To find these latter forces, let us refer the body to the prin- 
cipal axes at the centre of gravity as axes of co-ordinates. Let 
©J, ©,, ©3 be the resolved angular velocities of the body, 11^, 11,, O, 
the resolved parts of fl about these axes ; A, B, G the principal 
moments of inertia at the centre of gravitjr. Then, by Art. 24, 
the compound centrifugal forces on any particle of the body whose 
co-ordinates are {x, y, z) and mass m, are 



-{4' "•-4°.}- 



with similar expressions for Fand Z, The centre of gravity being 
at the origin, the resultant forces of these are easily seen by inte- 
gration to be all zero, while the resultant couples about the axes 
are 

with similar expressions for if and JV". 

29. Ex. 1. A diso of mass M is oonstruned to more in a plane under any 
forces while the plane tarns abont a straight line parallel to the plane and distant 
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a from it with angular velocity Q. Show that in finding thie motion of the disc, we 
may regard the plane as fixed, provided we impress on .the disc in addition to the 
given forces, (1) a force 3fQV - Ma dCl/dt acting through the centre of gravity tending 
directly from the projection of the axis of rotation on the plane, where r is the 
distance of the centre of gravity from the projection, (2) a couple F(fi where F is 
the product of inertia ahout two rectangular axes in the plane intersecting at the 
centre of gravity, and respectively parallel to the axis and perpendicular to it. 
The constants of integration are to be determined from the initial conditions taken 
relatively to the moving plane. 

' Ex. 2. A disc of mass M is constrained to move in a plane under any forces 
while the plane turns with angular velocity Q about a straight line perpendicular to 
its plane and cutting the plane in the point 0. Show that we may regard the plane 
as fixed provided we impress on the disc (1) a force MQ^r acting at the centre of 
gravity and tending directly from the axis, where r is the distance of the centre of 
gravity from the axis, (2) a force Mr dQjdt acting at the centre of gravity perpen- 
dicular to r in the direction opposite to the rotation, (3) a couple Mi^ dQ/dt, where 
Mk^ is the moment of inertia of the disc about an axis through its centre of gravity 
perpendicular to its plane, (4) a force 2MVQ acting at the centre of gravity perpen- 
dicular to its direction of motion, where V is the velocity of the centre of gravity. 

Ex. 3. A sphere of mass M moves in space, show that the compound centri- 
fugal forces of all its elements are equal to (1) a resultant force 2MVQ sin acting 
at the centre of gravity, where V is the velocity of the centre of gravity and Q the 
angular velocity of the moving space and the angle the direction of V makes with 
the axis of O, (2) a couple Mi^Qv sin <p, where to is the angular velocity of the 
sphere, ^ the angle its instantaneous axis makes with the axis of 0, and the plane 
of the couple is parallel to the axes of Q and u. 



30. Frlndple of Vis Viva applied to moving axes. Suppose the system at 
any instant to become fixed to the set of moving axes relative to which the motion is 
required, and calculate what would then he the effective forces on the system. These 
have been called in Art. 25 the forces of moving space. If we apply these as ad- 
ditional impressed forces on the system, but reversed in direction, we may use the 
equation of Vis Viva to determine the relative moticm as if the axe9 were fixed in 
space This theorem is due to Coriolis, Journal Polytech, 1831. 

If we follow the notation of Art. 24 the accelerations of any point P resolved 
parallel to the rectangular moving axes are 

with two similar expressions for the axes of y and z. The last four terms, with the 
corresponding terms in the other expressions, are the resolved accelerations of 
a point Pq rigidly attached to the axes, but occupying the instantaneous position of 
P. Let us call these Xq, Yq, Zq, 

Let us now recur to the proof of the principle of Vis Viva given in Vol. i. 
Chap. vn. To adapt that proof to our present case we have merely to substitute 
these expressions for d^xjdt^, d^c. in the general equation of virtual moments. 
After substitution for the displacements Zx, iy, 8z it is clear that the terms con- 
taining dxjdty dyjdt, dzjdt all disappear. The equation after integration then 
becomes 

B. D. II. 2 
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31. This theorem of Coriolis also follows at once from that given in Art. 25. for 
all kinds of relative motion. The mode of proof jnst given has the advantage of 
reenrring to first principles. 

It is clear that when we use the principle of virtnal velocities any force whose 
line of action is perpendicular to the displacement given to its point of appHcation 
most disappear from the equation. Now in the principle of Vis Viva the displace- 
ment given to every point is the elementary arc described by that point in the time 
dt relative to the axes. The compound centrifagal force acts perpendicularly to 
this arc, and therefore will disappear from the equation. But the virtual moments of 
the forces of moving space will not be zero, and must .be allowed for in the equation. 

82. Ex. A sphere rolls on a perfectly rough plane, which turns with a 
uniform angular velocity n about a horizontal axis in its own plane. Supposing the 
motion of the sphere to take place in a vertical plane perpendicular to the axis of 
rotation, find the motion of the sphere relatively to the plane. 

Let Ox be the trace described by the sphere as it rolls on the plane, and let 
Oy be drawn through the axis of rotation perpendicular to Ox in the plane of 
motion of the sphere. Let nt be the angle Ox makes with a horizontal plane 
through the axis of rotation. Let be the angle that radius of the sphere which was 
initially perpendicular to the plane makes with the axis of y. Let x, y he the 
co-ordinates of P the centre of the sphere and Mk* the moment of inertia of the 
sphere about a diameter. 

If the sphere were fixed relatively to the plane its effective forces would be Mn^x 
and Mnhf acting at the centre of gravity, and a couple MJ^ dnjdt^O round the 
centre of gravity. Also the impressed force, viz. gravity, is equivalent to g sin n% 
and -47 cosnt parallel to the moving axes. The equation of Vis Viva for relative 
motion is therefore 

,d {fdx\* fdyy j^fd4>Y\ . dx ^ dy , ^dx dy 

Here dxjdt = a d<f>ldt and dyjdt = 0. We have therefore 

This equation might also have been derived from the formulsQ for moving axes 
given in Vol. i.Chap. iv. 

If i!c'=|a' this equation leads to 

x=-,rx -^smnt+Ae ^ + Be ^ 
12 n^ 

where A and B are two constants which depend on the initial conditions of the 

sphere. 

On Motion relative to the Earth. 

33. The motion of a body on the surface of the earth is not 
.exactly the same as if the earth were at rest. As an illustration 
of the use of the equations of this chapter, we shall proceed to 
determine the equations of motion of a particle referred to axes 
of co-ordinates fixed in the earth and moving with it. 

Let be any point on the surface of the earth whose latitude 
is \. Thus \ is the angle the normal to the surface of still water 
at makes with the plane of the equator. Let the axis of z be 
vertical at and measured positively in the direction (^pos^te to 
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gravity. Let the axes of x and y be respectively a tangent to the 
meridian and a perpendicular to it, their positive directions being 
respectively south and west. In the figure the axis of y is dotted 
to indicate that it is perpendicular to the plane of the paper. Let 




CO be the angular velocity of the earth, b the distance of the point 
O from the axis of rotation. 

We may reduce the point to rest by applying to every 
point under consideration an acceleration equal and opposite to 
that of 0, and therefore equal to col^b and tending from the axis of 
rotation. We must also apply a velocity equal and opposite to 
the initial velocity of 0. This velocity is (ob. The whole figure 
wrill then be turning about an axis 0/, parallel to the axis of 
rotation of the earth with an angular velocity to. 

When the particle has been projected from the earth it is acted 
on by the attraction of the earth and the applied acceleratioi^ 
(o^b. The attraction of the earth is not what we call gravity. 
Gravity is the resultant of the attraction of the earth and the 
centrifugal force, and the earth is of such a form that this resultant 
acts perpendicular to the surface of still water. If it were not 
so, particles resting on the earth would tend to slide along the 
surface. It appears, therefore, that the force on the particle, 
afterO has been reduced to rest, is equal to gravity. Let this be 
represented by g. Besides this there may be other forces on the 
particle, let their resolved parts parallel to the axes be X, F, Z. 

Since the earth is turning round 01 with angular velocity ©, 
the resolved part about Oz is a> sin\, since the angle lOz is the 
complement of o) ; since the rotation is from west to east, the 
resolved angular velocity is from y to iv, which is the negative 
direction, hence ^g = — o) sin \. The resolved angular velocity 
round Ox is o) cos \ and is from y to Zy whicK is the positive 
direction, hence ^^ = « cos \. Also since 01 is perpendicular to 

2—2 
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Oy, 0^ s= 0. Hence, by Art. 4, the actual velocities of any particle 
whose co-ordinates are {Xy y, z) are 

dx 
li = -^ + «» sm Xy 

v = -^ — » cosXz — CO sinXa? 

at 

« 

dz 

To find the equations of motion it is only necessary to substitute 
these in the equations of Art. 5. 

The resulting equations may be simplified if we neglect such 
small quantities as the difference between the force of gravity at 
different heights. If a be the equatorial radius of the earth and 
g' the force of gravity at a height z, we have fl^ = fl^ (1 — ^zla) 
nearly. Now 6>*a is the centrifugal force at the equator, which is 
known to be j^g. Hence if we neglect the small term gzja we 
must also neglect u?z. The equations will therefore become 

-75 — 2a> cos\-7i — 2a) sinX-r: = Y 
ar at at 



^ + 2a,cosXj = - 



<7 + Z 



where the terms (X, y, Z) include all the accelerating forces, 
except gravity, which act on the particle. These equations ag;ree 
with those given by Poisson, Journal Polytechnique, 1838. 

34. If we do not neglect the term containing 6>*, the equations 
of motion are 

d/oB dti 

-j-5 + 2(0 sinX -^ — 6>* sin*Xa? — 6>* sinX cosXz = X, 

av at 



d^y e% '^ dz ^ . ^ dx - „ 
-^ — 2(0 cos X -;^ — 2a) sm X ^ — o> y = Y, 

d^z 



dt 
dy 



dt 



j^ + 2ft) cosX -# — ft)* cos'X« — ft)* sinX cosXa? = ^g + Z. 
av at - 

85. As an example, let us consider the case of a particle dropped from a 
height h. The initial conditions are therefore 2, y, dzjdty dyjdt^ dzjdt all zero, and 
2=^. As a first approximation, neglect aU the terms containing the smaU factor (a. 
Then we have aB=0, y =0, « = ^ - igt^. 

For a second approximation, we may sabstitute these values of {x, y, z) in the 
email terms. We have after integration 

af=0, y= -iwooa\gt*, «=A- Jpe'. 

Thus there will be a small deviation towards the east, proportional to the cube 
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of the time of deiscent. There will be no southerly deviation, and the vertioal 
motion yrill be the same as if the earth were at rest. 

An elementary demonstration of this result will make the whole argument 
clearer. Let the particle be dropped from a height h yertically over 0* Then O 
being reduced to rest, the particle is really projected eastwards with a velocity 
<ah cos X. Hence, if the direction of gravity did not alter owing to the rotation of 
the earth about 0/, the particle would describe a parabola and the easterly deviation 
would be ((ohcoB \) t where t is the time of falling. Since h=\gt^i this deviation is 
^ w cos \gt^. The rotation w about 01 is equivalent to ta sin X about Oz and w cos X 
about Ox, The former does not alter the position of OC the normal to tiie surface 
of the earth, which is the direction of gravity. The latter turns OC in any 
time t through an angle wcosXf. Thus gravity gradually changes its direction 
as the particle falls. The particle is therefore acted on by a westerly component 
=g sin (aa cos Xt), which, since tat is small, is nearly equal to gu cos Xt. Let y' be the 
distance of the particle from the position of the plane otz £n space at the moment 
when the particle begaji to fall, and let yf be measured positively to the west. The 
equation of motion of the particle in space is therefore ^V/'^^'^S'^^^^^bX. Inte* 
gprating this and remembering that as explained above d^[dt= -iahcoaX when 
t = 0, we get y'= - <aht cos X + ^giai^ cos X. When the particle reaches the ground we 
have y=y very nearly and h=igt\ thus the deviation westwards is -•lo^t'cosX, 
which is the same as before. If it be not evident that i/=y^ it may be shown thus. 
In the time t Oy^ Oz have turned through a very small angle &= ta cos Xf» hence, as 
in transformation of axes, 2^=2^ cosd - z sin ^, which gives ^=y when we reject the 
squares of 0^ 

36. In many cases it will be found convenient to refer the 
motion to axes more generally placed. Let be the origin, and 
let the axes be fixed relatively to the earth, but in any directions 
at right angles to each other. Let ^,, ^,, 6^ be the resolved 
parts of ft) about these axes, then O^^O^^ 6^ are known constants. 
After substituting from Art. 4 in the equations of motion given 
in Art. 5 we get 

For example, if we wished to determine the motion of a projectile, it will be 
convenient to take the axis of z vertical and the plane of xz to be the plane of 
projection. Let the axis of x make an angle jS with the meridian, the angle being 
measured from the south towards the west. Then 

^i = a;co8Xcos^, $2= -ia<iO»\^ii^, ^g=— wsinX. 

These equations may be solved in any particular case by the 
method of continued approximation. If we neglect the small 
terms we get a first approximation to the values of {x, y, z). To 
find a second approximation we may substitute these values in the 
terms containing ft> and integrate the resulting equations. As 
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these eqiialioDfi are only true on the supposition that «>* may be 
neglected, we cannot proceed to a third approximation. 

37. Ex. 1. A pftrtide is projected with a Telocity F in a diiection malting an 
angle a with the horisontal plane, and euoh that the yertioal plane through the 
direction of projection makes an angle /9 with the plane of the meridian, the ang^e )3 
heing measured from the south towards the west. If x be measured horiz<n)taU7 in 
the plane of projection, y be measored horizontally in a directiim making an angle 
/S+l** with the meridian, and z vertically upwards from the point of projection, 
prove that x=F'ooeal+(KBina<*-i^)wcosXsin/9, 

y = ( K sin a(* - ^^(') w COB X COS /9 + r cos cU'iii sin X, 

2 s Ksin at - 1^1' - Foos flU'iii 008 X sin /9, 

where X Is the latitude of the place, and w the angular yelodfy of the earth aboat 
its axis of figure. 

Show also that the increase of range on the horizontal plane through the point 
of projection is 4(#sin /9eos X sina (i sin' a - cos' a) V^lg\ 
and the deviation to the right of the plane of projection is 

4» sin'a {\ cos X cos /9 sin a + sin X cos a) V^jg*. 

Ex. 2. A bullet is projected from a gun nearly horizontally with great velocity 
so that the trajectory is nearly flat, prove that the deviation is nearly equal to 
RtM sin X, where R is the range, and the other letters have the same meaning as in 
the last question. The deviation is always to the right of the plane of firing in the 
N<Mrtiiem hemisphere, and to the left in the Southern hemisphere. It is asserted 
{CompUs Rendus, 1866) that the deviation due to the earth's rotation as calculated 
by this formula is as much as half the actual deviation in Whitworth's gun. 

Ex. 3. A spherical buUet is projected with so great a velocity that the resistance 
of the air must be taken into account. The resistance of the air being assumed to 
be k (vel)', and the trajectoiy to be flat, prove that, neglecting the effects of the 
rotation of the earth, 

fcr=log(l+iFO i:Fy=2«sinX(F«-x) 
4fcF'(z-«tana+Bm/3cotXy)=-^(2Ft-2a; + *F»£*). 

These are given by Poisson, Journal Poly technique ^ 1838. 

38. Disturbance of a Pendulum. Let us apply the equa- 
tions of Art. 36 to determine the effect of the rotation of the earth 
on the motion of a pendulum. In this as in some other cases, it 
will be found advantageous to refer the motion to axes not fixed in 
the earth but moving in some known manner. Let the axis of z 
be vertical as before and let the axes of x and y move slowly 
round the vertical with augular velocity 6> sin X in the direction 
from the south towards the west. In this case we have 

5j = ft)COs\cos)S, 5j= — o)Cos\siny9, 

and (?3 = — ft) sin X + 6> sin X = 0, 

where /9 is the angle the axis of x makes with the tangent to the 
meridian, so that d^/dt = to sin X If, as before, we neglect quanti- 
ties which contain the square of o) as a factor, the terms which 
contain dOJdt and dd^ldt must be omitted. Hence the required 
equations may be obtamod from those of Art. 36, by puttiDg 0^ = 0. 
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If m be the mapss of the pftrticle, I the length of the string, and 
T the tension ; these equations are 

^^ A ^ ' adz Tx 



^-2a,cosXco8/3^=--| 

m I 



^^ . ^ ^ • r^dx ^ ^ ady 

-17a + 2« cos \ sm yS -^ + 2ft) cos X cos ^ -^ = — ^r + 



" > 



the origin being taken at the lowest point of the arc of oscillation. 
If the oscillation be sufficiently small z will differ from zero by 
small quantities of the order a* where a is the serai-angle of oscil- 
lation. The last equation then shows that T differs from mg by 
quantities of the order fi>2 at least. If then we neglect terras of the 
order G)a* and a^ we may put mg for T in the two first equations 
and neglect the terms containing codz/dL The equations of motion 
thus become the same as for a pendulum attached to a fixed 
point. The solutions of the equations are clearly 



X 



= ^ cos (y/| < + C) , y = 5smj^y/|< + i)). 



The small oscillations of a pendulum on the earth referred to 
axes turning round the vertical with angular velocity ft) sin X are 
therefore the same as those of an imaginary pendulum suspended 
from an absolutely fixed point. 

Let us then suppose the pendulum to be drawn aside so as to 
make with the vertical a small angle a and then let go. Relatively 
therefore to the axes moving round the vertical with angular 
velocity g) sin X we must suppose the particle to be projected with 
a velocity I sin ao) sin X perpendicular to the initial plane of dis- 
placement. We have then when ^ = 0, x = la, y = 0, dx/dt = 0, 
dy/dt = — lao) sin X. It is then easy to see that in the above values 
of X and y, C and D are both zero and that the particle de- 
scribes an ellipse, the ratio of the axes being ft) sin X {l/gr. The 
effect of the rotation of the earth is to make this ellipse turn 
round the vertical with uniform angular velocity ft) sin X in a 
direction from south to west. If the angle a be not so small 
that its square may be neglected, it is known by Dynamics of a 
particle that, independently of all considerations of the rotation 
of the earth, there will be a progression of the apsides of the 
ellipse. It is therefore necessary for the success of the experi- 
ment that the length I of the pendulum should be very great. 
This motion of the apsides depending on the magnitude of a is in 
the opposite direction to that caused by the rotation of the earth. 

It also appears that the time of oscillation is unaffected by the 
rotation of the earth, provided the arc of oscillation be so small 
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that the effects of forces whose magnitude contains the fkctor too* 
may be neglected. 

89. Ex. 1. In Foncanlt's experiment, a long pendnlmn ia Buspended from a 
point oyer the centre of a oiroalar table, and the arc of oscillation is seen to pass 
from one diameter to another. Show that the arc of the circular rim of the table 
described hj the plane of oscillation in one day is equal to the difference in length 
between two parallels of latitude one through the centre and the other through the 
northern or southern extremity of the rim. This theorem is due to Prof. J. B. 
Young. 

Ex. 2. A heavy particle is suspended from a fixed point of support by a string 
of length a and the effect of the rotation of the earth is neglected. In the two 
following cases the path of the particle is yeiy nearly an ellipse whose apses adyanoe 
in each complete revolution of the particle through an angle /9 . 2ir. If b and e be 
the major and minor semi-axes of the ellipse, prove (1) when b and c are small 
compared with a, that p=%bcla\ and' (2) when b and e are not small compared with 
a, but are very nearly equal, that (^+ 1)~*=1 - i6»/«'- 

Ex. 3. A pendulum, at rest relatively to the earth, is started in any direction 
with a small angular velocity, show that the oscillations will take place in a vertical 
plane turning uniformly round the vertical so that the pendulum becomes yertical 
once in each half oscillation. 

Ex. 4. Let B be the angle a pendulum of length I makes with the vertical, and 
the angle the vertical plane containing the pendulum makes with a vertical plane 
^hich turns round the vertical with uniform angular velocity w sin X in a direction 
from south to west. Prove that when terms depending on u^ are neglected the 
equations of motion become 

where A is an arbitrary constant, and the other letters have the meanings given to 
them in Art. 86. See M. Qnet in Liouville's Journal, 1853. 

These equations will be found convenient in treating the motion of a pendulum. 
They may be easily obtained by transforming those given in Art. 38 to polar co- 
ordinates. 

Ex. 5. A semi-ciroular arch ACB is fixed with its plane vertical on a horizontal 
wheel at A and ^, and may thus be moved with any degree of rapidity from one 
azimuth to another. A rider slides along the inner edge of the arch which is 
graduated and may be fixed at any degree marked thereon. A spiral spring by 
means of which a slow vibration is obtained with comparatively a short length is 
attached at one end to a pin in the axis of the semicircle so that the point of 
attachment may be in the axis of rotation and at the other end it is fixed to a 
similar pin in a parallel position fixed to the rider. The vertical semicircle is not 
placed in a diameter of the horizontal wheel but parallel to it at such a distance as 
not to interrupt the eye of the observer from the vertical plane passing through the 
diameter, and in which plane the wire in all its positions remains. 

If the rider be placed at an angular distance from the highest point of the 
arch and the wire set in vibration in any plane, show that the plane of vibration of 
the wire will make a complete revolution relatively to the arch while the arch turns 
round sec complete revolutions. This is best observed by fixing the eye on a line 
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in the dame plane with the wire while walking Tound with the wheel daring ita 
rotation. This apparatus was deidsed by Sir G. Wheatstone to illustrate Foncanlt's 
mechanical proof of the rotation of the earth. Proceeding$ of the Royal Society , 
May 22, 1851. 

40. MstiulMmeeof mottonlnoiMplaiM. In the first volume of this treatise 
a chapter has been devoted to the discussion of the motion of a body or a system of 
bodies constrained to remain in a fixed plane. This plane has been treated as if it 
were really fixed in space. But since no plane can be found which does not move 
with the earth, it is important to determine what effect the rotation of the earth will 
have on the motion of these bodies. Let us treat this as an example of the method 
of Glairaut and Goriolis given in Art. 25. 

Let the plane make an angle X with the axis of the earth. Let a point in 
this plane be on tiie surface of the earth and let it be reduced to rest. Then, as 
proved in Art. 33, the moving bodies while in the neighbourhood of are acted on 
by their weights in a direction normal to the surface of the earth. The earth is 
now turning round an axis through parallel to the axis of figure with a constant 
angular velocity w. Let this angular velocity be resolved into two, viz., - w sin X 
about an axis perpendicular to the plane and u cos X about an axis in the plane. 
Now the square of cu is to be rejected, hence by the principle of the superpositi<m of 
small motions, we may determine the whole effect of these two rotations by adding 
together the effects produced by each separately. 

It is a known theorem that if a particle be constrained to move in a plane which 
turns round any axis in that plane with a constant angular velocity c#cosX, the 
motion may be found by regarding the plane as fixed and impressing an accelera- 
tion (lA'ooa^ X on the particle, where r is the distance of the particle from the axis. 
This may be deduced, as in Art. 26, from the theorem of Glairaut. This impressed 
acceleration is to be neglected because it depends on the square of w. The angular 
velocity w cos X has therefore no sensible effect. 

If the bodies be free to move in the plane, the effect of the rotation - &> sin X is to 
turn the axes of reference round the normal to the plane drawn through the point 
O, If then we calculate the motion without regard to the rotation of the earth, 
taking the initial conditions relative to fixed space, the effect of the rotation of the 
earth may be allowed for by referring this motion to axes turning round the normal 
with angular velocity — ta sin X. Por example, if the body be a heavy particle sus* 
pended by a long string from a point fixed relatively to the earth, it is really 
constrained to move in a horizontal plane, and the reasoning given above shows 
that the plane of oscillation wiU appear to a spectator on the earth to revolve with 
angular velocity — w sin X round the vertical. 

If the bodies be constrained to revolve with the plane, it will be required to find 
the motion relatively to that plane. We must therefore apply to each particle the 
force of moving space and the compound centrifugal force. If r be the distance of 
any particle of mass m from 0, the former is mrw^ sin^ X. This is to be neglected 
because it depends on the square of ta. The latter is therefore the only force to be 
considered. By Art. 28, the compound centrifugal forces on all the particles of a 
body are equivalent to a force at the centre of gravity and three couples. In our 
case these couples are easily seen to be zero. Por if the plane be taken as the plane 
of xy, we have Oi=0, 03= 0» Wi=0, «2=0. Hence I», M^ N are all zero. If, there- 
fore, m be the mass of a body, V the relative velocity of its centre of gravity, the 
effect of the rotation of the earth may be found according to the rule given in Art. 
25 j by impressing on the body a force equal to - 2mVu) sin X, acting at the centre of 
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gnyity, in the plane of motion and peipendiciUar to the dixection of motion of the 
centre of gravity. 

The ratio of this force to gravity for a particle moving 32 feet per seoond, is at 
mogt 4«'/24. 60.60, which is lees than a fiye thousandth. This is so small that, 
except under special circumstances, its effect will be imperceptible. 

41. Difturbance of the motion of a rigid body. Hithertx> 
we have considered chiefly the motioii of a single particle. The 
effect of the rotation of the earth on the motion of a rigid body 
will be more easily understood when the methods to be described 
in the following chapters have been read. If, for example, a body 
be set in rotation about its centre of gravity, it will not be difficult 
to determine its motion as viewed by a spectator on the earth, 
when we know its motion in space. It seems, therefore, sufficient 
here to consider the peculiarities which these problems present, 
and to seek illustrations which do not require any extended use of 
the equations of motion. 

42. The effect of the rotation of the earth is in general so 
small compared with that of gravity, that it is necessary to fix the 
centre of gravity in order that the effects of the former may be 
perceptible. Even when this is done, the friction on the points of 
support and the other resistances, cannot be wholly done away 
with. If, however, the apparatus be made with care that these 
resistances should be small, the effects of the rotation of the earth 
inay be made to accumulate, and after some time to become 
sufficiently great to be clearly perceptible. 

If a body be placed at rest relatively to the earth and free to 
turn about its centre of gravity as a fixed point, it is actually in 
rotation about an axis parallel to the axis of the earth. Unless 
this axis be a principal axis, the body would not continue to rotate 
about it, and thus a change would take place in its state of 
motion. By referring to Euler s equations, we see that the change 
in the position of the axis of rotation is due to the terms 
{A -- B)(o^(o^y {B — G)(o^eo^, ((7 — -4)G>a«i. The body having been 
placed apparently at rest, ©j, 6>j, o), are all small quantities of 
the same order as the angular velocity of the earth ; these terms 
are, therefore, all of the order of the squares of small quantities. 
Whether they will be great enough to produce any visible effect 
or not will depend on their ratio to the frictional forces which 
could be called into play. But since these frictional forces are 
just sufficient to prevent any relative motion, these terms will in 
general be just cancelled by the frictional couples introduced into 
the right-hand sides of Euler's equations. The body will, there- 
fore, continue at rest relatively to the earth. 

In order that some visible effect may be produced, it is usual 
to impress on the body a very great angular velocity about some 
axis. If this be the axis of cDg, the terms in Euler s equations, 
which are due to. the centrifugal forces, and which contain o)^ as a 
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factor/ become greater than when ca^ had no such initial valua 
The greater this initial angular velocity, the greater these terms 
will be, and thje more visibl^ we miiy expect their eflfects on the 
body to be. 

If the angular velocity thus communicated to the body be 
sufficient to turn it only once in a second, it will be still 
24 X 60 X 60 times as great as the angular velocity of the earth. 
In these problems, therefore, we may regard the angular velocity 
of the earth as so small, compared with the existing angular 
velocities of the body, that the square of the ratio may be neg- 
lected. 

As an example of the application of these principles, we have 
iselected one case of Foucault s pendulum, which seems to admit of 
an elementary solution. 

43. The centre of gravity of a solid of revolution is fixed, 
while the axis of figure is constrained to remain in a plane fixed 
relatively to the earth. The solid being set in rotation about its 
a,xis of figure, it is required to find the motion. 

Let us refer the motion to moving axes. Let the centre of 
gravity be the origin, the plane of yz the plane fixed relatively to 
the earth. Let the axis of figure be the axis of z, and let it make 
an angle ^ with the projection of the axis of rotation of the eartli 
on the plane of yz. Let this projection, for the sake of brevity, be 
^called the -axis of %. Let p be the angular velocity of the earth 
about its axis, a the angle the normal to the plane of yz makes 
with the axis of the earth. We suppose p to be reckoned positive 
when the rotation is in the standard direction usually taken as 
positive, i.e. when viewed from the positive extremity of the axis, 
the rotation appears to be in the direction of the hands of a watch. 
Since the earth turns from west by south to east, it follows, if the 
angle a be measured from the northern extremity P of the axis, 
that p is really negative and is represented in Art. 33 by — o). The 
motion of the moving axes is given by 



^j = p cos a + 



dt' 



0^ =p sin a sin x, 
^3=psinacos;^. 

Let fi)j, fi),, ft), be the angular ve- 
locities of the body about the moving 
axes; A, A^G the principal moments 
of inertia at the centre of gravity. 
Let R be the reaction by which the 
axis of figure is constrained to remain 
in the fixed plane, then R acts 
parallel to the axis of x. Let h be the distance of its point of 
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application from the orig^ The angular momenta about the 
axes are respectively 

Substituting in Art. 16, the equations of motion are 

O-^^'-A<o,0,^Aa,^0,^O 

Since the axis of z is fixed in the body, we see by Art. 3, that 
a>j = ^j, a>, = 0^. The last equation of motion, therefore, shows that 
a>, is constant. It should however be remembered that o), is not 
the apparent angular velocity of the body as viewed by a spectator 
on the earth. If ft, be the angular velocity relatively to the 
moving axes, we have by Art. 3, ft, = o),— ^3, so that 

ftj + p sin a cos x = constant. 

Thus the body, if so small a diflference could be perceived, would 
appear to rotate slower or quicker the nearer its axis approached 
one extremity or the other of the projection of the axis of the 
earth's rotation on the fixed plane. 

The first equation of motion after substitution for w^, o>,, 0^^ 0^, 
their values in terms of x» becomes 

A -T^ — ilp'sin*asin;^cosx+ 0»ip sin a sin ;^ = 0, 

where n has been written for ©g. The second term may be re- 
jected as compared with the third, since it depends on the square 
of the small quantity p. We have, therefore, 

This is the equation of motion of a pendulum under the action 
of a force constant in magnitude, and whose direction is along the 
axis of Xt *-^ *^® projection of the axis of rotation of the earth 
on the fixed plane. The body being set in rotation about its axis 
of figure, we see that that axis will immediately begin to approach 
one extremity or the other of the axis of x with a continually 
increasing angular velocity. When the axis of figure reaches the 
axis of Xf ^ts angular velocity will begin to decrease, and it will 
come to rest when it makes an angle on the other side of the 
axis of X equal to its initial value. The oscillation will then be 
repeated continually. 

The axis of figure will oscillate about that extremity of the 
axis of Xi which, when x is measured from it, makes the coefficient 
on the right-hand side of the last equation negative. This extre- 
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mity is such, that when the axis of figure is passing thro*ugh it, 
the rotation n of the body is in the same direction as the resolved 
rotation p of the earth. 

44. If we compare bodies of different form, we see that the 
time of oscillation depends only on the ratio of C to A, It is 
otherwise independent of the structure or form of the body. The 
greater this ratio the quicker will the oscillation be. For a solid 
of revolution this ratio is greatest when 2m«* = 0. In this case 
the ratio is equal to 2, and the body is a circular disc or ring. 

45. If we compare the different planes in which the axis may 
he constrained to remain, we see that the motion is the same for 
all planes making the same angle with the axis of the earth. It is 
therefore independent of the inclination of the plane to the horizon 
at the place of observation. The time of oscillation will be least, 
and the motion of the axis most perceptible when a == Jtt, i,e. when 
the plane is parallel to the axis of rotation of the earth. If the 
plane be perpendicular to the axis of the earth, the axis of figure 
will not oscillate, but if the initial value of dx/dt is zero, it will 
remain at re^t in whatever position it may be placed. 

46. Ex. 1. Show that a person ftimished with the particular form of Fon-' 
eault*8 pendulam jost described, could, withont any Astronomical observations, 
determine the latitude of the place, the direction of the rotation of the earth, and 
the length of the sidereal day. This remark is due to M. Qaet, who has given a 
different solntion of this problem in LiouviUe^s Journal^ Vol. xvin. 

Ex. 2. If the body be a rod, and its centre of gravity supported without friction, 
prove that it could rest in relative equilibrium either parallel or perpendicular to 
ihe projection of the earth's axis on the plane of constraint. If it be placed in any 
other position, its motion wiU be very slow, depending on j^\ but it will oscillate 
about a mean position perpendicular to the projection of the earth's axis. 

Ex. 3. If the axis of figure be acted on by a frictional force producing a 
retarding couple, whose moment about the axis of x bears a constant ratio /i to the 
moment of the reactional couple about the axis of y, and if the fixed plane be 
parallel to the axis of the earth, find the small oscillations about the position of 
equiUbrium. Show that the position at any time t is given by 

X = Ltf ~^^ cos [(CnpjA - V)h + 3f|, 
where 2JX=/i(Cn- 2il|;) and L and M are two constants depending on the initial 
conditions. 

Ex. 4. The centre of gravity of a solid of revolution is fixed, while the axis of 
figure is constrained to remain in the surface of a smooth right cone fixed relatively 
to the earth. Show that the axis of figure will oscillate about the projection of the 
axis of rotation of the earth on the surface of the cone, and that the time of a com- 
plete small oscillation about the mean position wiU be 2T(il sine/ Cpn sin /3)*, 
where e is the semi-angle of the cone, /3 the inclination of its axis to the axis of the 
earth, and the other letters have the same meaning as before. This result is due to 
M. Quet. 
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Ex. 5. Two equal heavy rods CA^ CB are connected by a hinge at (7,'with a 
spring so that they tend to make a known angle with each other. The free ends 
A and B are then tied together and the whole is snspended by a string OC attached 
to the hinge. The system is left to itself until it is at rest relatively to the earth. 
If the string which fastens A and B be now cut, the arms separate from each other. 
Show that the system will immediately have an apparent angolar velocity round 
the vertical equal to p sin X (/'- /)//', where /, /' are the moments of inertia of the 
system about the vertical OC respectively before and after the string joining A and 
B was cut, p is the angular velocity of the earth about its axis and X is the latitude 
of the place. In which direction will the system turn? This apparatus was 
devised by M. Poinsot who considered that the experiment would be so effective 
that the latitude of the place could be deduced from the observed angular velocity. 
See Comptes Reridiu, 1851, Tome xxxii. page 206. 

Ex. 6. If a river is flowing due north, prove that the pressure on the eastern 
bank at a depth z is increased by the change of latitude of the running water in 
the ratio gz-^-bvu sin I : gz, where h is the breadth of the stream, v its velocity, I the 
latitude and u the angular velocity of the earth about its axis. [Math. Tripos, 1875.] 

Ex. 7. A wave like the Tide-wave travels along a river with its crest at right 
angles to the banks. Deduce from Clairaut's rule (Art 25) that the tide is higher on 
one bank than on the other, and show that the hei^^t of the tide decreases in 
geometrical progression for equal increments of distance from one bank. 

The general line of argument is as follows. Since the motion of the water is 
very nearly in a horizontal plane we may (by Art. 40) disregard the rotation of the 
earth provided we apply to every particle an acceleration 2iav sin X perpendicular ta 
its direction of motion, Le, perpendicular to the direction of the river. Hence the 
river must be so much higher on one side than the other that the pressure due by 
gravity to the difference of level is equal to that due to the applied acceleration. 
If f be the altitude of the tide above the mean level at a distance y from that side 
of the river at which the tide is highest, we have - (7<2^= 2(i;v sin \dy. But in the 
theoiy of tides as undisturbed by the rotation it is proved that v is proportional to ^. 
The result follows by integration. 



CHAPTER II. 



OSCILLATIONS ABOUT EQUILIBRIUM. 

Lagrange^s Method with indeterminate multipliers. 

47. In the first volume of this treatise Lagrange's method 
of findiog the small oscillations of a system about a position of ' 
equilibrium has been explained. It is our object, not to repeat 
those explanations, but rather to examine how that theory is 
modified by the use of indeterminate multipliers. In a dynamical 
problem it generally happens that we want to know how some 
particular quantities change with the time. Now it is one of the 
chief advantages of Lagrange's method that it gives a large choice 
of quantities which may be taken as co-ordinates. The quantities 
we most wish to find are therefore usually chosen for the inde- 
pendent co-ordinates and their variations can then be found from 
Lagrange's equations. But sometimes we find that this introduces 
a great complication of symbols. Perhaps we lose thereby some 
principle of symmetry which would have abbreviated and simplified 
the whole process. We now propose to consider what modifications 
must be introduced into the equations when those particular 
equations whose values we most require cannot be conveniently 
introduced as independent co-ordinates. For this purpose the 
method of indeterminate multipliers may be used with great 
advantage. 

48. Let the system be referred to any co-ordinates 0, ^, &(X 
which are so small that we may reject all powers of them except 
the lowest which occur. They should therefore be so chosen that 
they vanish in the position of equilibrium. Let n be the number 
of those co-ordinates. Assuming that the geometrical equations 
do not contain the time explicitly the vis viva 2T will be a quad- 
ratic function of the velocities, and may therefore be expanded 
in a series of the form 

2T = A,,ff' + 2AJ'<\; + A^ f ' + &c. 

Here the coefficients -4^^, &c. are all functions of ^, <^, &c. and we 
may suppose them to be expanded in a series of some powers of 
these co-ordinates. Since the oscillations are so small that we may 
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reject all powers of the small quantities except the lowest which 
occur, we may reject all except the constant terms of these series. 
We shall therefore regard the coeflScients -4„, &c. as constants. 

We must now make an expansion for the force function U 
in a series of powers of 6^ <j>, &c. If the co-ordinates 0, <^, &c. were 
all independent, the terms containing the first powers would 
vanish, because by the principle of virtual veLxiities dU/d0, 
dU/d<j>, &c. are zero in the position of equilibrium for all variations 
of (f, (f), &c. which are consistent with the geometrical conditions. 
But as this does not necessarily occur when 0, <f>, &c. are connected 
by geometrical relations, we take as our expansion 

where D^ is a constant which is easily seen to be the value of U in 
the position of equilibrium. We may notice that the coefficients 
Cj, (7,, &c. are not unrestricted. They must be such that the 
equations of equilibrium are all satisfied. 

Since the co-ordinates 0, <^, &c. are not independent there will 
be some geometrical relations which connect them. To simplify 
matters, let us suppose that there are but two such relations. Let 
these be f(0, (j>, &c.) = 0, ^ {0, <^, &c.) = 0. We may also expand 
these in powers of the co-ordinates in the following manner : 

/= 0,0 + G,(f> + &c. + ^G,,0' + GJ<I> + hG^<f>' + &c. 
F^H,0-\- H,<t> + &c. + \H,,0' + HJii> + \HJ?-\- &c. 

The constant terms of these series are omitted because the geome- 
trical equations are to be satisfied when the system is in equili- 
brium, i,e, when ^ = 0, ^ = 0, &c. 

We have now to substitute these series in the Lagrangian 
equations. Referring to Chap. Vlll. of VoL I. these are represented 
by the type 

d^dT^dJ^dU df dF 

dtdff d0''d0 '^^dO'^^de ' 

with similar equations for <^, y^, &c. Here X, /i are indeterminate 
multipliers whose values have to be found from the equations thus 
written down. The results of these substitutions are obviously 

^,/' + &c. = (7,+ Cj,^ + &c.+X((?j+&c.) + /i(£r, + &c.), 

J^ff' + &c. = C, + CJA- &c. + \ (ff, + &c.) + /i (ff, + &c.), 

&c. = &c. 

49. Since the system has been disturbed from a position of 
equilibrium these equations are all satisfied by ^ = 0, <^ = 0, &c. 
We thus obtain the equilibrium values of X, fi. Let these be 
X^, fi^. Then. 

= C, + \G^+,i,Hj 
= &c. 
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These are the equations of equilibrium ahready alluded to. The force 
function U being a known function of the co-ordinates, the co- 
efficients (7p C^y &c. are all known; and thus any two of these 
equations will determine X^, /x^. The remaining equations will 
then be identically satisfied, because the quantities C., C7,, &c. are 
not unrestricted but are such that the equations of equilibrium 
are all satisfied. 

Let the dynamical values of \ and /* be \ = X,, + \, /a = /*<> + /*. . 
Then \^ and ii^ are small quantities whose squares can be rejectea. 
The equations of oscillation then become 

A,^ff' + A,jt;' + ... = CJ+0,,<f> + ... 

+\{o,,e+(Q> + ...)+\G, 

&c. = &c. 

We have here as many equations as there are co-ordinates. Besides 
these we have as many geometrical equations as indeterminate 
multipliers. These are 

G,0 + G^4>+... = O) 

Thus we have on the whole sufficient equations to find all the un- 
known quantities 0, ^ ... \, /x^. 

50. To solve these we proceed exactly as in the corresponding 
method described in Vol. L, where the co-ordinates 0, ^, &c. are all 
independent, except that we now include \t fi. amongst the 
variables to be determined. We take as our typical solution 

0^M8in{pt + a), <l> =^N sin (pt + a), &c. 

\ = D sin (p^ + a), fi^ = iFsin (pt + a). 

Substituting these in the equations we see that sin (pt + a) can be 
divided out from every equation. Writing 

&c.=&c. 
we thus obtain 

(AtP' + CJ M+ (A,,p*+G,,) N+...+G,D + E,E^O 
(A^,p'-]-OJM+(A„p'+CJN+... + GJ) + H,E=0 

&c. = 
G^M-^G,N'+... =0 

Eliminating the ratios M, N, &c. 2), E, we have the determinantal 
equation 

B. D. ir, 3 
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&c. , &a , &c., &c 

(7, , <?. , 0,0 

H, , H, , 0,0 

If there be n co-ordinates, this is an equation of the nth degree to 
find p*. Taking any root positive or n^ative, the preceding equa- 
tions determine the corresponding ratios of M^ N, &c. Taking all 
the roots in turn and adoing together these partial solutions we 
have a solution complete with its 2n constants. These constants 
have to be determined from the initial values of the co-ordinates 
and their velocities. 

51. This determinant differs from that used when there are 
no indeterminate multipliers in two respects. (1) There is a 
change in the quantities C^,, (7„, &c. represented by the insertion 
of the bar over the letters, (2) the determinant is bordered by the 
coefficients O^, H.yScc o{ the first powers of the co-ordinates in the 
geometrical equations. 

We notice that there is a very great simplification of the 
process when the farce function is svjch that the coefficients of the 
first powers of the co-ordinates in its expansion are oM zero. In 
this case C^, (/,, &c. are zero, hence from the equations of equilibrium 

\ = 0, 11^ = 0. Thus Cj, = (7„ , C„ = (7„ , &c. = &c. It immediately 
follows that it is unnecessary to calculate the terms of the second 
order in the geometrical equations, for these disappear from the 
equations of motion. This of course is an important simplification. 
Further the final determinant only differs from that used when 
there are no indeterminate multipliers by being bordered by the 
coefficients (? , &c. if^, &c. 

This simplification occurs when the position ahovt which the 
system oscillates is a position of equilibrium for all variaiions of 
the co-ordinates although the constraints compel the system to oscillate 
in a given limited manner. 

m 

52. Brief Summaiy. In order to indicate the method of 
proceeding in any particular case we shall now sum up the general 
line of argument. 

Expand the semi vis viva T and the force function J7 in powers 
of the co-ordinates 0, <f>, &c. and their differential coefficients 
^, <f>\ &c. all powers above the second being rejected. Multiply 
the geometrical relations /= 0, -F = by X = X^ -h X^ and fi=fiQ-\- fi^ 
where X^ and /i, are small quantities of the same order as the co- 
ordinates 0y <^, &c. and expand these products, all powers of the 
small quantities above the second being rejected. First, taking 
the expressioia U'\-\f+ fiF, equate to zero the coefficient of the 
first power of each co-ordinate, we thus have equations to find 



LAGRANGE'S METHOD. 35 

\> /*o* Secondly/, omitting the accents in the expression for T and 
also the constant terms in U, form the discriminant of 

with regard to the co-ordinates and the subsidiary variables X , /*,, 
Equating this determinant to zero, we have an.equation to find the 
values of p. 

53. On Principal Oscillations. The equations which deter- 
mine the constants M, N, &c, D, E are shown above. Solving 
these we see that their ratios ai*e equal to the ratios of the minors 
of the constituents of any row we please in the determinantal 
equation. If we represent these minors by /j^ (p*), 7^, ( p'), &c. the 
oscillations of the system are represented by 

^= A J^ii (i>i') sin ( J>i^+ a,) + A 4 (ft") sin ( A^ + «.) + &c. 
<A= 4 4 (Pi) sin (p,t + a,) -\-LJ,^ {p;) sin {pji + a,) + &c 
&c. = &a 

where L^, L^ &c. are constants which depend on the initial con- 
ditions. 

When the initial co-ordinates are such that all the constants 
Z/j, i,, &c. vanish except one, the expressions for ^, (f> .,.\, fi are 
reduced to the trigonometrical expressions in some one column. 
The co-ordinates 0, ^, &c. then bear to each other ratios which are 
constant throvghout the motion. It follows also that the values of 
the co-ordinates 0, <^, &c. repeat at a constant interval, viz. the 
period of the trigonometrical expression in the one column pre- 
served. Referring to Vol. I. we see that the characteristics of a 
principal oscillation are satisfied. 

54. The system being referred to any co-ordinates 0, <^, &c. it 
may be required to find how it should be disturbed from its position 
of equilibrium that it may describe any proposed principal oscilla- 
tion. We see that the system must be so displaced that its co- 
ordinates 0, ^, &c. have the ratios of the minors of any row of the 
determinantal equation. It is also necessary that the initial 
velocities ^, ^', &c. have the same ratio. These conditions are 
necessary and suflficient. 

55. Patting this into algebraical language, we say that when a system is per- 
forming a principal oscillation of the type sin (Pi^+o^), then 

We also infer from these eq;uatlons that throughout the motion 0"= -J^iB, 

56. Wfnelpal Oo-ordlnatMb It may he required to find formula of transfonna' 
tion hy which we map change cmy co-ordinates 0^ 0, d;c. into principal co-ordinates, 
Aoeoxding to the definitions laid down in Vol. i. a system iB referred to principal 
co-oidinates ^, ri, &q, when the yis vi^a 2T and tho force funotion U are expressed 
in the forma 2r=^ + ij'2+^'«+... V 

3—2 
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Lagrange's equations then take the fonn f - e^^sO, V - e^v^O^ <^m bo that the 
whole motion is given by ^=Emn{pit+ai), ii^FsinCp^+a,), dec, where E, F, Ac. 
are the constants of integration and Pi^= -e^ p^^- c^ Ac. 

When the initial conditions are such that all the constants E, F, &o. are zero 
except one the system is said to be performing a principal oscillation. If then we 
write aE=Bin(pit + A), y=an{p^t-^ajj, x will be a multiple of (, y a multiple of ij» 
and so on. The expressions for $t ^, Ac given in Art. 58, now rednoe to 

^=i Jn (l>i')«+^t^u (ft*) y + ... 
4^=^LjIy^ (pi») jr+iafu (Pa")y + ... 

Ao,=Ac 

These formnka will enable ns to change any co-ordinates 0, 0, Ac, into others 

x, y, Ac which make T and U assume the forms 

2(r^-C^o)=Cii*'+<?uy'+-.' 
The n constants L^, L^, dto. are arbitrary multipliers of x, y, ^kc, and may, if we 

please, be so chosen as to make a^ , o^, Ac each equal to unity. 



On Lagrange's Determinant 

57. On examining Lagrange's method of finding the oscillations 
of a system we see that the whole process depends on the solution 
of a certain determinantal equation. Even the stability or in- 
stability of the equilibrium depends on the nature of its roots. If 
this equation can be solved, the character of the motion and the 
periods of oscillation (if the motion be oscillatory) are immediately 
apparent. If the equation cannot be solved, we may expand the 
determinant and discuss its roots by the methods given in the 
theory of equations. But without expanding the determinant we 
may sometimes accomplish the same purpose by the following 
theorem. We shall begin with the determinant in its simplest 
form as it is obtained in Vol. I. Chap. IX.; we shall then consider 
the modifications introduced by bordering it with any quantities. 

58. Separation of Roots. Let the determinantal equation 

= 0. 



H^'WH be written in the fonn* 






^ 



&c. &c. 



* The proposition that the roots of Lagrange's determinant when written in 
this general form are all real is due to Sir W. Thomson. It is the extension of a 
corresponding theorem for that particular form of the equaticm which occurs when 
the Yis yiva is expressed as the sum of the squares of the .velocities of the co-or- 
dinates. Several proofs of this latter theorem will be found in Lesson YI. of 
Dr Salmon's Higher Algebra, The simplest of these is the one given by Dr Salmon 
himself. He also proves that the roots are separated by those of the leading 
minors. The proof in the text is an extension of his line of argument to Lagrange's 
determinant in its general form. Another line of argument is indicated in the 
examples in Art. 71. 
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Let US form from this determinant a minor by erasing the first row 
and the first column. We may then form from this minor a second 
minor, and so on. Thus we have a series of functions of p' whose 
degrees regularly diminish from the 7ith to the first. Let us call 
the successive determinants thus formed A, A^, A,, &c. The de- 
terminant A is not altered if we border it with a column of zeros 
on the right-hand side and a row of zeros at the bottom, provided 
we put unity in the vacant comer. We may therefore consider 
that A^= 1. 

By a theorem in determinants, if /jj, 7^,, &c, be the minors 
of the several constituents of A, we have A A, = J^^j /«— /,j", and 
we notice that J^j = A^. Let us suppose »* to increase gradually 
from p* = — 00 tojp' = + oo, then when p passes through a value 
which makes Aj = we see that A and A, must have opposite 
signs. The same argument applies to every one of the series 
A, Aj, Aj, &c., whenever any one of them vanishes the deter- 
minants on each side have opposite signs*. 

Using these determinants like Sturm^s functions we see that 
a variation of sign can be lost or gained only at one end of the 
series. It can be lost at the end A only when jt>* passes through 
a root of the equation A = 0, and it will be regained again as p* 
passes through the next root in order of magnitude, unless a root 
of tiie eqtuition A^ = lies bettveen these two. ^ 

If then we can prove that n variations of sign are lost as p* 
passes from |>* = — oo to |>' = + oo it is clear that the equation 
A = must have n real roots and these roots will be separated by 
the roots of the equation A^ = 0. 

Now the coefficient of the highest power of p* in the deter- 
minant A is the discriminant of T and is therefore positive. The 

* In this reasoning we have tor the sake of brevity omitted the case in which 
two or more successive determinants in the iseries A, A^, A^, &c. vanish for the 
same value of f^. But this omission is of no real importance, for we may change 
these determinants into others whose constituents are slightly different from those 
of the given determinants but are such that no successive two of the series have a 
common root. In the limit, therefore, when these arbitrary changes of the consti- 
tuents are indefinitely small, the roots of the series of determinants will still be real 
and the roots of each will s^arate, or coincide vnth, the roots of the next before it 
in the series. 

To show that these changes are possible, let A, A^, A^ be any three consecutive 
members of the series. Let us suppose that A^ does not vanish while the two mem- 
bers (and perhaps others) just before it are zero. Then from the equation in the 
text, wehave Ji2=0. Lefc us add to each of the constituents of which Z^s is the 
minor the smaU quantity a. The determinant A^ is unaltered and remains equal 
to zero. The determinant A undergoes a slight alteration, so that in its new form 
the equation just quoted becomes AA^=-a*A^K Thus A is no longer zero. In 
this way whenever any two consecutive members of the series of determinants 
vanish, one may be rendered finite. 



38 OSCUXATIONS ABOUT EQUILIBRIUM. 

coefficient of the highest power of p* in A^ is the discriminant of 
T after ff has been put zero, and this also is positive. Thus the 
coefficients of the highest powers of p^ in every one of the de- 
terminants A, Aj, A^, &c. are positive. If then we substitute — oo 
for p^ these determinants are alternately positive and negative, if 
we substitute + oo for p* the determinants are all positive. It 
follows that n variations of sign are lost as p^ passes from p* »= . oo 

to p* xs 4. X . 

Summing up we see that the roots of each determinant of the 
aeries A, A^ A,, dkc, are all real and the roots of each separate or 
lie between the roots of the determinant next before it in the series. 

59. Besuming our line of argument we see that as p* increases 
from p* = — 00 to />' = + oc a variation of sign in the series A, A^, &c. 
is lost when p^ passes through a root of A = 0, and once lost this 
variation cannot be regained. It immediately follows that as p* 
passes from p* = a to p = )8 if k variations of sign are lost there 
are exactly k roots oftiie equation A = between these limits, 

60. It will be noticed that in this line of argument no as^ 
sumption has been made about the functions 

r = i^„ r + A,, ^f + \A^ <!>'' + ...| 

except that the successive discriminants of the former are all 
positive. This may be expressed by saying that T is a one-signed 
positive function, Le. a function which keeps the positive sign for 
all values of the variables and never vanishes except when all the 
variables are zero. That the vis viva is a one-signed positive 
function is of course evident. The necessary and sufficient con- 
^W pM^^ ditions that a quadric function should be one-signed, are given in 
^ ' Williamson's Differential Calculus and need not be repeated here. 

They may be briefly summed up by saying that the successive 
discriminants have aU the same s^ 

61. Equal Roots. Since the roots of any one of the leading 
minors 7jj, J^, &c. separate the roots of Lagrange's determinant, 
it follows that when the latter has r roots each equal to gi* ©ach 
of the former must have r— 1 roots each equal to p^. For the 
same reason any leading second minor such as A. must have r - 2 
roots each equal to p^. 

Consider next any other minor of the determinant. By proper 
changes of rows and columns we may represent this by /„. Since 
A A, = /„/„ — /j,*, it follows that 7^, must also have r — 1 roots 
equal to p^. 

On the whole we conclude that if Lagrange s determinant have 
r equal roots, then every first minor has r — 1 roots equal to each of 
these. In the same way it follows from this, that every second 
minor has r — 2 roots equal to each of these, and so on. 

if. 4^w.*.;;^^^^!-^Tifc9j /.^, 4> ♦^ ^f' 
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62. This theorem will often enable us to detect the presence of equal roots in 
l4agrange's determinant. We equate any minor to zero and thus obtain an 
equation to .find|)^, which is sometimes of a very simple form. 

Suppose for ezamj^e the system had two oo-ordinates, so that 

If we form Lagrange's determinant, we see that the minors cannot be zero unless 
^ii/^u=^i3M 12=^22/^23* ®<^ o^ these ratios being equal to -p'. Unless there- 
fore these conditions be satisfied there cannot be two equal roots. 

68. The equation used in solid geometry to determine the lengths of the axes 
of a conicoid is aft equation of Lagrange^s form. As a consequence of this theorem, 
the usual conditions for a surface of revolution follow at onoe by equating each of 
the minors to zero. 

64. Tlie Bordeired Determinant. Let us now border Lagrange's determinant 
with any arbitrary quantities /, ^, k, &e.y so that we obtain the determinantal 
equation 



A'= 






=0. 



/ g 

Regarding this as a function of p^ we see that its degree is one less than that of A. 
We shall now consider how the roots of this equation are connected with those of 
Lagrange's^ 

If we remove the zero In the eomer of A' and write ap^ + c in its place, where a 
and e are any quantities however small, we obtain another equation which is of 
Lagrange's fonn but one degree higher than A. The expression for 2T from which 
this new equation is derived is the same as the former with the addition of the 
term ax'^ where x is some new variahle. If then a be positive, we may ai^ly the 
theorem proved in Art. 58 to this new determinant. Call this new determinant D', 
then the roots of D' are' all real and are separated by those of the first minor of any 
constituent in the leading diagonal. But the determinant A is the minor of the 
last constituent in that diagonal. The roots of D' are therefore all real and are 
separated by those of A. If we put a and c both infinitely small, two roots of 
tiie equaticm I>'=0 -are each infinite, and tiie other roots may be made to ap- 
proximate as closely as we please to those of A's=0. Hence we infer that whatever 
the quantities f, g, ^c. may he, the roots of the determinantal equation A'=0 are 
real and separate or lie between those 0/ A=0. 

65. The original determinant A has n columns and n rows. The determinant 
A' has been derived from A by bordering it with n arbitrary quantities forming a 
new colunpi and a new row with zero in the comer. In the same way we may 
border the determinant A' with a new set of n arbitrary quantities f\ g\ dko., filling 
up the vacant spaces near the comer with zeros. Thus we obtain a new deter- 
minant with four zeros in the comer, which we may call A". This determinant is 
of one degree less than A' and its roots are all real and separate those of A'. 

66. Lastly let us form the series of n+1 determinants A, A', A'', <fec., termi- 
nating with a constant. Each determinant is derived from the one before by 
bordering it with n arbitrary quantities with zeros near the comer, so thai the 
determinants are all symmetrical. Proceeding as in Art. 64, we may regard this 
set of determinants as the limiting cases of other determinants which are all of 
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Lagnmge's form, Imt of degrees Boco&BsdYtAj higher than A. The last of these, 
being in the limit a oonstant, will have all its roots infinitely great. Prefixing to 
this second set of determinants the set formed (as described in Art. 58) by catting 
o£f rows and columns, we have a complete series of determinants sefNirated into 
two sets by the determinant A. They begin with nnity and terminate with a deter- 
minant whose roots (in the limit) are all infinitely large. It follows by the theorem in 
Art. 58 that in passing firom j^=a to p'=/9 no variation of sign can be lost in the 
complete series because no root of the last determinant can lie between the finite 
quantities a and /9. But if k roots of the determinant A lie between these limits, 
K yariations of sign must be lost in the first set of determinants. Hence as many 
variations of sign are gained in the second set of determinants as are lost in the 
first set. Summing up we infer that as p* paues from p'sa to 1B^=P, if k varia- 
tions of sign are gained in the series A, A', A'', &o» there are exactly k roots of the 
eqttation A^O between these limits, 

67. Ex. 1. In the theorem of Art 64 show without putting a=0 that the 
roots of A' separate or lie between those of A. 

Ex. 2. In the theorem of Art. 66 show that if variations of sign are lost as p' 
passes tromp*=a to j>>=/9, then a is greater than p. 

el w^A^Jf^\ ^^' ^* ^^ ^^ system be referred to principal co-ordinates, show that the deter- 

^••r^pH minantal equations A'asO, A"=0 may be written in the form 

68. XttTavlanti of the gyat e m . In order to determine the values of p^ it will 
often be necessary to expand the determinant. When there are only a few co- 
ordinates this can be done without difficulty. In other cases we may use Taylor's 
theorem. Let A be the discriminant of T aoul let II represent the operation 

Then Lagrange's determinant becomes when expanded 

Ap»*+n(A)j>»*-» + n»(A)^!^+ ... =0. 

If A' be the discriminant of U and n' represent the operation n when the letters 
A and C are interchanged, we may write the equation in the form 

A'+n'(A')i>Hn'«(A')j^+ ... =0. 

When there are only three co-ordinates we may adopt the notation used in the 
chapter on Invariants in Dr Salmon's Conios. 

69« It is sometimes convenient to change the co-ordinates from $, 4>, &o, to 
others x, y, &c. connected by linear relations. Let these be 

0=liX+l^'^yi+ ... 
<f>=miX+m^'\-m^+ . 
&c.=&c. 

In whatever manner this is done it is dear that the equation giving the times of 
oscillation must be the same. The ratios of the coefficients of the several powers of 
p* are therefore invariable. Let fi be the determinant of transformation, i.e. the 
determinant whose rows are the coefficients of x^ y, z, &c. in the equations of 
transformation just written down. Then by a known theorem in determinants the 
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disczimmant A is changed into /i'A. Hence all the other coefficients are altered in 
the siune ratio. The coefficients A, H (A), &o. are therefore eaUed the invariarUt of 
the system. The sign of each of these, and the ratio of any two, are unaltered by any 
transformation of co-ordinates. 

70. Ex. 1. If a system be in eqnilibriam, show that the eqailibrinm will be 
stable if - n (A), ns (A), - n' (A), &o. be all positive. 

We notice (1) that A is necessarily positive (2) since the roots of Lagrange's 
equation are all real, these are the conditions given by Descartes' theorem that the 
roots shonld be all positive. 

Ex. 2. The same dynamical system can oscillate about the same position of 
equilibrium under two different sets of forces. If pi, p,, &o,, <ri, <r,, Ac. be the 
periods of oscillation when the two sets act separately, B^, B^, &o. the periods when 

th^ act together, prove that X-^-\-X-z=^^^. 

fr &* JXi 

This follows from the fact that II (A) contains C^, <fec. only in their first powers. 

Ex. S. Two different ^stems of bodies when acted on by the same set of forces 
oscillate in periods Pi, p^, &c., o-j, tr^, &o. If R^, B^, &o. be the periods when they 
are both acted on by this set of forces, prove that 2/)^+ Z<r'= SjR^. 

71. Ex. 1. Let T and U be given in their simplest forms, i. e« referred to 
principal co-ordinates, and let these be 

2T=aje^+a^i>'^+ ... 
2 (U- Uq)= Ci^ + c^ + ... 

It is required to transform these to general co-ordinates by using the formulie of 
Art. 69, and thence to construct the general form of Lagrange's determinant. For 
the sake of brevity let Bi^ajp^+c^, B^^^a^^-^-c^, Ao., let there be jc of these. 
Also let I{li), 1(1^, <9^c. be the minors of l^, l^, <&o. in the determinant of transforma- 
tion, called /i in Art. 69. Then show (1) that Lagrange's determinant is equal to 
fj^B^B^ ... £k , (2) that the minor of the leading constituent of Lagrange's determi- 
nant is equal to {I(l^\^BJB^ ... Bk. + {I(m^)*BJB^ ... Bk + ..., (3) that Lagrange's 
determinant when bordered with /, g, h, &o. with zero in the vacant comer is 
equal to 



f 0h 



* B^^ . . . Bk - 



fgh 

n^n^n^ 



B^B^ ... Bk "" 



Ex. 2. Deduce from the analytical results of the last article that^ T and U 
be any expressions which can be derived by a real linear transformation from the 
forms 2T=ajjS^* + a^'^+ ... 

where the a*8 and the c's have any signs, then (1) the roots of Lagrange's determinant 
are all real, (2) that they will be separated by those of any leading minor, and (3) 
that they will also be separated by those of the bordered determinant. 



Energy of an Oscillating System. 

72. A system is referred to its principal co-ordinates, it is 
required to find its kinetic and potential energies. 
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Let the co-ordinates be ^, t/, &c. so that the vis viva 2 jTand force 
function U are given by 

2(ir-i7.)=-j,;r-p.v-... r 

Then by Lagrange's equations Art. 56, we have 

f = Eam(p^t + a^), 17 = i'sin {pj; -f aj, &c. 

Substituting these in the expressions for Tand ^ just written down, 

we find 

2r*|),» E" cos' (p,t + aj +;>,• F" cos' (pj^ + a,) + &c., 

2 ( Cr, « JT') = jp,'^ sin* (y,f + aj +i>,*i^ 8in» (p,« + O + &c. 

Here T is the kinetic energy of the system and when the 
position of equilibrium is the position of reference, J7^— JT'is the 
potential energy. 

From these expressions we infer that the whole energy of a 
syetem oscillating abotU a position of equilibrium is the sum of the 
energies of its principal oscillations. 

73. Bfean kinetic and Potential enei^ief . The mean 

value of ^ cos* (pi + a) with regard to time from ^s^Oto^s^is 

IP f* 

— - I cos* (pt + a) dty which after integration reduces to J£^ when t 
t Jo 

is very great. The meaji value of -B* sin* (pt + a) is of course the 

same. We therefore infer that the mea/n kinetic energy of a system 

oscillating about a position of equilibrium is equal to the m^a/n 

potential energy ^ the mean being taken for a long period and the 

position of equilibrium being the position of reference. Thus the 

energy of the system is on the whole equally distributed into 

kinetic and potential energies. Sometimes one has an excess and 

sometimes tne other, but in any long time their shares are equal. 

74. Energy of any system. To find the energy of a system 
oscillating about a position of equilibrium referred to any co-ordinates. 

Let the general co-ordinates be 0, (j>, &c. so that the kinetic 
energy 2^ and the potential energy t/o— IT' are given by 

We have just proved that the whole energy is the sum of the 
energies of the principal oscillations. Let us therefore find the 
whole energy of that principal oscillation whose type (Art. 55) is 

•^=-|.=&c. = sin(p,« + a,). 

where M, = Lj', (p,*), N, = LJ,, (p,*) &c. 

Snbsttituting in the expression for T we find 

2T= [4„ M^' + 2A^, M^N, + ...]?.* sin» {p^t + a.). 



BPFjECT OF CHANaKS IN THE SYSTEM. 43 

Let US indicate by the symbol T^ the result of substituting for 
0'<f>, &c. in T the coeflScients M^, Jv^, &e. of the column in Art 53 
which represents the principal oscillation whose type is sin (pj; + a^). 
Then T^ will indicate the result of substituting M^, N^, &c. and so 
on. We see therefore that the whole kinetic energy of the system is 

T,p,^ cos' {pjt + fltj) + T^p; cos» (p.< + O + &c. 

If Z7j, tTj, &c. indicate the results of the same substitutions in 
Z7— ?7^, we find that the potential energy of the system is 

= - ITj sin' (p^t + ffj) - J7, sin* (pj; + «J - &c. 

If we compare the expressions for the kinetic and potential 
energies of a principal oscillation obtained in Art. 72, we see that 
the coefficients of the trigonometrical terms are equal. We there- 
fore infer that 

^iPi'+^i = 0, 3;/?/+fr, = 0,i&c. = 0. 

Adding together the two expressions for the kinetic and potenr 
tial energies we find that the whole energy is represented by 

t,v^+t,p:+ 

75. We may also deduce the equation Tjf>^ + ?7, «?=0 from the 
equations given in Art. 50 to find M, JV, &c. If we multiply these 
by M,N, &c. respectively (omitting the two last) and add the 
results, we obviously have 

{A^^M^ + 2A,^MN-\- . . .) P' + {G,,iP + 2 GJIN+ . . .) = 0, 

which is the result to be proved when written at length. 



Effect of changes in the system. 

76. BfBset of an Increase of inertia. Sapposing the system to be oseHlating 
abont its position of equilibrium under a given set of forces, it is required to find 
the effect of increasing the inertia of anj part of the system without altering the 
forces. 

Let 2T=i4u^»+2i4j2^0'+...) 

2(r-ir,) = Cu^+2e'i,^^+... 5 ^^' 

where the A^b and 0*b are all given by tiie conditions of the question. Suppose we 
add on to 21* the quantity 

it is required to find the change in the periods of oscillation. 

Let us change the co-ordinate 6 by writing ^i=9+50 + &c., then eliminating $ 
we find that T igid TJ take the forms 

2(U-Uo)^ ^iA»+20Vi^+ ...f **^* 

where A'j2 <&c., G'^^ &c, are the coefficients as altered by the change of variables. 
The periods are now given by the determinant 

If we put /*=0, this equation gives the periods before the Increase of inertia. 



44 ' OSCILLATIONS ABOUT EQIHUBBIUK. 

We write this in the {oimf{p')^0. Let I be the minor of the leading oonstitaeni 
in the detenninant. Then the equation to find the altered periods is 

We notice that I is independent of /i so that fi enters into the equation only in the 
first power. 

Let the roots of / ( p*) =0 be Pi*t p^, Sbo^ and the roots of IsO be q^, g,\ &e., 
both series being arranged in descending order of magnitude. The roots of JaO 
separate those of /( p*) s= by Art. 58 hence the terms of the series p^', q^, p^*, q^, Ac. 
are arranged in descending order. The case in which some of these quantities aze 
equal may be regarded as the limit of the case in which they are all different, 
however small those differences may be. 

In order to discoTcr how the roots of the equation tt=0 hare been altered by the 
introduction of ft, we put p* in succession equal to pi\ p^\ &o. We see that u takes 
the sign of I and is therefore alternately positive and negative, beginning with a 
positive value. Thui all the rooti have been deereaeed*. 

But putting p* in snooeesion equal to g^', g,*, Ao., we see that u takes the sign of 
/ {p^) which is independent of fi. These signs are therefore the same as before the 
introduction of /i. Thta the roott eontinue to he eeparated bff the roots o/ 1 = 0. 

Now I is the minor of the leading constituent in Lagrange's detenninant, that is 
1=0 is the equation which gives the periods when we introduce into the system 
the constraint ^i=0. Hence we infer that though aU the vaJuee of p* are decreased 
by an increase ft to the inertia of any part of the system^ yet no increase however great 
can so reduce them that any one passes the corresponding value obtained by absolutely 
fixing the part whose inertia was increased. 

It immediately follows that if any of the periods of the system are common to 
the system before and after fixing the part under consideration, those periods will 
not be altered by the addition to the inertia. 

77. Ex. 1. Suppose all the periods of oscillation of a ^stem to be known and 
let them be indicated as usual by the values of p. Let these be p,, p,, (Jkc. Suppose 
all the periods to be also known when some particular mode of motion is 
prevented and let the corresponding values of p be g^, q^ &o. When the constraint 
is partly loosened, ie. when the ^stem is allowed to move in the particular manner 
formerly restricted but with more inertia than when free, show that the periods are 
given by the equation (p« -pj') (p* -p,*) &o. + Mp* (p' - g^*) (p* - g,«) &c. =0, where 
Jlf is a quantity proportional to the mass added on to increase the inertia. 

Ex. 2. Let the system be referred to any co-ordinates 0, 0, <fec. , and let the inertia 

be increased by the addition of fi (a^+6^'+ ...)'. Let A be the discriminant of T 

before the addition to the inertia, and A' the same discriminant when bordered in 

the usual symmetrical manner by a, b, Ac, with zero in the comer. Prove that the 

A' 
quantity M in Ex. (1) is given by Jf = -H--^* 

78. BiBset of Introdudiis a eonstralnt. Supposing a system to be oscillating 
about a position of equilibrium with any number of independent co-oidinates ^, 0, <fec., 
it is required to find the effect on the periods of introducing a geometrical relation 
between the co-ordinates. 

* Lord Bayleigh shows in his Theory of Sound, Vol. i.. Art. 88, that any indefinitely 
small increment of mass is attended by a prolongation of all the natural periods or 
at any rate that no period is diminished. Thence by integration a similar theorem 
is true for any finite increment. 
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Ijet this geomeiiical relation be /{0, ^v)=0, then sinee the system is in 
equilibrium for displacements represented by any values of 0, 4>, <fto., the coefficients 
of the first powers of 0, 0, &c, in the expansion of U will be zero. We may therefore 
(Art. 51) write this equation in the form/ {0, ^...)=a0+5^+ ... =0. 

We now nse the metliod of indeterminate multipliers as already explained in 
Art. 48. We write down the equations of oscillation as if there were no geometrioal 
oonstraint and then add to. their right-hand sides \dfld0 and \dfld4y &c. In our 
case these additions are simply Xa and X5, &c. The new determinant found by 
eliminating 0, 0, &c and the additional unknown quantity X will be the same as 
Lagrange's determinant bordered by a, 5, (fee. We thus have 

AiP^^ii, -^i21>'+Cm a =0. 

&Q, <feC. h 

a ^ h 

This equation will give the periods after introducing the geometrical relation 
between the formerly independent co-ordinates of the qrstem. 

The properties of this determinant have been discussed in Art. 64. We see that 
the system will have one principal oscillation fewer than it had before, and the 
periods of these principal oscillations will lie between or separate the periods of its 
former oscillations. 

79. Ex. 1. Two independent systems whose principal co-ordinates are re- 
speotively (0^ <ff) and (^, m) vibrate in different periods. If they are connected by 
introducing a geometrical relation which may be represented by a^+(0+a£+/3i|=O, 
show that the periods of the connected system are given by 

a« 6« tt« jS* 

where (p^, p^ (ir^, ir^ are the values of p for the two disconnected systems. 

Ex. 2. Two independent systems referred to any co-ordinates (0y 0) (^, ii) are 
connected together so that the co-ordinates and i are made equal. If the letters 
have the meaning given in Art. 48 unaccented letters referring to the first and 
accented letters to the second, show that the periods are given by 



(^iil^' + Cu) 






i^iaP' + Cja, -4j2p'+ Cja 



Composition and Analysis of Oscillations. 

80. The position of a system being defined by several co- 
ordinates X, y, &c. the oscillations of that system will be generally 
given by equations of the form 

x = N^ sin (p^t + v^). + 2\r, sin (pjt •hv^+ &c. 

with similar expressions for y, z, &c. 

In order to obtain a clear insight into the changes of the motion 
indicated by these series it will sometimes be necessary to combine 
these separate oscillations or to find some simple geometrical 
methods of representing these terms which may enable us to realize 
the nature of the motion. 

To obtain a geometrical representation we use a representative 
point whose co-ordinates whether Cartesian or polar are made to 
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depend in some eonvenient manner on the co-ordinates x^y^z, &a 
The motion of this representatire point will then exhibit to the 
eye the motion of the system. 

81« Ootnnienwirable Periods. Suppose for example we 
wish to trace a motion represented by d;=^sinj9^ + ^sin2^, 
the coefficients being equal in magnitude. Choosing Cartesian 
co-ordinates we may let the abscissa of a point P represent on any 
scale the time elapsed since some epoch, and let the ordinate 
represent the valne of a?. There will be no difficulty in tracing the 
two curves x^=^N sin ^e and a?, = JVsin 2pt, Let these be the two 
dotted lines. We obtain the required curve by adding the ordi- 
nates corresponding to each abscissa. 'Let this be the continuous 
line. 




In the figure the axis of the abscissae is not drawn. It clearfy 
joins the two extreme points on the right and left-hand sides. 

We see from a simple inspection of the figure that the motion 
consists of a violent oscillation to each side of the mean position 
followed by a very slight one and so on alternately. This figure 
resembles that used in Astronomy to trace the changes in the 
magnitude of the equation of time throughout the year. 

82. Ex. 1. Show that the motion represented by a; = 27 sin j>f + iVsin Zpt consists 
of two large osoillations to one side of the mean position followed by two equally large 
ones to the other side, and so on continaaUy. 

Ex. 2. Trace the motion represented by xss27din2pt+^8in9p<, aud point Oat 
the difference between the two parts of t^e large oscillation. 

88. When we combine together an infinite number of commenturahie osciUations 
we obtain some interesting results by the use of Fourier's theorem. Thus, if we 
examine the motion indicated by the series y—N Bin.pt - ^N sin 2pt + 1^ sin Spt - <fec. 
it is evident that the representative point has an oscillatory motion whose period is 
the same as that of the first term. This series is shown in treatises on the Integral 
Calculus to be the expansion according to Fourier's theorem of iNpt between the 
limits pt= -T to pt^riir, Beturning to the motion indicated by the series, we see 
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that y iniareases uniformly from - ^wN to irN during the time 2r/j>, and then sod* 
denly or rapidly changes to - irN, to repeat again its gradual increase dozing the 
next o8ciIlati<m. 

As the series is conyergent it will nsnally he sufficient to consider the motion na 
represented hy a limited nnmher of terms. The expression for y is thus rendered 
petfeotly continuous. 

84. Ex. Examine the motion represented by the series 

y=NBmpt-{-^NBmZpt-^iNan5pt + &o,, 
show that the representative point rapidly changes from one side of its mean position 
to the other, remaining stationary for half the period of the first term in each of 
these extreme positions. 

85. Analysis of Oscillations. When the position of a 
system is indicated by the sum of a number of oscillatory terms 
whose periods are commensurable it is clear that the motion con- 
tinually repeats itself at a constant interval. This interval is the 
least common multiple of the periods of the several oscillatory 
terms. Thus this compound oscillation resembles a principaf 
oscillation at least in one important feature. See Art. 53. Such 
a compound oscillation might even be used as a new kind of 
simple or principal oscillation by the help of which more compli- 
cated oscillations of the system might be analyzed. 

We are thus led to perceive that the single trigonometrical 
oscillation is not the only one by which we may analyze a compli- 
cated motion. We may sometimes find it advantageous to combine 
many of these oscillations into larger units to obtain any clear 
idea of the motion. This may even prove to be a necessity when 
the number of coexistent oscillations is infinite. 

86. Analysis by Waves. When the surface of still water 
is disturbed by throwing a stone into it, or when a piano string 
or a drum head is struck at some one point, the parts of the system 
remote from the impact do not begin to move at once, but appear 
to wait until the effects of the impulse has reached them. In 
other words, the motion appears to diverge from the centre of 
disturbance in the form of waves. These waves may be taken as 
new simple oscillations. The convenience of this new elementary 
motion is evident, for if several disturbances are given to different 
parts of the medium each will produce a wave and the actual 
MLOtion at any point is the resultant of all thes^ waves. 

87. The following illastration will put this theory in a clearer light. Let AOB 
he a tight string, such as a piano string, whose extremities A and B are fixed and 
whose length AB=2irl, and let this string be vibrating transversely about its mean 
position AB, Since the deviation of each particle from its position of equilibrium 
will require a separate co-ordinate to express its value, it is clear that the string has 
an infinite number of co-ordinates. Hence, by Ltigrange's rule, the deviation of each 
partiole wiH be expressed by an infinite number of trigonometrical terms. Let y re- 
present the cEeviation from the straight line AB ot tlpie particle whose distance from 
the mid^e poin$ O is a:. Let the part of the. string, viz. EOF, bounded by «= -c 
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and «= +e be plucked aside and arranged so as to form the conre ys/(ir), the rest of 
the string being nndistnrbed, and let the whole string start from rest. By Fonrier's 
theorem we may represent this initial state of the string by an equation which may 
sometimes be written in the form 

y=2|2^iSin^+NjSin2*+N,sin8j+Ao.| (1). 

It will be shown in another chapter that the motion of the string at the time % is 
given by y = 2|Ni8inr-oos|»t+N^8in2y-cos2pt-|-fto.| (2), 

where p is a constant which depends on the nature of the string. 

Since the partides of the stiing are oscillating about their positions of equilibriom^ 
their motions may be resoWed into Lagrangian oscillations which of coarse are re- 
presented by the seyeral terms of this series. Taking any one periodical term by 
itself (say the one containing cos xpt) we see that all the characteristics of a principal 
oscillation are satisfied. Thos the displacement of any one particle (defined by x=x^ 
bears a ratio to the displacement of any other (defined \(^ x=x^ which is equal to 

sin ^ / sin ^ , and is therefore constant throughout the motion. Art 58^ In 

other words the phases of the oscillations of all the particles are the same. 

But if we recur to the expression (2) and examine how the string appears to 
move, we find sometlung very different. If we trace the curve 

y =2^1 sin I +2/, sin y+ Ac (3) 

we find it represented in the accompanying figure. We have y=0 for all values of x 
except those which lie between x=2ilrrJs€ where % is any integer; between these 
limits we have y=if{x). Since 2vl is the length of the string, x is practically limited 
to lie between OA=S"tI and OB = wU This portion is represented by the thick line, 
while the dotted line exhibits the form of the curve for all values of x and should of 
course be continued to infinity on both the right and left-hand sides. 

Comparing equations (1) and (8) we see that the form of the string at the time 
t=sO is represented by the portion of this curve between A and B, the ordinates being 
doubled. To discover the motion at the time t, we write the equation (2) in the form 

y = ZNtc sin k (j +pt\ + 2N; sm « (j -pt\ . 

The first of these series may be derived from (8) by writing x + Ipt for x» This may 
be represented by moving the curve towards the left a distance equal to Iptt the 
origin being fixed. Thus the disturbance EF travels towards the end A of the 
string and passes off, a new disturbance E'F' entering the string at B, The second 
series may be represented by moving an equal and similar curve to the right of O 
through a distance equal to IpL The sum of the ordinates of these two curves re- 
presents the displacement at the time t of that particle of the string whose position 
in equilibrium is the foot of the ordinate* 

Thus the original single disturbance has separated into two disturbances, one of 
which travels to the right and the other to the left. Each travels without change 
of form and with uniform velocity. This wave-like motion may be treated as a 
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simple motion, by means of which we may constmct other more complicated wave- 
motions. In this new simple oscillation all the particles have the same period, bat 
they are not all in the same phase. One particle is at the crest of the wave at the 
same instant that another is in the hollow. 

The case in which the particles of the string have any initial velocities may be 
treated in the same way. If the elements bounded by a? = ~ e and x=^€ have an initial 
velocity represented by/(t), the rest of the string being undisturbed, we obtain y by 
simply writing dyjdt for y in equation (1) and integrating the result. If the elements 
be both displaced from their initial position and have initial velocities, we merely 
add the two separate values of ^. 

88. Composition of oscillations of nearly equal periods. 

Trdce the motion represented 6y x = N sin (pt + v^) + Nj, sin (qt + v^), 
where Nj and Ng are both positive and p and q are nearly equal. 

In the first place, consider any time at which pt + v^ and gt + v^ 
differ from each other by an even multiple of tt. At this instant 
the two trigonometrical terms have the same sign, and, since p and q 
are nearly equal, they will increase and decrease together for several 
oscillations, how many will depend on the nearness of p and q to 
each other. The value of x will therefore vary between the limits 
± {N^ + N^. Next consider any time at which pt + J', and qt-\'V^ 
differ by an odd multiple of tt. The two trigonometrical terms 
have opposite signs and will continue to have opposite signs for 
several oscillations. The value of x will therefore vary between 
the limits ± {N^—N^. We see that the motion of that part of 
the dynamical system which depends on the co-ordinate x under- 
goes a periodic change of character. At one time, this part of the 
system is oscillating with an arc N^ + N^, after an interval equal 
to IT lip — g), the arc of oscillation is N^ — N . If N^ and N^ are 
nearly equal, this last may be so smgll, that the motion is invisible 
to the eye. Thus there will be alternate periods of comparative 
activity and rest. This altemation is sometimes called heats. 

89. Transference of Oscillations. When a system has 
two degrees of freedom, two co-ordinates x and y will be necessary 
to determine its position in space. Suppose the oscillation of x 
to be given by exactly the same expression as before, while that 
of y is the same with the opposite sign given to N^, Let us also 
suppose that N^ and N^ are nearly equal. Each of these co- 
ordinates will have alterjjiate periods of comparative rest and 
comparative activity. But the period of rest in one will syn- 
chronise with the period of activity in the other co-ordinate. If 
now the visible motion of one part of the system depend on x 
and the visible motion of another on y, these parts will be iu 
alternate rest and oscillation. Thus there mil appear to be a 
transference of energy from one part of the system to another and 
back again^ 

B. D. II. 4 
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90. This peonliArity of the resaltant of two osdllationfl of nearly equal periods 
renders it important to determine when two roots of Lagrange^s determinant are 
nearly eqoal. This point however has been praotioallj discussed in Art. 62. It is 
there shown that when two roots are equal every first minor must be zero. If two 
roots are nearly equal, it follows from the principle of continuity that every minor 
is nearly equal to zero. By equating to zero some minor whose roots may be found 
as in Art. 62, we obtain some quantities which must be nearly equal to the roots 
sought, if any such exist. To settle this last point we substitute these quantities 
in turn in Lagrange's determinant and in the other minors. If all these nearly 
vanish for any one of these substitutions there will be nearly equal roots in 
Lagrange's determinant and these will be nearly equal to the quantity substituted. 

91 . Oompotltioii of Oscillatioiit of very unequal periods. 

Trace the motion represented by x = NjSin(pt+»'i) + N,sin(qt + i'J 
where N^ and N, are both positive and p is small compared with q. 

In this case qt-^-p^ increases by Stt, while pt + v^ alters only by 
27rp/g, so that tne second trigonometrical term goes through all 
its changes while the first is only very slightly altered. The 
system will therefore appear to oscillate about a mean position 
determined by the instantaneous value of the first trigonometrical 
term. Thus the oscillations will appear to be simply harmonic 
with a period 27r/q and an extent of oscillation equal to N,. At 
the same time the apparent mean position will travel slowly first to 
one side and then to the other of the real m^an in the comparatively 
long period ^irj^. 

92. Bamltant OaoUlattoii. We may compound any number of oscillations 
represented by the terms of the series 

a?=27^iSin(pit + i'i)+^a8in(pj«+Fa) + &c (1) 

in the following manner. 

Let n be a quantity to be chosen at our convenience, and let j^^ = n + g*!, jp^ = n + q^ <&c. 
Suppose the resultant oscillation to be represented by 

a;=JRsin(n£ + /») (2), 

then we have JRco8p=2^cos(g< + i')) 

Bs,mp='S,NBUi\qt + v)\ ^^'* 

whence U and p may be found without difficulty. 

93. This method of compounding oscillations is of great advantage when their 
periods are equal. In this case all the jp's are equal, and by choosing n=p we have 
all the g's equal to zero. We thus replace the series (1) by the simple harmonic 
form (2) in which R and p are absolute constants. 

If the periods are nearly equal, we can choose n so that all the g's are smaU. The 
values of the elements R and p will now vary, but only slowly. The resultant os- 
cillation is therefore very nearly a harmonic one. The elements of the resultant 
oscillation, being found at any one moment, will be nearly constant for a considerable 
time,' and their small changes all follow known laws. These laws are determined by 
equation (3). We may thus still obtain a dearer insight into the changes of the 
values of x by examining the siugle term (2) than the series (1). 

94. aaom«trieal Constractton. We niay represent any oscillation such as 
x=NBm(pt + v) by a simple geometrical construction which is sometimes useful. 
From any origin O draw a straight line OA whose length shall represent N on any 
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Bcale we please, and let f be the inclination of 0^1 to a straight line OL fixed in 
space. We may call OL the axis of reference. With centre and radios equal to OA 
describe a circle. If a particle P, starting from A, describe this circle with a uniform 
angular velocitj equal to jp it is dear that the distance of P from the axis of reference 
is equal to Nsm(pt'^ m). Thus, by the help of this circle, when the straight line OA 
is given, the whole oscillation is determined. We may therefore by a straight line 
OA represent any harmonic oscillation. 

In this manner we may replace the oscillations to be compounded by a series 
of straight lines OAi, OA^, <feo. The circles on OA^^ OA^, <&c. are to be described by 
points P^y P,, &c., and the sum of their distances from the axis of reference is the 
quantity to be represented by the resultant oscillation. Let us also for the sake 
of simplicity, suppose that the periods are all equal, so that the q*a in equations (3) 
are all zero. 

Let OB represent the resultant of OA^ OA^, <&o. found by the ** parallelogram 
law," i.e. found as if OA^y OA2, <&c. were forces to be compounded as in statics. 
Then by interpretation of equations (3) we see that OB will represent the resultant 
oscillation. 

We may therefore find the resultant of any number of oscillations in the same co- 
ordinate, if of equal periods, by a geometrical construction. Representing each 
oscillation by a straight line, the resultant is found by compounding these straight 
Unes according to the *' parallelogram law,*^ 
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CHAPTER III. 



OSCILLATIONS ABOUT A STATE OF MOTION. 



The Energy Test of Stability, 

95, It has been proved in Vol. I. that when we know one 
first integral of the equations of motion of a system disturbed 
from a position of equilibrium, such as the equation of energy, 
we may sometimes from that one integral determine whether the 
position of equilibrium is stable or not. Thus when the potential 
energy is a minimum in the position of equilibrium, it immediately 
follows from the equation of vis viva that the position of equili- 
brium is stable. But when the potential energy is not a minimum, 
the equation of vis viva alone is not sufficient to determine 
whether the equilibriujn is stable or unstable. But by taking 
into consideration the other equations of motion this position of 
equilibrium is proved to be unstable. 

We may apply an *' energy test " of stability to a given state 
of motion as well as to a given position of equilibrium, but with a 
similar limitation. When a certain function derived from such of 
the first integrals as we may happen to know is an absolute mini- 
mum or maximum we may be able to prove that the system 
cannot depart far from the given state of motion. But when that 
function is neither a maximum nor a minimum we only infer that 
there is apparently nothing in these equations to restrict the 
deviations of the system. To determine this point we must 
examine the equations we already have more minutely or we must 
discover the remaining equations of motion. This latter part of 
the question will therefore be postponed until we discuss the 
oscillations about a state of motion. Meantime we shall consider 
the "energy test" with a view to determine how far it can be 
made to decide the question of stability. 

96. Stability of a State of Motion. Let a dynamical 
system he in motion in any manner under a conservative system, 
of forceSf and let E he its energy. Then E is a known function 
of the co-ordinates 0, ^, <fcc. and their first differential coefficients 
ffy <f>\ Jkc. : this is constant and equal to h for the given motion. 
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Suppose that either some or all of the other first integrals of the 
equations of motion are also knovm, let these be 

For the purposes of this proposition, let t^ regard 6 and ff^ ^ and 
4>\ &c, as independent variables, except so far as they are connected 
by the equations jv^t written down. Then if ^ be an absolute maxi- 
mum, or an absolute minimum, for ail variations of 6, ff, &c, {those 
corresponding to the given motion making l&x^onstant), the motion is 
stable for all disturbances which do not alter the constants C^, 
Cj, <fec. 

Let as many of the letters as is possible be found from the first 
integrals in terms of the rest, and substituted in the expression 
for JE Let yjt, yj/, &c. be these remaining letters, then we have 

E--f{yfr, -^^ &c., C,, C„ &c.) = h. 

Let the system be started in some manner slightly dilBFerent from 
that given, then the constant h is altered into h + SA. First let E 
be a minimum along the given motion, then any change whatever 
of the letters yfr^ i^', &c. increases E, and it follows that the dis- 
turbed motion cannot deviate so far from the given motion that 
the change in E becomes greater than SA. Similarly, if -E be an 
absolute maximum, the same result will follow. 

The same argument will apply to any first integral of the 
equations of motion, besides the energy integral. If any one of 
the functions F^, F^, &c., which contains all the letters, be an 
absolute maximum or minimum, then the motion is stable for 
all displacements which do not alter the constants of the other 
integrals used. 

97. When the system is disturbed from a position of equilibrium 
which is defined, as in Vol. I., by the vanishing of the co-ordinated 
0, (f), .&c., we have 

E ^ iA^^e^ + AJ'<I>' + &c. - U, 

where A^^, A^^, &c. are all constants, and If is independent of 
6", <l>, &c. Here the terms which constitute the kinetic energy, 
being necessarily positive and vanishing with ff, 4>\ &c., are evi- 
dently a minimum for all variations of 0\ <l>\ &c. We see, without 
the use of anv other integrals, that if — ^7 be a minimum for all 
variations of 0, <^, &c., E will be an absolute minimum, and that 
therefore the equilibrium is stable. 

In what follows a similar result will be obtained when the 
system is disturbed from a state of steady motion. It will be 
shewn that when a function represented by -F— CT is a minimum 
under certain conditions this state of steady motion is stable 
under the same conditions. The function F of course reduces to 
zero when the state of motion reduces to a state of rest, 

98. To find a steady motion. It often happens that the motion whose 
stability is in question is a state of steady motion. This generally occurs when 
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some of the oo-ordinates are absent from the Lagrangian function though present 
in the form of velooities. Let us represent by x, y, <&o. the co-ordinates which are 
absent from the Lagrangian function, and let ^, 17, <&c. be the remaining co-ordinates. 
Thus the Lagrangian function L will be a function of {, ^, 9;, if, &o,, a/, y\ &o., but 
not of Xf y, <&o. The Lagrangian equations will therefore take the forms 

d dL dL ^ dL dL . 

where ti, v, &c are constants introduced by integration. These equations wiU 
contain {, f , ^\ 1;, if, yj\ <S:c., id sd\ \f y", <&c., and do not contain t explicitly. 
They may therefore be satisfied by putting x'^aty'^ib, &o., ^^a^ii^p, &c., where 
a, &, in.^ a, /3, &c. are constants to be determined by substituting in the equations. 
If stand for any one of the co-ordinates, it is evident that dTldB and dTfdff will 
both be constants after the substitution is made. Omitting the equations which 
contain u, v^ &c. as they do not assist in finding the constants a, &, (&c., a, /9, (&c. 

we have the equations -^==0, -t^=0, &c.=0 (1), 

a( ail 

where L^T-\-XJ, Thus we have as many equations as there are co-ordinates ^, 17, 

^0. directly present (i.e. not merely present as Telocities) in the expressions for T 

and U, The quantities a, 5, <fto. are therefore undetermined except by the initial 

conditions, while a, /3, dto. may be found in terms of a, h, &c. by these equations. 

These equations may be conveniently remembered by the following rule. 

In the Lagrangian function which is the difference between the kinetic and 

potential energies, write for all the differential coefficients their assumed constant 

values in the steady motion, viz, x'=a, y'=b, Ac, f =0, 11' =0, Ac. The Lagrangian 

function is now a function of the co-ordinates ^, if, <fec. only. Differentiating this 

result partially with regard to each of these co-ordinates and equating the results to 

zero, we obtain the equations of steady motion, 

99. Stability of a steady motion. To determine if this motion is stable we 
use the method indicated in Art. 96. The equation of energy may be written in the 
form E = T-U=h, 

Since T is not a function of the co-ordinates x, y, dkc. the Lagrangian equations 
for these co-ordinates lead as before to the integrals dTldd=u, dTldy'^v, <&c., 
where u, v, (fee. are constants. By the help of these integrals we shall eliminate 
x', y', &c,, and thus obtain £ as a function of the other co-ordinates. If E be an 
absolute maximum or minimum, this motion is stable for all disturbances which do 
not alter the constants u, v, &c. There can be no difficulty in effecting the elimi- 
nation in any particular case, but we may perform the process once for all. The 
process is a repetition of that called Modification in Vol. i. 

To effect the elimination, let 

T=i{xx)x'^ + {x^)x'^' + &o (2), 

where the coefficients of the accented letters, viz. the quantities in brackets, are 
all known functions of ^, 17, &c., but not of x, y, &c. The integrals may then be 
written in the form 

{xx)af + {ry)y'+..,^u-{x(j^-{xii)i/^&e.\ 

(xy)ixf + {yy)y' + ,..=v-(:y^)^- (yiy)i|'-Ac| (3). 

4&C.=:<&C. j 

For the sake of brevity, let us call the right-hand sides of these equations u-X, 
v-Y, &c. Since T is a quadratic function of the accented letters, we may write 
it in the form 
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If we substitute in the tenns after the first <&o. the values of a^, ^ c^ven I7 (3) 
we obtain the determinant 

\_ 0, «+^, v+r, <fco. 

2A u-X^ (aa), (xy), Ac. 
»-r, (ay), (jfy), &e. 

where A is the discriminant of T, when f , 17', c&o. hare been put zero. If we change 
the signs of Z, F, &a , this determinant is unaltered, hence when expanded such 
terms as «X, vX, <&c. cannot occur. If therefore, we put 



2A 



Of* « ... 
u (zx) {xy)... 



W, 



and expand the first determinant, we have as the result of the elimination 

T;=JP+JB„r*+B^y+ (6). 

where the terms after F express some homogeneous quadratic function of f , V, &e. 
Now T is essentially positive for all values of as', j/', <fec. and therefore for such 
as make u, v, (&o. aJl zero. Hence the quadratic expression Byi^ + <fec. is a minimnm 
when ^, 1/, <&e. are zero. If t^n the function F-TJ is a mimmum for all variations 
of ^, 17, ifte,, the steady motion given hy (1) is stable for aU disturbances which do not 
alter the momenta u, v, &q, 

100. When ^, 1/, &c. aro put zero, the process indicated by the successive 
equations (2), (3), (4), (5) is exactly that described in Vol. i. as the Hamiltonian 
method of forming the reciprocal function of T for the co-ordinates x, y, &c. We 
may therefore enunciate the rule in the following manner. 

Suppose a steady motion to be given 6y f =0, V=0, dtc., x'=a, y'=b, d^c, so that 
the momenta u, v, dte. with regard to x, y, <&c. are constants. Form the reciprocal 
function of T with regard to x', y', dbc, putting zero for each of the letters f , V, dtc. 
Let P be this reciprocal function, and - U or V be the potential energy. Then if 
F-UorF + Vwa minimum for all variations of ^, ij^ttc. this steady motion is stable 
for aJl disturbances which do not alter the mornenta u, v, dtc. 

When the reciprocal function F has been found, we may put the equations (1) 

which determine the steady motion into another form. The function F is the 

reciprocal of T with regard to of, ^, &c., and ^, 17, &c. are merely other letters 

present during the process of transformation, hence as explained in Vol. i., we have 

dT dF 

■jz= "-^ with similar equations for 17, <&c. The equations of steady motion (1) 



therefore become 



d(F-XJ) 



=0 



du 



=0 



d(F-U) 
dri 
,_d(F-V) 



y = 



dv 



(6), 



where ¥ -TJ or V +Y is tJie energy expressed as a function of the momenta u, v, <te. 
instead of x', y*, dtc^ the other accented letters |', 17', Ac. being put equal to zero either 
before or after the differentiation^ 

101. Qpadal eafl« of BEotion. If the energy be a function of one only of the 
co-ordinates, though it is a function of the differential coefficients of all of them, we 
may show conversely that the steady motion will not be stable unless ¥-TJ is a 
minimum. 

Let ^ be this single co-ordinate, then following the same notation as before, we 
have by vis viva i Biif»+JP- U=h. 
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Differentiating with regard to f, and treating Bi^ as constant because we shall 
neglect the square of (, we obtain 

To find the oscillation, let {=»+i>, then by (6) we have 






where a is to be written for | after differentiation in the quantity in square 
brackets. The motion is clearly stable or unstable according as the coefficient of p 
is positive or negative, i.e. according as JP - Z7 is a minimum or maximum. 

Further. information on this subjeet will be found in the author *s Essay on th^ 
Stability of Steady Motion, 1877. 

102. BaEamplM of staUlity of mdtiOB. Ex. 1. Let us consider the simple 
case of a particle describing a circular orbit about a centre of attraction whose ac- 
celeration at a distance r is fiT^, It he the angle the radius vector r makes with 
the axis of ob, we have here a steady motion in which r'=0 and $' is constant. Also 

We notice that ifr absent firom tiiis espression, hence by the rule we eliminate 
0^ also by the integral f^0'=h, where h is the constant called u in Art. 99. We 

havethen E=air'5 + J^-}^^^ * 

r* n + 1 

Putting the remaining accented letters equal to zero according to the rule, we 
have in steady motion g^^^V^^^o, 

and smoe -^ "^ 74" "^ /«n?*-^= I* (n + 3) r^\ 

this steady motion is stable or unstable according as n + 3 is positive or negative 
for all disturbances which do not alter the angular momentum of the particle. 

Ex. 2. A top, two of whose princH)al moments at the vertex are equal, turns 
about its vertex under the action of gravity. If OC be the axis of unequal moment, 
and 0, <f>f xp the Eulerian angular eo-ordinates of the body referred to a vertical axis 
meastured upwards, we have (as in the chapter on vis viva, Vol. i.) 

2T=A {0'* + sin^e^f 2) ^ c(<f>' + ^ cos 0)* 
27= - Mgh cos + constant, 
where h is the distance of the centre of gravity from and M is the mass of the top. 
We have therefore the two integrals ^' + ^co8^=n and Cncos^+il sin^^^=m 
where n and m are two constants, the former representing the angular velocity of 
the top about its axis and the latter the angular momentum about the vertical. 
By eliminating <f/ and ^ and making the energy E a minimum, show (1) that a 
state of steady motion, with real values of the constants m and fi, is given hy 0=a 
provided C%i* - 4MghA cos a is positive. Show (2), by examining the sign of 
cPEld0\ that this motion is stable. Thus the axis of the top will describe a right 
cone of semi-angle a round the vertical through the point of support with an 
angular velocity given by the value of ^. 

Ex. 3. A solid of revolution moves in steady motion on a smooth horizontal 
plane, so that the inclination of its axis to the vertical is constant. Prove that 
the angular velocity fi of the axis about the vertical is given by 

a Cn Mg ^_a 

'* '^cosd'^'^sin^cos^ d0 * 
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where ;s is the altitade of the centre of gravity above the horizontal plane, n the 
angular velocity of the body about the axis, C, A and A the principal moments 
of inertiii at the centre of gravity and M the mass. Find the least value of n which 
makes fi real and deten&ine if the steady motion is stable: 



Examples of Oscillations about Steady Motion. 

103. The oscillations of a system about a state of steady 
motion may be found by methods analogous to those used in the 
oscillations about a position of eqtiilibrium. Let the general equa- 
tions of motion of the bodies be formed by any of the methods 
already described. If any reactions enter into these equations it 
will be generally found advantageous to eliminate them. Let 
the co-ordinates used in these equations to fix the positions of 
the bodies be called 0, ^, &c. Suppose the motion, about which 
the oscillation is required, to be determined by ff=^f(f), 
4> = F{t), &c.^ We then substitute ^f{t) + ^, <l>='F{{) + y, &c., 
in the equations of motion. The squares of x, y, &c. being neg- 
lected, we have certain linear equations to find sb, y^ &o^ These 
equations can, however, seldom be solved unless we can make t 
disappear explicitly from them. When this can be done the 
linear equations can be solved by the usual known methods, and 
the required oscillations are then found. 

In what follows we shall first illustrate the method just de- 
scribed by forming the equations in a few interesting cases from 
the beginning. We shall then generalize the process and obtain 
a determinantal equation analogous to that given by Lagrange for 
oscillations about a positian of equilibrium. This equation will be 
adapted to all cases which lead to difi'erential equations with 
constant coefficients. 

104. Tbeory of Watt's aoTemtfr. To find the motion of the lalU in Watt's 
Governor of the steam engine. 

The mode in which this works to moderate the fluctuations of the engine is well 
known. A somewhat similar apparatus has been used to regulate the motion of 
clockd, and in other cases where uniformity of motion is required. If there be any 
increase in the driving power of the engine, or any diminution of the load, so that 
the engine begins to move too fast, the balls, by their increased centrifugal force, 
open outwards, and by means of a lever either cut off the driving power or increase 
the load by a quantity proportional to the angle opened out. If on the other hand 
the engine goes too slow, the balls fall inward, and more driving power is called 
into action. In the case of the steam engine the lever is attached to the throttle- 
valve, and thus regulates the supply of steam. It is clear that a complete adapta- 
tion of the driving power to the load cannot take place instantaneously, but the 
machine will make a series of small oscillations about a mean state of steady 
motion* The problem to be considered may therefore be stated thus ; — 

Two equal rods OA, OA', each of length {, are connected with a vertical spindle 
by means of a hinge at which permits free motion in the vertical plane AOA\ At 
A and A' are attached two balls, each of mass m. To represent the inertia of the 
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other parts of the engine we shall suppose a horizontal fly-wheel attached to the 
spindle, whose moment of inertia about the spindle is I, When the machine is in 
uniform motion, the rods are inclined at some angle a to the vertical, and turn 
round it with uniform angular velocity n. If, owing to any disturbance of the 
motion, the rods have opened out to an angle d with the vertical, a force is called 
into play whose moment about the spindle is - /3(^-a). It is required to find the 
oscillations about the state of steady motion. 

Let be the angle the plane AOA' makes with some vertical plane fixed in 
space. The equation of angular momentum about the spindle is 

i {(/+2wk«riii30)g| = _p(ff-a) (1), 

where mk^ is the moment of inertia of a rod and ball about a perpendicular to the 
rod through 0, the balls being regarded as indefinitely small heavy particles. The 
jemi vis viva of the system is 

-i'(S)"*-l(S^-«"(g)'|. 

and the moment of the impressed forces on either rod and ball about a horizontal 
through perpendicular to the plane AOA' ir \dUld$= - mgh sia 0, where h is the 
distance of the centre of gravity of a rod and ball from 0. Hence by Lagrange's 
,. d dT dT dU 



g-sin.cos.(gy=-|sin. (2), 



where a has been written for Jt^Jh, This equation might also have been obtained by 
taking the acceleration of either ball, treated as a particle, in a direction perpen- 
dicular to the rod in the plane in which is measured. 

To find the steady motion we put 0^ay d^pldt^n, the second equation then gives 
n^oosa=gla. To find the oscillations, we put 0=a+x,dtpldt=n+y, The two 
equations then become 

(1+ 2mk^ tfin^ a) ^ + 2mkH sin 2a ^= - /3a:' 

^-nsin2ay=f n'cos2tt--cosa]« 

To solve these equations, we must write them in the form 

(Bin2aa+3J^^)„x+ (2-^ + Bin».) 8y=0) 

(52+n' sin2 a) a; - n sin 2oy =0) 
where the symbol 5 stands for the operation djdt. Eliminating y by cross multi- 
plication we have 

The real root of this cubic equation is necessarily negative because the last term 
is positive. The other two roots are imaginary because the term 5^ has dis- 
appeared between two terms of like signs. Also the sum of the three roots being 
zero, the real parts of the two imaginary roots must be positive. Let these roots 

therefore be - 2p and p ± gr V - 1. Then 

where H, Ky L are three undetermined constants depending on the nature of the 
initial disturbance. Thus it appears that the oscillation is unstable. The balls 
will alternately approach and recede from the vertical spindle with increasing 
violence. 
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105. The defect of a goyemor is therefore that it acts too quickly, and thus 
produces considerable oscillation of speed in the engine. If the engine is working 
too violently, the goyemor cuts off the steam, bat owing to the inertia of the parts 
of the machinery, the engine does not immediately take up the proper speed. 
The consequence is that the balls continue to separate after they haye reduced 
the supply of steam to the proper amount, and thus too much steam is cut off. 
Similar remarks apply when the balls are approaching each other, and a con* 
siderable oscillation is thereby produced. This of course is but an incomplete ex- 
planation, but that the oscillation thus produced is of considerable magnitude has 
been strictly proved in Art. 104. It will be presently shown that this fault may be 
very much modified by applying some resistance to the motion of the governor. 

In the same way when the motion of clock-work is regulated by centrifugal 
balls, it is found as a matter of observation that there is a strong tendency to 
irregularity. If the balls once receive in the slightest degree an elliptic motion, 
the resistance /3 (^ - a) by which the motion of the balls is regulated may tend to 
render the ellipse more and more elliptical. To correct this some other resistance 
must be called into play. This resistance should be of such a character that it 
does not affect the circular motion and is only produced by the ellipticity of the 
movement. 

One method of effecting this has been suggested by Sir G. B. Airy. The elliptio 
motion of the balls may be made to cause a slider on the vertical spindle to rise 
and fall. If this be connected with a horizontal circular plate in a vertical 
cylinder of slightly greater radius, and filled with water, the slider may be made 
to move the plate up and down by its oscillations. Thus the slider may be 
subjected to a very great resistance, tending to diminish its oscillations, while its 
place of rest, as depending on statical, or slowly altering forces, is totally un- 
affected. Memoirs of the Astronomical Society of London, Vol. xx., 1851, 

The general effect of the water will be to produce a resistance varying as the 
velocity, and may therefore be represented by a term - ydd/dt on the right hand of 
equation (2). The solution being continued as before, the cubic will now take the 
form 

If the roots of this cubic are real, they are all negative, and the value of x takes the 

form x=^Ae-^^+Be''^ + Ce'''\ 

where -X, -/t, -v are the roots, and J, B, (7 are three undetermined constants. 

If one root only is real, that root is negative, and if the other two bep±gr rj^ the 

value of X takes the form 

X = He-^ + K(^ sin {qt + L), 

where H, K, L as before are undetermined constants. 

In order that the motion may be stable it is necessary that p should be negative. 
The analytical condition* of this is 



Tr(l + 3co8«a+2^,)>^,3eot<.. 



* If the roots of the cubic aa^ + bx^ + cx+d=iO be «=sa±^V(~l) w*^ % ^® 
haye-5/a=2a+% c/a=2-yo-i-a*+/33, -d/a=(a'-h/8')7, whence we easily deduce 
{be - ad)la^s: - 2a { (a + 7)' + ^ } ; hence he - ad and a have always opposite signs. 
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If 7 be tiufficiently great this condition may be satisfied. The uniformity of 
motion of the rods round the vertical will then be disturbed by an oscillation whose 
magnitude is continually decreasing and whose period is 2ir/g. By properly choosing 
the magnitude of / when constructing the instrumentt the period may sometimes 
be so arranged as to produce the least possible ill effect. If the period be made 
very long the instrument will work smoothly. If it can be made very short there 
will be less deviation from circular motion. 

In this investigation no notice has been taken of the frictions at the hinge and 
at the mechanical appliances of the (Governor, which may not be inconsiderable* 
These in many cases tend to reduce the oscillation and keep it within bounds. 

106, In the case of Watt's Governor if any permanent change be made iii the 
relation between the driving power and the load, the state of uniform motion which 
the engine will finally assume is different from that which it had belore the change. 
Thus, when the engine is driving a given number of looms, let the rods OA^ OA^ of 
the Governor be inclined to each other at an angle 2a and be revolving about the 
vertical with an angular velocity n. If some large number of the looms is sud- 
denly disconnected from the engine, the balls will separate from each other, and the 
rods will become inclined at some other angle 2a'. In this case, if n' be the angular 
velocity about the vertical, n'*coso'=n2coBa. The rate of the engine is therefore 
altered, it works quicker with a less load than with a greater. This is a great 
defect of Watt's Governor. For this reason it has been suggested that the term 
Governor is inappropriate, the instrument being in fact only a moderator of the 
fluctuations of the engine. 

This defect may be considerably decreased by the use of Huyghens* parabolic 
pendulum. In this instrument the centres of gravity A, A' of the balls are made to 
move along the arc of a parabola whose axis is the axis of revolution. Let AN be 
an ordinate of the parabola, A G the normal, then NG is constant and equal to L, 
where 2L is the latus rectum. Begarding the balls as particles, and neglecting the 
inertia of the rods which connect them with the throttle valve, we see by the 
triangle of forces that the balls will rest in any positions on the parabola, if 
n*L=g, where n is the angular velocity of the balls about the vertical through 0. 
It is also clear that when the angular velocity is not that given by this formula, the 
balls (unless placed at the vertex) must slide along the arc. Let us now consider 
how this modification of the governor affects the working of the engine. When the 
load is diminished the engine begins to quicken; the balls separate and the steam is 
cut off. It is clear that equilibrium will not be established until the quantity of 
steam admitted is just such as to cause the engine to move at exactly the same rate 
as before. 

Ex. Show that when the inertia of the rod and balls are taken account of, 
the centre of gravity of either ball and rod must be constrained to describe a 
parabola whose latus rectum is independent of the radius of the ball, if the 
Governor is to cause the engine always to move at a given rate. 

It should be mentioned that several other methods of avoiding this defect have 
been invented besides the parabolic pendulum. But any further description of these 
would be here out of place. 

107. The reader who may be interested in the subject of Governors may refer 
to an article by Sir G, B, Airy, Vol, XI, of the Memoirs of the Astronomical Society, 
1840, where four different constructions are considered. He may also consult an 
article by Mr Siemem in the Phil, Trans, for 1866, and a brief sketch of several 
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kinds of goyemors by Prof, MaxtoeU in the PJdL Mag, for 1868. An account of 
some experiments by Mr Ellery^ on Huyghens* parabolic pendulum, may be found 
in the Astronomical Notices for December, 1875. 

108. LAyLACB*s Three Pabticles. It has been shown in Vol, I. Chap, VI., 
that if three particles be placed <it the corners of an equilateral triangle and pro- 
perly projected, they will move under their mutual attractions so as always to 
remain at the angular poinfs of an equilateral triangle. These we may call 
Laplace's three particles. It is our present object to determine if this moti<m is 
stable or unstable *« 

We shall begin by assuming tiiat the three particles rjetmain always very nearly 
at tiie corners of an eo^uilateral triangle. We shall then have to determine whether 
their oscillations about these comers are real or imaginary. To effect this we might 
choose their common centre of gravity as a fixed origin of co-ordinates. But the 
triangles formed by joining the particles to their common .centra of gravity are not 
parked by any simplicity of form. Instead of referring the motion to the centre of 
gravity it will be more convenient to reduce one of the particles to rest, and to con- 
sider the relative motion of the other two. We have tl^us only o)ie triangle to 
e^^mine^ and that one nearly equilateral. 

Let tl}e n^ass M of th^ partide tQ be reduced to rest be taken as unity, and let 
m, m' be the masses of jihe other two. Let r, r', B, h^ the distances between the 
particles Mm, Mni, mm'\ and let 4>\ <f>, ^ be the angles opposite to these distances. 
If ^, ^ be the angles of r, / make with a straight line fixed in space, and if the law of 
attraction be the inverse icth power of the distance, the equations of motion are 

1+m m'cos^ m'cos^ 






Id / d^\ 
rd«V dt) 



m' sin ^ m' sin 



= 
= 



r'" JS' 

^ith two similar equations for the motion of m'. 

Let us now put r=a+^> r'^a-^x+X, and let the angle between these radii 
vectores be \ir-\-Y, also let 0=nt+y, where x, y, X and F, are all small quantities 
whose squares are to be neglected. It should be noticed that a variation of x, y 
alone, X and Y being zero, will represent a variation of steady motion in which the 
particles always keep at the comers of an equilateral triangle, while a variation of 
2l, Y will represent a change from the equilateral form. The former of these by 
hypothesis is a possible motion, hence the equations can be satisfied by some 
values of as, y joined to JSr=0, F=0. By this choice of variables we may hope to 
discover some roots of the fundamental determinant previous to expansion, and 
thus save a great amount of numerical labour. If b stand for dldt, and b=a'^^^i 
the four equations will now become 



* In a brief note in Jullien's Problems, Vol. ii. p. 29, it is mentioned that this 
question has been discussed by M. Gascheau in a Thdse de M^canique, the particles 
being supposed to attract each other according to the law of nature. The result 
arrived at is that the motion is stable when the square of the sum of the masses is 
greater than 27 times the sum of the products of the masses taken two and two. 
I^o reference is given to where M. Gascheau's work can be found, and the author is 
therefore unable to give a description of the process employed. 
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{6«9-(ic+l){l+w + m')}a;-2a6n5y-?m'(ic + l)X-^m'(jc+l)ar=0, 

26n««+a652y-^m'(«+l)Jr+|TO'(ic + l)aF=0, 

26ii«x+a6aV + |26n«-^(«+l)TO|x+|a6««-?m(ic+-l)a|r=0. 

109. To solve these we put x-A^\ y=Be^y X=iG^\ T=Se^. Substituting 
and eliminating the ratios of A^ B, O and H we obtain a determinantal equation 
whose constituents are the coefficients of x, y, X and Y with X written for d. This 
equation will give eight values of X. We see at once that one factor is X. This might 
have been expected, because we know that a variation of y, (with x, X and Y all zero,) 
is a possible motion. Again, some variation of x and y, (with X and Y both zero,) is 
also a possible motion, hence some factor of the determinant can be found by ex- 
amining the first two columns. By subtracting from the first 2n times the second 
column we find that this factor is 6X' - (/c - 3)(1 + wH- m') = 0. 

To find the other factors we divide the determinant by the factors already 
found. Then subtracting the first row from the third and the second from the 
fourth we have three zeros in the first column and two in the second. The 
expansion is then easy. We see that there is another factor X, also 

6«X4+6X2(3-ic)(l+m+m') + i(l + ic)«(TO + m' + mm') = 0. 
The two zero roots give x^A-^-^-A^ with similar expressions y^ X and Y. But 
by substitution in the equations of motion we see that x=A^^ 2/ = -^i ~~ M*^ + l)Ayntla, 
X=.0 and r=0. These roots therefore indicate merely a permanent change in the 
size of the triangle. On examining the other values of X^, we find (1) The motion 
cannot be stable unless k is less than 3. (2) The motion is stable whatever the 
masses may be, if the law of force be expressed by any positive power of the dis- 
tance or any negative power less than unity. (3) The motion is stable to a first 
approximation if 



:.>3 



im- 



Mm + Mm* + mm' 

where If, m, m' are the masses. To express the co-ordinates in terms of the time, 
we must return to the differential equations of the second order. The results are 
rather long, and it may be sufficient to state that when, as in the solar system, two 
of the masses are much smaller than the third, the inequalities in their angular 
distances, as seen from the large body, have much greater coefficients than the 
inequalities in their linear distances from the same body. 

The reader will find a more complete discussion of this problem in a paper by 
the author published in the sixth volume of the Proceedings of the London Mathema- 
tical Society^ 1875. The co-ordinates x, y, X, Y are expressed in terms of the 
time and the possibility of any small term rising into importance is shortly treated* 



Theory of oscillations about steady motioru 

110. Having illustrated by two important examples the 
methods of practically finding the oscillations about a state of 
motion, we pass on to the general theory of the subject 
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ill. The Determinantal Equation of steady motioii. 

To form the general equations of oscillation of a dynamical system 
about a state of steady motion. 

Let the system be referred to any co-ordinates 0, ff>, ^jt, &c. 
If the geometrical equations do not contain the time explicitly 
the vis viva 2T may be represented by the expression 

2 r=P,,^ + 2P„^f + P,,^'* + &c. 

where P„, P,,, &c. are known functions of the co-ordinates 0, 
<f>y &c. Let the force function be U, Let the state of motion 
about which the system is oscillating be determined by =fit), 
<f> =F(t), &c To determine these oscillations we put =f{t) + a?, 
if>=^ F(t) +y, &c. Let the Lagrangian function L=^T-\-U be 
expanded in powers of uj, y, &c. as follows : 

Z =i^ + ^y + ^y + &C. + CjX + Cj/ + &c. 

+ J {A^^x"^ -h 2A,^xy + &c.) + f ( C,,x^ + 2 C,,xy -h &c.) 

+ 0^,xx' + G^^xy' + G^,yx + &c. 

It will afterwards be found convenient to write -Eu— Cfu" Cfn* 

As = ^18 - ^8i> a^d so on. 

We shall now define a steady motion to be one in which all the 
coefficients in this expansion are independent of the time. The 
physical characteristic of such a motion is that when referred to 
proper co-ordinates the same oscillations follow from the same dis- 
turbance of the same co-ordinate at whatever instant it may be 
applied to the motion. If the coefficients are not constant for the 
co-ordinates chosen it may be possible to make them constant by 
a change of co-ordinates. There are obviously many systems of 
co-ordinates which may be chosen, and a set may generally be 
found by a simple examination of the steady motion. If there are 
any quantities which are constant during the steady motion, such 
as those called f, rf, &c. in Art. 98, these may serve for some of 
the co-ordinates, others may be found by considermg what qnanti- 
ties appear only as differential coefficients or velocities, for example 
those called x, y, &c. in the same article. If none of these are 
obvious, we may sometimes obtain them by combining the existing 
co-ordinates. Practically these will be the most convenient 
methods of discovering the proper co-ordinates. 

To obtain the equations of motion we must now substitute 
the value of L in the Lagrangian equations 

d dL dL ^ ^ ^ 

and reject the squares of small quantities. The steady motion 
being given by x, y, &c. all zero, each of these must be satisfied 
when we omit the terms containing x, y, &c. We thus obtain the 
equations of steady motion, viz. 

t7,.=:0, (7, = 0, &c.~0, 
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which by Taylor's theorem are the same as the equations (1) of 
steady motion given in Art 98. 

Omitting these terms and retaining the first powers of all the 
small quantities we obtain the equations of small oscillations. 
Bepresenting differentiations with regard to t by the letter S, we 
have 

{AJ^- Cr.> + (^..S* - EJ - CJ !, + {A„^- EJ - CJ z + &c = 0. 

iAJ^+ EJ - CJ X + (^„S'- C„) y + {A„^- EJ -C„)z + &c. = 0, 

&c + &c. + &c. = 0. 

112. To solve these we write aj = ie**, y = Jfe",&a Substi- 
tuting and eliminating the ratios L, M, &c. we obtain the following 
determinantal equation 

= 0. 
J„X*+^„\-C7„, A^\*-G„, A„\'-E^\-C„, &c. 

A^'+EJ.-C^, AJ,'+E^\-C„, AJ.'-C^, &c. 

&c, &c. &c, &c. 

If in this equation we write — \ for \ th^ rows of the new deter- 
minant are the same as the columns of the old, so that the deter- 
minant is unaltered. We therefore infer thu,t the determinantal 
equation when expanded contains only even powers of \, 

We notice that if we remove from this determinant the terms 
which contain the letter E^ the remaining detern^iiQant is the same 
as that which gives the oscillation about a position of equilibrium. 
Art. 58. We may therefore say that the terms which depend on 
E are due to the centrifugal forces of the steady motion. 

113. Conditions of Stability. Regarding this as an equa- 
tion to find V, we notice that if the roots are all real and negative, 
each of the co-ordinates a:, y, &c. can be expressed in a series of 
trigonometrical terms having different periods; the motion will 
therefore be stable. If any one of the roots is imaginary or if 
any one is real and positive, there will be both positive and 
negative real exponentials entering into the expressions for x, y, &c. 
and therefore the motion will be unstable. The condition of dyna- 
mical stability is therefore that the roots of this equation must all 

he of the form X = ±fi ^/— 1, where fi is some real quantity, 

114. Number of Oscillations. It follows also that when 
a system, under the action of forces which have a potential, oscil- 
lates about a stable state of steady motion, the oscillations of the 
co-ordinates are represented by trigonometrical terms of the form 
A sin (X^ + a) which are not accompanied by any real exponential 
factors such as those which occurred in the problem of the Governor. 

We see further that there will in general be as many finite 
values of \" and therefore as many trigonometrical terms of 
different periods as there are co-ordinates. It often happens, as 
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explained in Art. Ill, that some of the co-ordinates are absent from 
the expression for i, appearing only as diflferential coefficients. 
Suppose for example to be absent; then (7,^, (7^,, &c. are all 
zero, and we may divide \ both out of the first line and the first 
column of the fundamental determinant. We therefore have two 
zero values of \, while at the same time the number of finite 
values of X* is diminished by unity. Hence the number of trigo- 
nometrical terms of different periods cannot exceed the number of 
co-ordinates which explicitly enter into the Lagrangian function^ 
Thus, in Ex. 2 of Art. 102, the function r+ i!7 has only the co- 
ordinate explicitly expressed, the others ^' and '^' appearing 
only as diflferential coefficients. It follows that if a top is disturbed 
from a state of steady motion, there will be but one period in the 
oscillation. 

115. The relations between the coefficients X, My &c. in the 
exponential values of Xy y, &c. may be obtained without difficulty 
if we remember that the several lines of the fundamental deter- 
minant are really the equations of motion. Taking any one line ; 
multiply the first constituent by L, the second by Jkf, &c. and 
equate the sum to zero. We thus obtain as many equations as 
there are co-ordinates. On the whole we shall have, exactly as in 
Lagrange's equations. Chap, il., twice as many arbitrary constants 
as there are co-ordinates, all the other constants being determined 
by the equations just found. The arbitrary constants are deter- 
mined by the initial values of the co-ordinates and their differential 
coefficients. 

But, unlike Lagrange's equations, the quantity \ occurs in 
the first power in each of these equations, so that the ratios of 
Z, My &c. thus found may be imaginary. If — Pj*. — />a'» ^^- ^^ ^^^ 
values of V, the expressions for the co-ordinates when rationalized 
may therefore take the form 

x=^A^ sin(pj« + ttj) + A^ sin(pj< + ofj + ... 
y=^B^ 8in(p,^ + /3,) -f B, sin(;),<-f-/3,) + ... 
« = &c. 

where a^ is not necessarily equal to ^,, nor a, to ^j, &c., though 
they are connected together. 

116. Principal Oscillations. When the initial conditions 
are such that every co-ordinate is expressed by a trigonometrical 
term of one and the same period, the system is said to be perform- 
ing a principal or harmonic oscillation. Thus each trigonometrical 
term corresponds to a principal oscillation, and any oscillation of 
the system is therefore said to be compownded of its principal 
oscillations. The physical characteristic of a principal oscillation 
is that the motion of every part of the system is repeated at a con-- 
stant interval. If the type of the principal oscillation be \*= — p^', 

R. D. II. 5 
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we see that throughout the motion we shall have a?"«=— ^^'a?, 

117. Ex. A homogeneons sphere of unit mass and radius a is suspended from 
ft fixed point by a string of length 5 and is set in rotation about the vertical dia- 
meter. When the sphere is slightly disturbed from this state of steady motion, let 
hx^ hy and h be the co-ordinates of the point on the surface to which the string is 
attached; hx-\-a^y hy-\-ari and 5 + a the co-ordinates of the centre, the fixed point 
being the origin and the axis of z vertical and downwards. Also let x = + V^ where 
and ^ have the meanings usually given to them in Euler's geometrical equations, 
see Vol. I. Chap. v. Thus before disturbance ;^=». Prove that the Lagrangian 
function is 

If the motion of the centre of gravity be represented by a series of terms of the 
form If cos (p*+ a), prove that the values of ^i are given by 



(^.|)(^_„,_|)=|,.. 



Show that, whatever sign n may have, this equation has two positive and two 
negative roots which are separated by the roots of either of the factors on the left- 
hand side. 

118. Xiiipiiiiiv« Totom, If we regard an impulse as the limit of a force acting 
for a very short time, we may deduce from Art. Ill the equations of motion of a 
system moving in steady motion and suddenly disturbed by an impulse. Integrating 
the equations of motion given in Art. Ill with regard to the time during the limits 
of the impulse, the integrals of all the terms except those of the form A^x will be 
zero. This follows from the definition of an impulse given in Chapter u. of 
Vol. I. or from the argument given in adjusting Lagrange's equations to impulses 
in Chapter viii. of Vol. i. 

The equations of motion for impulses are therefore 

&0. =:<&C. 

Here Ssr^ - ^^^ <fec. are the changes in the velocities of the co-ordinates produced by 
the jerks. ThQ quantities Z, F, &g. are the integrals of the disturbing forces and 
therefore measure the jerks. If 17 be the force function of the impulses as explained 
in Vol. I. Chap. vm. we have X=dUldXf Y=dUldyf &c. 

119. iinalysis of tli« roots of tbo detemilnantal eqnatton. If the determi- 
nantal equation of Art. 112 is not very complicated we may expand it in powers of 
X. We thus have an equation with only even powers of X. The important point to 
settle is the number of real negative values of X^ which satisfy the equation. To 
determine this, we may use Sturm's theorem. Since the equation has only alternate 
powers of X, we may use the short rule which will be given in the chapter on the 
Conditions of Stability to find the successive remainders. 

But if it be inconvenient to follow this process, we may use some of the following 
theorems. 

120. We shall first show that the quadratic expression 

2A - iiji x^ + 2A-^ v!y' ■\-A^y'^-¥ &c. 
is a one-signed positive function. To prove this we notice that the coefficients A^^ , Ac. 
are what the coefficients Pu , &c. of the vis viva become when we write for the 
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co-ordinates $y 0, &c. theur Talues in the steady motion. If then, by any linear re- 
lation between the yariables, we could make A equal to zero, we conld by introdncing 
a constraint into the motion represented by a similar relation between ^, ^', &o. 
canse the vis viva to be zero. But since the vis viva is essentially positive, this is 
impossible. 

When a given quadratic fmiction is a one-signed positive fonction, it is known 
(Art. 60) that its discriminant is positive. It follows immediately that every dis- 
criminant formed after putting any of the variables a/, y*, &o, equal to zero must 
also be positive. 

121. Theorem I. It frequently happens that there are but two independent 
co-ordinates, so that the determinant is reduced to two rows. If we write 

the determinantal equation when expanded reduces to 

The conditions of st ability are therefore (1) D' is positive, (2) E^j^ - 6 is positive and 
greater than 2JdD', See Art. 113. 

These conditions may also be expressed thus. Omitting the terms which contain 
E^^ as a factor, we notice that the determinantal equation assumes Lagrange's form. 
It therefore reduces to a quadratic to find X^ whose roots are both real by Art 68. 
Let a and /3 be these roots. If both are negative the motion is stable. If both are 
positive the motion is stable or unstable according as E-^D^ is numerically greater or 
less than sJa.-\-\J^^ the roots being taken positively. If a and /3 have opposite signs 
the motion is unstable. 

122. Theorem JL Whatever be the number of co-ordinates the steady motion 
cannot be stable unless all the values of X' given by the determinantal equation are 
real and negative. The coefficient of the highest power of X^ (Art. 120) is positive, 
hence the term independent of X^ must also be positive. We therefore infer that the 
steady motion cannot be stable unless the discriminant of the quadratic expression 

2a=-C7„«a-2C7„sry-aay«+ 

is positive, 

123. Theorem III. Let there be n co-ordinates and let A be the determinant 
given in Art. 112. Beginning with this determinant we may form a series of deter- 
minants each being obtained from the preceding by erasing the first line and the 
first column. Let us represent these by A^, A^, &o. The determinant A is not 
altered if we border it with a column of zeros on the right-hand side and a row of 
zeros at the bottom, provided we put unity in the comer. We may therefore con- 
sider A,|=1. Thus we have a series of determinantal functions of X^ analogous to 
those used in connection with Lagrange's determinant. See Art. 58. 

Let us substitute in this series of determinants any negative value of X' and 
count the number of variations of sign. If as X^ passes from X3= ~a to X'= -/3, 
K variations of sign are lost, then the number of real roots between - a and —pis 
either exactly equal to k or exceeds k by an even number. 

To prove this, we letJ^^, lis* &g, be the minors of the several constituents of the 
determinant A. We notice that I^ is changed into I^i by changihg the sign of X. 
Hence if J^i2=0 (X*) + Xf (X«), 

then J2i=0(X2)-X^(X2). 

Thus the product I^I^i is necessarily po^ztit?^ for all negative values of X'. It also 
follows that if J^s vanishes for any negative value of X', then J,^ vanishes for the 
same value of X^. 

.5 —2 



68 OSCILLATIOirS ABOUT A STATE OF MOTION. 

Starting with the equation AA,=I]i J,, - J,, I^ the rest of the proof is 6o nearly 
the same as that for the corresponding theorem in Lagrange's determinant (Art. 58) 
that it seems nnnecessary to reproduce it here. Passing over therefore this proof 
we notice the following applications. 

134. Theorem IV. The coefficients of the highest powers of X' in the series of 
determinants A^ A^, Ae, sxe the discriminants of the quadric A (Art. 120), and 
are therefore necessarily positive! The signs of the series of determinants when 
XS= - 00 are therefore altematiyely positive and negative. If the discriminants of 
the quadric 20= - Ci^x^- 2Cj^ - C^> - Ac. 

be also all positive, the signs of the series of determinants when \^=0 are all 
positive. Thus the fall number, viz. n, of variations of signs have been lost in 
the passage from X*= - oo to X'=0. It immediately follows from the theorem just 
stated that when the quadric C it a one-eigned positive function till the roots of the 
determinantal equation are real and negative. 

We may also express this by saying that when the quadric function C7 is a 
minimum for all displacements from the steady motion^ that steady motion is stable. 

125. When this occurs the roots of each of the series of determinants A, A^, 
A,, &c. are all real and negative and the roots of each separate or lie between the 
roots of the determinant next above it. 

This follows from the mode of proof adopted in discussing Lagrange's deter- 
minant. 

126. Theorem Y. Banal roots. The existence of equal roots usually indicates 
that there are terms in the solution with t as a factor, but it will be shown in 
another chapter that this is not the case when the minors of the determinant A 
are also zero. 

Suppose, as in the last proposition, that the full number of variations of sign 
have been lost in the passage from X'= - qo to X'=0. Then it may be shown, as 
in the corresponding proposition in Lagrange's determinant, that if the funda- 
mental determinant have r equal roots, then every first minor has r— 1 roots equal to 
each of these and every second minor has r- 2 roots equal to ea/:h of these, and so on. 

We therefore infer that the existence of equal roots merely indicates a cor- 
responding indeterminateness in the coefficients of the principal oscillation which 
is derived from these equal roots. 

Thus in Art. 115 we have n-1 independent equations to find the ratios of the 
coefficients L, M, &q. of any exponential. But when there are r equal roots we 
have only n-r independent equations leaving r of the coefficients independent. 

127. TJieorem Yl. If we remove the terms which contain the centrifugal forces 
the remaining -determinant is the same form as Lagrange's determinant. Thus we 
have two determinantal equations each of which, for its own use, may be regarded 
as an equation to find X^. From each of these we may derive a series of deter- 
minants formed by the rule given in Art. 58. If we count the number of variations 
of sign when X*= - qo and when X'^O, it is evident that each of the two series 
exhibit the same loss. It therefore follows that the equation with the centrifugal 
forces has at least as many negative roots as the corresponding Lagrange's equation 
and if it have more, the excess is an even number. If therefore all the roots of the 
corresponding Lagrange's determinants are negative, then all the roots of the 
equation with the centrifugal forces are also real and negative. Thus the general 
effect of these centrifugal forces is to increase the stability. 
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128. '^'^•^v^rf Ex. U If the detenninant A vanisli for any negatiye yalae 
of X2, prove that for this value of X' all the leading minors, viz. In, Jga, Ac, have 
the same sign. 

Ex. 2. If the detenninant A vanish for any negative value of X* which makes 
all the leading minors equal to zero, prove that every minor is also equal to zero. 

Ex. 3. If the determinant be of the form 



A= 



=0. 



X^ — Cii , -E^isX 

— Ei^\, X' — C^ 

where C^i, C^, Ei^i are all positive, show that no variations of sign are lost in the 
series of determinants A,Ai, Ag as X^ passes from X'= -oo to X'=0. Show also 
that if E^ > V^u + V^s2 ^^® ^<>ots of the quadratic are real and negative. If 
^12= V^u+V^82» show that the roots are equal and negative. In this latter case 
since the minors are not zero, the solution will contain terms with t as a factor. 

Ex. 4. If the fundamental determinant be of the form 

A= X«-C7n, ^ijX, ^ijX, <fec. =0, 

I — Ej2^f X -" 0/22 ) -cJjjX, ocC. 
i &G. &C. &0. <&0. 

and if A vanish for two equal negative values of X^ which are numerically greater 
than the greatest positive quantity in the series C^ , C^,, <&c., prove that these equal 
roots will not introduce any terms into the solution which contains t as a factor. 

The substance of this section may be found partly in a paper by the author 
published by the London Mathematical Society^ 1875, and partly in the author's 
Essay on the Stability of Motion^ 1877. 

The Representative Point 

129. When a dynamical system has not more than three 
co-ordinates, we may obtain a geometrical representation of the 
oscillation. Let these independent co-ordinates be oj, y, z. If we 
regard these as the Cartesian co-ordinates of some point P, it is clear 
that the positions of P as it moves about will exhibit to the eye 
the motion of the system. We may call this point the representative 
point. 

130. Oscillation about equilibrium. Let us first suppose 
the system to be oscillating about a position of equilibrium, and 
let it be performing any principal oscillation. Then throughout the 
motion the co-ordinates x, y, z bear a constant ratio to each other 
(Art. 53). We therefore infer that the path of the representative 
particle is a straight line passing through the origin. If the oscil- 
lation be defined by the type sin (p^ + a) we have also (by Art. 55) 
x" = — p*a7, y" = — jpV> &c- Hence the representative point oscillates 
in a straight line wiih an acceleration tending to the origin and 
varying as the distance therefrom. 

131. To find- the position of this straight line let the vis viva 
2T and the force function U be represented by 



27= ^„aj'« + 2J:^a?y + &c.]. 



2{U^U,)^C,,a?-{-2G,,ary^~&c. 



\ (1). 
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Then by Lagrange's equations, since x" = — p'a?, &c., we have 
-!>' iK^ + ^«y + &c.) = G,,x + G,ii + &c.| 

-p»(il,^ + ^^ + &c.) = C7,^-f C7^ + &c.j ^ ^* 

&c. = &c. 
Omitting the accents in T and the constant term ITj,, let us put 

24 = A,^o? + 24„a:y + &c.) 
-2(7=C„^+2(7„^y+&c.J ^''^* 

We also construct the two quadrics -4 = a, (7=7 where a and 7 
are any constants. These quadrics have their centre at the origin 
and have a common set of conjugate diameters which may be 
found by the following process. Let a?, y, z be the Cartesian co- 
ordinates of any point on one of the three conjugates. Then, since 
the diametral planes of this point in the two quadrics are parallel, 
we have 

dA^dG^ dA^dC dA dC 

^ dx dx dy dy dz dz' 

Comparing these with the equations (2) we see that when the 
system is performing a principal oscillation the representative point 
P osciUates in one ojthe common conjugate diameters of the qtuidrics. 

132. By Euler's theorem on homogeneous functions we have 
fiA = C, Applying the same reasoning to equations (2) we have 
p*A = C. Hence fi=p*. Let the diameter described by the repre- 
sentative point cut the quadrics -4 = a and 0=7 in the points 
D and 1/ and let be the origin. Then putting P at D we have 
-4 = a, and since C is a homogeneous function we have 

(7= (OD/ODyy. 

Hence p' = (OD/ OIYf 7/2. The period of oscillation corresponding 
to any common conjugate diameter ODD' is therefore equal to 



27r 



OD' 
OD 



V7* 



133. The quadric 0=7 possesses the property that if a?, y, z 
be the co-ordinates referred to any axes of a point P on its 
surface the work done by such a displacement from the position of 
equilibrium is constant and equal to — 7. 

134. As an example of this geometrical analogy let ns consider the following 
problem. A rigid body, free to move about a fixed point 0, is under the action of 
any forces and makes small oscillations about a position of equilibrium ; find the 
principal oscillations. 

Let OA, OB, OC he the positions of the principal axes in the position of 
equilibrinm, OA', OB', OC their positions at the time t. The position of the body 
may be defined by the angles between (1) the planes AOC, AOC\ (2) the planes 
BOC, BOC\ (3) the planes COA, COA\ Let these be called 0, 4>, ^ respectively. 
Then ^, 0, ^ are angular displacements of the body about OA, OB, OC. Taking 
these as the axes of co-ordinates in the geometrical analogy ; a small displacement 
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of P from tlie origin to a point x=$, yss^, z^yp represents a rotation of the body 
abont the straight line described by P and whose magnitude is measured by the 
distance traversed by P. 

If Jj, I,, I, be the principal moments of inertia at 0, the vis viva of the body 
is clearly 2r= 1^$^ + I^<t>^ + I^yj/K 

Writing x, y, z for ^, ^', ^' as before, the quadric r=a orii=o is evidently the 
momental ellipsoid at the fixed i)oint. 

Let the work of the forces as the co-ordinates change from zero to 6y 0, ^, or 

ic, y, « be given by 

2 17= G^x"^ + aCijO^ + &o. 

Then, following the analogy, as P moves along a radius vector OD' of the quadric 

U=-y or C=7, the work is -(OPlOD')'^y, Hence this quadric possesses the 

property that the work done by the forces when the body is twisted through a given 

angle round any radius vector varies inversely as the square of that radius vector. 

If the equilibrium is stable, the work due to a rotation about every diameter must 

be negative, the quadric must therefore be an ellipsoid. 

It now follows from the general theorem that the body will perform a principal 
oscillation if it is set in rotation about any one of the three conjugate diameters of 
the momental ellipsoid and the ellipsoid 15=- y, and will therefore continue to 
oscillate as if that diameter were fixed in space. 

The quadric U has been called the ellipsoid of the potential. This name was 
given to it by Prof. Ball, who arrived at the theorem just proved by a different 
course of reasoning. See his Theory of Screws^ Art. 126. The following application 
is also due to him. 

135. When the only force acting on the body is gravity, the ellipsoid of the 
potential is a surface of revolution about a vertical axis. For the inverse square of 
any radius vector measures the work done in turning the body through a given 
small angle about that radius vector. But the work is also proportional to the 
vertical distance through which the centre of gravity has been elevated from its 
position in equilibrium vertically under the point of support. Hence all radii 
vectores which make the same angle with the vertical are equal. Further the 
vertical radius vector is infinite, for the work done in rotating the body about 
a vertical axis is zero. The ellipsoid of the potential is therefore a right circular 
cylinder with its axis vertical. 

The common conjugate diameters of these two quadrics are obviously the 
vertical and the two common conjugate diameters of the two ellipses in which the 
diametral plane of the vertical with regard to the momental ellipsoid intersects the 
momental ellipsoid and the cylinder. 

The principal oscillation about the vertical conjugate is performed in an infinite 
time and would therefore cause the body to depart far from the position of equi- 
librium. But this is contrary to supposition. The initial axis of rotation must 
therefore be in the plane of the other two conjugates, i. e. must be in the diametral 
plane of the vertical with regard to the momental ellipsoid, and it will remain in 
this plane throughout the whole of the subsequent motion. 

Since these conjugate diameters project into the conjugate diameters of the 
horizontal section of the cylinder, it is clear that two vertical planes each contain- 
ing one of the principal or harmonic axes are at right angles to each other. 

136. Oscillatioii about steady motion. Let us next sup- 
pose the system to be oscillating about some state of steady motion. 
To determine the motion of the representative point we must have 
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recourse to the equations of motion written down in Art. 111. We 
have already seen (Art. 116) that when the system is performing 
the principal oscillation, defined by the type pt we have a?" = — j>*a?, 
//' = — »'^, /' = — p'ir. Substitute these in the equations of Art. 
111. Differentiate and substitute again. Multiply by x, y, z 
respectively and add the results together. Integrating this sum 
we obtain 

{A^^of + iA,fcy + &C.) ;>• + (C,,a;» + 2(7„a^ + &c.) = 2/8 

where /9 is some constant. Following the same notation as before 
we may write this quadric in the compendious form 

The path of the representative point lies on this quadria 

Returning to the equations of motion as given in Art. Ill, let 
us resume the results of the substitution x" = — j>'a;, &c. Taking 
as before the case in which there are but three co-ordinates, we 
now multiply the three equations by E^^ — j&j,, E^^ respectively. 
Adding the results we obtain 

[{^„^„-^.^..+il„^.>+&c.]p«+[((7..^„-(7„£;„+C.^>f&c.X=0. 

This is the equation to a plane. The path of the representative 
point is therefore a plane section of a quadric. We infer that when 
a system is performing a principal oscillation about a state of steady 
motion the representative point describes an ellipse. The ellipse is 
described with an acceleration tending to the centre and varying as 
the distance therefrom. The periodic time in the ellipse is by defi- 
nition the same as that in which the system performs its principal 
oscillation, 

137. Ex. 1. Show that the three pUuies of these harmonio ellipses are diametral 
planes of the same straight line with regard to the three quadrios represented hy 
Ap*-C=^p, where p^ has any one of the three values given by the determinant of 
motion. The direction cosines of this straight line are proportional to E33, - Ei^, J^u 
and it may be called the axis of the centrifugal forces. 

Ex. 2. Show that the quadric Ap^- C=p has a common set of conjugate dia- 
meters with the quadrics A=a^ C=^y. If the quantities £33 , Ei^t Ei^ be all zero, 
show that the first of these quadrics becomes a cylinder whose axis is one of the 
three common conjugate diameters of the two latter quadrics. Hence show that 
when the system oscillates about a i)08ition of equilibrium the ellipses degenerate 
into straight lines. 

138. We may notice here a distinction between the principal oscillations of a 
system about a position of equilibrium and about a state of steady motion. In the 
former the representative point describes a straight line, in the latter it describes an 
ellipse. In the former the representative point, and therefore also the system, passes 
through the position of equilibrium twice in each complete oscillation. In the latter 
the I'epresentative point goes round the undisturbed position but does not pass 
through it. Thus the position of the system in the disturbed or actual motion does 
not ever coincide with the simultaneous position of the system in the steady or 
undisturbed motion. The only exception is when the ellipse degenerates into a 
straight line. 
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When a system is disturbed by a small impulse from a state of steady motion it 
"Will in general describe a compound osdllation made np of at least two principal 
oscillations. At the instant of disturbance these two neutralize each other so far 
that in the disturbed and steady motions two simultaneous positions are coincident. 
^^*2 But it is clear this jiBuot happen again unless either the periods of the two princi- 
pal oscillations are commensurable or the period of one of them is infinite. 

139. The introduction of the representative point to exhibit the motion of the 
system may appear somewhat artificial. But there is a closer connection than has yet 
been mentioned. Let us transform the co-ordinates x, y, z into others {, ^, ^ by linear 
relations so that J^ xT^ + 2A^ afy' + Ac. = f ^ + ,|'a + f'a. 

This is the part of the Lagrangian function given in Art. Ill, which contains the 
squares and products of the velocities. This change may obviously be effected in an 
infinite variety of ways. 
^ The equations of motion given in Art. Ill now take a simplified form. The 

following is a specimen, 

These are the equations of motion of a free particle of unit mass acted on by 
(1) forces whose force function U is given by 

2Cr=Ciia^ + 2(7i3xy+&c., 
and (2) by a force which is the resultant of the three components on the right-hand 
sides of the equations of motion. This force is evidently the same as that which 
has been already considered in Art. 25, and there called the compound centrifugal 
force. The direction cosines of the axis of the centrifugal forces are here propor- 
tional to ^23* " -^13) -^12* ^^^ ^® rotation Q about the axis is given by 

140. Thus, when the co-ordinates are properly chosen, the problem of finding the 
oscillations of a system when the Lagrangian function is known, is the same as that 
of finding the motion of a free particle acted on by known forces. This is, of 
course, a simpler problem because its solution may be assisted by any of the 
methods of resolution of the forces usually given in treatises on dynamics of a par- 
ticle. 

It has already been noticed several times how sometimes the analysis of one 
dynamical problem resembles that of another. We may thus replace one body by 
another of more convenient shape without altering the process of solution. The use 
of the Representative particle is one more illustration of this property. 

A more complete account of the theory of the Representative point is given in 
i the essay on the StaUlity of Motion already referred to. 



CHAPTER IV. 



MOTION OF A BODY UNDER THE ACTION OF NO FORCES. 



Solution of Evler^s Eqtuxtions. 

141. To determine the motion of a body about a fixed point, 
in the case in which there are no impressed forces. 

Euler's equations of motion are 

multiplying these respectively by <»,, <»,, <», ; adding and inte- 
grating, we get 

Au* + B<o* + Ca* = T. (1), 

where 7 is an arbitrary constant. 

Again, multiplying the equations respectively by A<o^, Ba^, Co>,, 
we get, similarly, 

A*o>^ + ffu>* + (Po>;=G^ (2), 

where G^ is an arbitrary constant 

To find a third integral, let 

6»,' + < + <»,» = a)' (3); 

d(o^ . d<»_ . rfci), d(o 

then multiplying the original equations respectively by <oJA, <oJB, 
aJC, and adding, we get 

da fB-G , 0-A . A-B\ 

''W = [—A- +-B-+-C- ]'*'''"«'"• <*> 

iB-C)(C-A)(A-B) 

ABC **'*"«*»• 
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But solving the equations (1), (2), (3), we get 



._ SG 



®f = 






{B^A){B^G) 

AB / . ^ .X 

{G-B){c^A)'^ ^+«; 

where Xj = — - — p^/ , with similax expressions for \ and \. 



®a = 



(5), 



«^ = V(\-«')(\-«'')(^.-«') (6)- 



£0 
Substituting in equation (4), we have 

dca 

di 

The integration of equation (6)* can be redUced without diffi- 
culty to depend on an elliptic integral. The integration can be 
effected in finite terms in two cases ; when A = B, and when 
G^ = 2!B, where B is neither the greatest nor the least of the three 
quantities A, B, G. Both these cases will be discussed further on. 

Ex. If right lines are measured along the three principal axes of the hody from 
the fixed point, and inyerselj proportional to the radii of gyration round those axes, 
the sum of the squares of the velocities of their extremities is constant throughout 
the motion. 

142. It will generally be supposed that ^ , £, C are in order of magnitude, so 
that A is greater than £, and B than C, The axis of B wiU be called the axis of 
mean moment. If we eliminate o»i from the equations (1) and (2), we have 

AT- Q*=B (A'B) w,«+ C{A' C)w,«, 
which is essentially positive. In the same way we can show that CT - G' is nega- 
tive. Thus the quantity Q^fT may have any value lying between the greatest and 
least moments of inertia. 

The three quantities X^, X^, X3 in Art. 141 are all positive quantities ; for since 
B-\-C--A\a positive, and G*IT<Ai it follows that X^ is positive. The numerators 
of X2 and Xg are each greater than that of Xj , and are therefore positive, the denomi- 
nators are also positive; hence \ and X, are both positive. Also we have 
ABC(Ki-\^ = (TC-'Q^(A-B), with similar expressions for Xj-X, and Xj-Xj. 
It easily follows that X^ is the greatest of the three, and X^ or X3 is the least according 
as (PjT is greater or less than B. 

It follows from equations (5) that throughout the motion o^ must lie between X, 
and the greater of the quantities X^ and X,. 

143. TTlTwhlioffg soiatloB. The solution in terms of elliptic integrals has 
been effected in the following manner by Eirchhoff . If we put 



* Euler's solution of these equations is given in the ninth volume of the Quarterly 
Journal^ p. 361, by Prof. Cayley. EirchhofTs and Jacobi's integrations by elliptic 
functions are given in an improved form by Prof. GreenhiU in the fourteenth 
volume, pages 182 and 265. 1876. 
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then k is called the modulas of JP, and must be less than unity if F is to he real for 
all values of ^. The upper limit is called the amplitude of the elliptic integral 
F and is usually written am F, In the same way sin ^, cos ^, and A {</>) are written 
sin am F, cos am F, and A am F. 
We have by differentiation 



.(1). 



d sin ^ ^dd> ^ . .^. 

-^=oos^^|=cos0A(^) 

d^il) ^^8in^cos0 d^ _ ftagin^cos d> 
dF A(0) dF '^ ^V^» V 

These equations may be made identical with Euler's equations if we put 

^=X(t-T)and Wi=aAamX(«-T) 

W2=6BinamX(t-r) \. ^2), 



(i;3=ccosamX 



(t-r)j. 

(t-T)) 



A-B _ cX A-C_ h\ B-C _ ^a\ .« 

'~C""ab' B "■"^' ■"I~'""*^6^ ^^' 

We have introduced here six new constants, viz. a, &, e, X, k and r. With these 
we may satisfy the three last equations and also any initial values of o^i, (■'3, ws* 
The solution if real will also be complete. 

When t=T we have from (2) ta^^a, tf2=0, and w^=e» Hence by Art. 141 

•'• """AiA-O* ^"C(^-C7)- 

Dividing the second of equations (3) by the first, we have 

l^ A-C C . A T-G^ 

c^'A-BB' '' B(A-B)' 

Multiplying the first and second of equations (3), we obtain 

{A^B){G^-CT) 
^ ■" ABC 

The ratios of the right-hand sides of (3) are as c^ : h^ : k^a^^ and these have just 
been found. Hence if the signs of a, &, c, X be chosen to satisfy any one of the 
three equalities, the signs of all will be satisfied. 

Dividing the last of equations (3) by either of the other two, we find 

B^C AT-G\ . . ..-^-^ G^'-J^T 
A-B G^-CT' ' A-B G^-CT' 

If G*->BT and A, By C are in descending order of magnitude, the values of 
a^, b^t c^ and X* are all positive. Also k^ is positive and less than unity. The 
solution is therefore real and complete. 

If G^<.BT we must suppose il, £, C to be in ascending order of magnitude to 
obtain a real solution. If we may anticipate a phrase used by Poinsot, and which 
will be explained a little further on, we may say that the expression for u^ in this 
solution is to be taken for the angular velocity about that principal axis which is 
endoaed by the polhode. 

If G^=BT we have fc>=l and 

> d<f> l + 8in0 . _ e'-e'' 

- -=Jlog= — .— -^; .*. smam^=-^ 
JOS0 '* ® l-smd> €'■ 



-/: 



cos * " 1 - sm €'+ « 



-jr' 
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Substitnting in eqnations (2) the elliptio fdnotions become exponential. 
If B= C we have k^=0 and in this case F=0, bo that am F=F. If we again 
Bubstitnte in equations (2) the elliptic fonotions become trigonometrioaL 
The geometrical meaning of this solution will be given a little further on. 



Poinsofs and MdcCullagKs constructions for the motion, 

144. The fundamental equations of motion of a body about a 
fixed point are 

^V + ^V+C"«8"=^" (IX 

Aio;^ + Bcy^ + G(o^ = T (2). 

These have been already obtained by integrating Euler's 
equations, but they also follow very easily from the principles of 
Angular Momentum, and Vis Viva. 

Let the body be set in motion by an impulsive couple whose 
moment is O. Then we know by Vol. I. Chap. VL, that throughout 
the whole of the subsequent motion, the moment of the momentum 
about every straight line which is fixed in space, and passes through 
the fixed point 0, is constant, and is equal to the moment of the 
couple G about that line. Now by Art. 16, the moments of the 
momentum about the principal axes at any instant are Ato^^ B(o^, 
C<o^. Let a, 13, 7 be the direction angles of the normal to the 
plane of the couple G referred to these principal axes as co- 
ordinate axes. Then we have 

Aa}^= G cos a 'J 

^fi>,= Gcos/si (3), 

(7q)j = G cos 7J 

adding the squares of these we get equation (1). 

Throughout the subsequent motion the whole momentum of 
the body is equivalent to the couple G. It is therefore clear 
that if at any instant the body were acted on by an impulsive 
couple equal and opposite to the couple G, the body would be 
reduced to rest. 

145. It follows from the definition given in Vol. l. Chap. vi. 
that the plane of this couple is the Invariable plane and the 
normal to it the Invariable line. This line is absolutely fixed in 
space, and the equations (3) give the direction cosines of this line* 
referred to axes moving in the body. 

* That the straight line whose equations referred to the moving principal axes are 
xjAu-^ =: ylB(a2 = ^ICu^ is absolutely fixed in space may be also proved thus, if we assume 
the truth of equation (1) in the text. Let x^ y, z be the co-ordinates of any point 
P in the straight line at a given distance r from the origin, then each of the equali- 
ties in the equation to the straight line is equal to r/G and is therefore constant. 
The actual velocity of P in space resolved parallel to the instantaneous position of 
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It appears from these equations, that if the body be set in 
rotation about an axis whose direction cosines are (I, m, n) when 
referred to the principal axes at the fixed point, then the direction 
cosines of the invariable line are proportional to Al, Bm, Cn, If 
the axes of reference are not the principal axes of the body at the 
fixed point, the direction cosines of the invariable line will, by 
Art. 16, be proportional to Al — Fm — En, Bm — Ihi — Fl, and 
Gn— El — Dm, where A, F &c. are the moments and products of 
inertia. 

146. Since the body moves under the action of no impressed 
forces, we know that the Vis Viva will be constant throughout the 
motion. We have therefore 

Ato^' + Bto^^+Cay^^^T, 

where T* is a constant to be determined from the initial values 
of ©,, «,, 0)3. 

The equations (1), (2), (3) will suffice to determine the path in 
space described by every particle of the body, but not the position 
at any given time. 

147. Poinsot's construction. To explain Poinsofs repre- 
sentation of the motion by means of the mom^ntal ellipsoid. 

Let the momental ellipsoid at the fixed point be constructed, 
and let its equation be 

Aa^ + Bif'+Cz^=M€\ 

Let r be the radius vector of this ellipsoid coinciding with the 
instantaneous axis, and p the perpendicular from the centre on 
the tangent plane at the extremity of r. Also let 00 be the an- 
gular velocity about the instantaneous axis. 

The equations to the instantaneous axis are 

^ _ y _ ^ 

and if (ar, y, 2) be the co-ordinates of the extremity of the length r, 
each of these fractions is equal to r/co. Substituting in the equa- 
tion to the ellipsoid, we have 

The equation to the tangent plane at the point (x, y, z) is 

Ax^^-Byr^ + Cz^^Me^ 

the axis of x is =^ -yw^+^w, = p^ -^ii "dt" ^^ ~ ^*^»**sr * ^^* *^® ^ ^^^» ^^ 
Ealer*s equation. Similarly the velocities parallel to the other axes are zero. 

* It should be observed that in this Chapter T represents the whole vis viva of 
the body. In treating of Lagrange's equations in Chapter n. it was convenient to 
let T represent half the vis viva of the system. 
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substituting again for (Xy y, z) we see that the equations to the 
perpendicular from the origin are 

-4a>j -Bfi), (7a>j ' 

but these are the equations to the invariable line. Hence this 
perpendicular is fixed in space. 

The expression for the length of the perpendicular on the 

tangent plane at {x, y, z) is known to be -j = ^r^J^ , 

substituting as before we get 

f ifV '©"""JiV T ' 

.. p— Q .€ . 

From these equations we infer 

(1) The angular velocity about the radius vector round which 
the body is turning varies as that radius vector. 

(2) The resolved part of the angular velocity about the per- 
pendicular on the tangent plane at the extremity of the instan- 
taneous axis is constant This theorem is due to Lagrange. 

For the cosine of the angle between the perpendicular and 
the radius vector =|>/r. Hence the resolved angular velocity 
is = (oplr = T/G, which is constant. 

(3) The perpendicular on the tangent plane at the extremity 
of the instantaneous axis is fixed in direction, viz. normal to the 
invariable plane, and constant in length. 

The motion of the momental ellipsoid is therefore such that, 
its centre being fixed, it always touches a fixed plane, and the 
point of contact, being in the instantaneous axis, has no velocity. 
Hence the miction may be represented by supposing the momental 
ellipsoid to roU on the faced pUme vnih its centre fixed. 

148. Ex. 1. If the body while in motion be acted on by any impalsiye couple 
whose plane is perpendicnlar to the invariable line, show that the momental ellipsoid 
will continne to roll on the same plane as before, but the rate of motion will be 
altered. 

Ex. 2. If a plane be drawn through the fixed point parallel to the invariable 
plane, prove that the area of the section of the momental ellipsoid cut off by this 
plane is constant throughout the motion. 

Ex. 3. The sum of the squares of the distances of the extremities of the princi- 
pal diameters of the momental ellipsoid from the invariable line is constant through- 
out the motion. This result is due to Poinsot. 

Ex. 4. A body moves about a fixed point under the action of no forces. Show 
that if the surface Ax* + By^ -^Cz^s^M {x^ +y^+ z^)^ be traced in the body, the principal 
axes at O being the axes of co-ordinates, this surface throughout the motion will 
roU on a fixed sphere. 
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149. The Polhode. To assist our conception of the motion 
of the body, let us suppose it so placed, that the plane of the 
couple Gy which would set it in motion, is horizontal Let a 
tangent plane to the momental ellipsoid be drawn parallel to the 
plane of the couple (?, and let this plane be fixed in space. Let 
the ellipsoid roll on this fixed plane, its centre remaining fixed, 
with an angular velocity which varies as the radius vector to 
the point of contact, and let it carry the given body with it. We 
shall then have constructed the motion which the body would have 
assumed if it had been left to itself after the initial action of the 
impulsive couple G*. 

The point of contact of the ellipsoid with the plane on which 
it rolls traces out two curves, one on the surface of the ellipsoid, 
and one on the plane. The first of these is fixed in the body and 
is called the polhode, the second is fixed in space and is called the 
herpolhode. The equations to any polhode referred to the prin- 
cipal axes of the body may be found from the consideration that 
the length of the perpendicular on the tangent plane to the ellip- 
soid at any point of the polhode is constant. Taking the expres- 
sions for this perpendicular given in Art. 147 we see that the 
equations of the polhode are 

Aof -4- By" + Cz^ = Jl/e* 
Eliminating y, we have 

Hence if B be the axis of greatest or least moment of inertia, 
the signs of the coefficients of x^ and s? will be the same, and the 
projection of the polhode will be an ellipse. But if B be the 
axis of mean moment of inertia, the projection is a hyperbola. 

A polhode is therefore a closed curve drawn round the axis of 
greatest or least moment, and the concavity is turned towards the 
axis of greatest or least moment according as O^fT is greater or 
less than the mean moment of inertia. The boundary line which 
separates the two sets of polhodes is that polhode whose projection 
on the plane perpendicular to the axis of mean moment is a 



* Prof. Sylvester has pointed out a dywimical relation between the free rotating 
body and the ellipsoidal top, as he calls Poinsot's central ellipsoid. If a material 
ellipsoidal top be constructed of nniform density, similar to Poinsot's central ellip- 
soid, and if with its centre fixed it be set rolling on a perfectly rough horizontal 
plane, it will represent the motion of the free rotating body not in space only, but 
also in time : the body and the top may be conceived as continually moving round 
the same axis, and at the same rate, at each moment of time. The reader is referred 
to the memoir in the Philosophical Transactions for 1866. 
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hyperbola whose concavity is turned neither to the axis of greatest, 
nor to the axis of least moment. In this case (?" = BTy and the 
projection consists of two straight lines whose equation is 

This polhode consists of two ellipses passing through the axis 
of mean moment, and corresponds to the case in which the per- 
pendicular on the tangent plane is equal to the mean axis of 
the ellipsoid. This polhode is called the separating polhode. 

Since the projection of the polhode on one of the principal 
planes is always an ellipse, the polhode must be a re-entenng 
curve. 

150. To find the motion of the extremity of the instantaneous axis along the 
polhode which it describes we have merely to substitute from the equations 

«j _ ^3 _ «3 __ w _ / T 1 

in any of the equations of Art. 141. For example we thus obtain 

Ex. 1. A point P moves along a polhode traced on an ellipsoid, show that the 
length of the normal between P and any one of the principal planes at the centre 
is constant. Show also that the normal traces out on a principal plane a oonic 
similar to the focal oonic in that plane. Also the measure of curvature of an 
ellipsoid along any polhode is constant. 

Ex. 2. Show that the straight line Ocf whose direction cosines are proportional 
to dtoildt, cUo^ldt, dta^ldt lies in the diametral plane of the invariable line and in 
at right angles to the invariable line. Show also that the sum of the squares 
of these quantities is 

where p^, p^^ p^ are the sum of the products of the quantities A\ B, C taken re- 
spectively one, two and three together. 

Ex. 3. Show that the resolved pressures P, Q, R on the fixed point in the 
directions of the principal axes at are given by 

P= - WjWjy (A - B) (7+ WiWj^ (G - A)IB + u^ (wjy + u^) - (wj' + ^^1^ 

with similar expressions for Q and i2, where x^ y, z are the co-ordinates of the 
centre of gravity 0, and AyB, G are the principal moments of inertia at 0. 

Thence show that the pressure on O is equivalent to two forces (1) a force 
O'* . GK which acts perpendicular to the plane OGJT, where GK is the perpendicular 
drawn from G on the straight line GJ described in the last example, (2) a force 
w*. GH acting parallel to GH where GH is a perpendicular from G on the instan- 
taneous axis. 

151. The Herpolhode. Since the herpolbode is traced out 
by the points of contact of an ellipsoid rolling about its centre on a 
fixed plane, it is clear that the herpolhode must always lie between 
two circles which it alternately touches. The common centre of 
these circles will be the foot of the perpendicular from the fixed 
centre on the fixed plane. To find the radii let OL be this 

R. D.'ii. 6 
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perpendicular, and / be the point of contact. Let LI == />. Then 
we have by Art. 147, p*«=r*-|)*=-^f «' — ^j . 




The radii will therefore be found by substituting for a>' its 
greatest and least values. But by Art. 142, these limits are X,, 
and the greater of the two quantities \, X,. 

The herpolhode is not in general a re-entering curve ; but if 
the angular distance of the two points in which it successively 
touches the same circle be commensurable with 27r, it will be 
re-entering, ie. the same path will be traced out repeatedly on the 
fixed plane by the point of contact. 

152. MacOuUagh's Construction. To explain MacGvl- 
lagh's representation of the motion by rfieans of the ellipsoid of 
gyration. 

This ellipsoid is the reciprocal of the momental ellipsoid, and 
the motion of the one ellipsoid may be deduced from that of the 
other by reciprocating the properties proved in the preceding 
Articles. We find, 

(1) The equation to the ellipsoid referred to its principal 
axes is ^ ^ ^ ^j 

(2) This ellipsoid moves so that its superficies always passes 
through a point fi^ed in space. The point lies in the invariable 

line at a distance , from the fixed point. By Art. 142 we 

know that this distance is less than the greatest, and greater than 
the least semi-diameter of the ellipsoid. 

(3) The perpendicular on the tangent plane at the fixed point 
is the instantaneous axis of rotation, and the angular velocity of 



"s 
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ihe body varies inversely as the length of this perpendicular. If p 

\ IT 

be the length of this perpendicular, then ^ — ''K/'irf* 

(4) The angular velocity dbotst ihe invariable line is constant 
and = -7^ • 

The corresponding curve to a polhode is the path described on 
the moving surface of the ellipsoid by the point fixed in space. 
This curve is clearly a sphero-conia The equations to the sphero- 
conic described under any given initial conditions are easily seen 

to be a?+y« + . ^^, _ + |h-_ =_. 

These sphero-conics may be shown to be closed curves round 
the axes of greatest and least moment. But in one case, viz. 
when (?7r= S, where B is neither the greatest nor least moment 
of inertia, the sphero-conic becomes the two central circular sections 
of the ellipsoid of gyration. 

The motion of the body may thus be constructed by means of 
either of these ellipsoids. The momental ellipsoid resembles the 
general shape of the body more nearly than the ellipsoid of gy- 
ration. It is protuberant where the body is protuberant, and 
compressed where the body is compressed. The exact reverse of 
this is the case in the ellipsoid of gyration. 

153. MaoCnllagli's gsoiiMtelcal liit«rpr«tatlon. MacCnUagh has used the 
ellipsoid of gyration to obtain a geometrical interpretation of the solution of Euler's 
equations in terms of elliptic integrals. 

The ellipsoid of gyration moyes so as always to touch a point L fixed in space. 
Let us now project the point X on a plane passing through the axis of mean 
moment and making an angle a with the axis of greatest moment. This projection 
may be effected by drawing a straight line parallel to either tl^e axis of greatest 
moment or least moment. We thus obtain two projections which we will call 
P and Q, These points will be in a plane PQL which is always perpendicular to 
the axis of mean moment. As the body moves about the point L describes on 
the surface of the ellipsoid of gyration a sphero-conic KK\ and the points P, Q 
describe two curves pp', qq' on the plane of projection OBD, U the sphero-conic 
as in the figure enclose the extremity A of the axis of greatest moment, the curve 
inside the ellipsoid is formed by the projection paraUel to the axis of greatest 
moment, but if the sphero-conic enclose the axis of least moment, the inner curve 
is formed by the projection paraUel to that axis. The point P which describes the 
inner curve will obviously travel round its projection, while the point Q which 
describes the outer curve will osciUate between two limits obtained by drawing 
tangents to the inner projection at the points where it cuts the axis of mean 
moment. 

Since the direction-cosines of OL are proportional to ^ci^, Boyj* C<a^ it is easy to 
see that, iixty, z are the co-ordinates of L, 

Aia^ Bu»i Cw, G J^T ^^' 

6—2 
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Let OPs^p; OQ=p', and let the angles these radii vectores make with the plase 
loontauiing the axes of greatest and least moment be and 4/ measured in the 




direction BD so that DOP=^ - 0, DOQ = - 0' : we then have 



(2), 



p' cos 0' cos a = a; = Afa^ (If r)-i 
-p'sin^' =y=B«a(ilfr) 



•-;} 



,.(3). 



It is proved in treatises on solid geometry that, if the plane on which tho 
projection is made is one of the circular sections of the ellipsoid, the projections 
will be circles. This result may be verified by finding p or p' from these equations, 
^membering that p and p' are constants, let us substitute in Euler*s equation 

from (2) and the first of equations (3). We have 

d<f> A — O ,1 I. 
P ^ = ~J^ tjMTpp' sin a cos a cos 0'. 

Since p' cos 0' is the ordinate of Q, we see that the velocity of P varies as the 
ordinate of Q, and in the same way the velocity of Q varies as the ordinate of P. 

To find the constants /», p' we notice that p is the value of y obtained from 
the equations to the sphero-conic when 2; =0. We thus have 



2 (AT-O^B 



^ (G^-CDB 
^ "MTiB-O)' 



MTiA-By 
the latter being obtained from the former by interchanging the letters A and C. 



Hence 



otQ J 



/TdooityN .yj-B . /ordinateN 
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154'. Since />' sin ^'=/> sin 0, wd have by stibstittltion ' 

where X^ has the same value as in ArL 1 43. Let u» snppose ^ expressed in terms 
of t by the elliptic integral 

X(t-r)= P ^^ 



Til 



^8 ^^' ^ 



SO that 0=amX(«-T). Substituting this value of ^ in ecjuations (2) or (3), we 
obtain the values of cu^, w^, ta^ expresised in terms of the time. 

155. Stability of Rotation. If a body be set in rotation 
about any principal axis at a fixed point, it will continue to rotate 
about that axis as a pernaanent axis. But the three, principal 
axes at the fixed point do not possess equal degrees of stability. 
If any small disturbing cause act on the body, the axis of rotation 
will be moved into a neighbouring polhode. If this polhode be a 
small nearly circular curve enclosing the original axis of rotation, 
the instantaneous axis will never deviate far in the body from the 
principal axis which was its original position. The herpolhode also 
will be a curve of small dimensions, so that the principal axis will 
never deviate far from a straight line fixed in space. In this case 
the rotation is said to be stable. But if the neighbouring polhode 
be not nearly circular, the instantaneous axis will deviate far from 
its original position in the body. In this case a very small dis- 
turbance may produce a very great change in the subsequent 
motion, and the rotation is said to be unstable. 

If the initial axis of rotation be the axis OB of mean mo- 
ment, the neighbouring polhodes all have their convexities turned 
towards B. Unless, therefore, the cause of disturbance be such 
that the axis of rotation is displaced along .the separating polhode, 
the rotation must be unstable. If the displacement be along the 
separating polhode, the axis may have a tendency to return to its 
original position. This case will be considered a little further on, 
and for this particular displacement the rotation may be said to 
be stable. 

If the initial axis of rotation be the axis of greatest or least 

moment, the neighbouring polhodes are ellipses of greater or kss 

eccentricity. If they be nearly circular, the rotation will certainly 

be stable ; if very elliptical, the axis will recede far from its initial 

position, and the rotation may be called unstable. If OG be the 

axis of initial rotation, the ratio of the squares of the axes of the 

A (A- C) 
neighbouring polhode is ultimately ^ )n__ rt\ • ^* ^s therefore 

necessary for the stability of the rotation that this ratio should not 
differ much from unity. 

156. It is well known that the steadiness or stability of a moving 
body is much iiicreased by a rapid rotation, about a principal ^xis. 
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The reason of this is evident from what precedes. If the body 
be set rotating about an axis very near the principal axis of 
greatest or least moment, both the polhode and herpolhode will 
generally be very small curves, and the direction of that principal 
axis of the body will be very nearly fixed in space. If now a 
small impulse /act on the body, the eflFect will be to alter slightly 
the position of the instantaneous axis. It will be moved from one 
polhode to another very near the former, and thus the angular 
position of the axis in space will not be much affected. Let Xl 
be the angular velocity of the body, m that generated by the im- 
pulse, then, by the parallelogram of angular velocities, the change 
in the position of the instantaneous axis cannot be greater than 
sin"* (oi/ft). If therefore ft be great, o) must also be great, to produce 
any considerable change in the axis of rotation. But if the body 
have no initial rotation ft, the impulse may generate an angular 
velocity oo about an axis not nearly coincident with a principal 
axis. Both the polhode and the herpolhode may then be large 
curves, and the instantaneous axis of rotation will move about 
both in the body and in space. The motion will then appear 
very unsteady. In this manner, for example, we may explain 
why in the game of cup and ball, spinning the ball about a ver- 
tical axis makes it more easy to catch on the spike. Any motion 
caused by a wrong pull of the string or by gravity will not produce 
so great a change of motion as it would have done if the ball had 
been initially at rest. The fixed direction of the earth^s axis in 
space is also due to its rotation about its axis of figure. In rifles, 
a rapid rotation is communicated to the bullet about an axis in 
the direction in which the bullet is moving. It follows, from 
what precedes, that the axis of rotation will be nearly unchanged 
throughout the motion. One consequence is that the resistance 
of the air acts in a known manner on the bullet, the amount of 
which may therefore be calculated and allowed for. 



On the Cones described by the Invariable and Instantaneous Axes 

treated by Spherical Trigonometry, 

157. There are various ways in which we may study the 
motion of a body about a fixed point. We may have recourse to 
the properties of an ellipsoid as Poinsot and MacCullagh have 
done. But we may also use a sphere whose centre is at the fixed 
point and which is either fixed in the body or fixed in space at our 
pleasure. This method is particularly useful when we wish to find 
the angular motion of any line in spaxje or in the body. By 
referring these angles to arcs drawn on the surface of the sphere 
we are enabled to shorten our processes by using such formulas of 
spherical trigonometry as may suit our purpose. 

The conis described by the invariable Une and the instanta- 
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neous axis intersect this sphere in sphero-conics. The properties 
of such cones are not usually given with sufficient fulness in our 
treatises on solid geometry. For this reason we have added a list 
of several properties likely to be useful In order not to interrupt 
the general hue of the argument this list has been placed at the 
end of the chapter. 

158. It is clear from what precedes that there are two im- 
portant straight lines whose motions we should consider. These 
are the invariable line and the instantaneous axis. The first of 
these is fixed in space, but as the body moves the invariable line 
describes a cone in the body, which by Art. 152 intersects the 
ellipsoid of gyration in a sphero-conic. This cone is usually called 
the Invariable Cone* The instantaneous axis describes both a 
cone in the body and a cone in space. By Art. 147, the cone de- 
scribed in the body intersects the momental ellipsoid in a polhode, 
and the cone described in space intersects the fixed plane on 
which the momental ellipsoid rolls in a herpolhode. These two 
cones may be called respectively the instantaneous cone and the 
cane of the herpolhode. 

159. The Cones. Let the principal axes at the fixed point 
be taken as the axes of co-ordinates. The axes of reference are 
therefore fixed in the body but moving in space. By Art. 144, 
the direction-cosines of the invariable line are AoyJG, BcdJG, 
Cod JO; and the direction-cosines of the instantaneous axis are 
toja), cojo), a}J(o. From the equations (1) and (2) of Art. 144, we 
easily find 

{Aa,,' + Bay,' + C(o,') Gf - (A V + ^«a" + C^O ^* 
If we take the co-ordinates x, y, z to be proportional to the 
direction-cosines of either of these straight lines and eliminate w^, 
ft)j, ft), by the help of this equation, we obtain the equation to the 
corresponding cone described by that straight line. In this way 
we find that the cones described in the body by the invariable 
line and the instantaneous axis are respectively 

A{AT--G^)si? + B{BT^G^)y' + C(CT-G')z^^O. 

These cones become two planes when the initial conditions are 
such that (?' = BT. 

Ex. 1. Show that the circular sections of the invariable cone are parallel to 
those of the ellipsoid of gyration and perpendicnlar to the asymptotes of the focal 
conic of the momental ellipsoid. . 

160. There is a third straight line whose motion it is sometimes convenient to 
consider, though it is not nearly so important as either the invariable line or the 
instantaneous axis. If x, y^ z be the co-ordinates of the extremity of a radius vector 
of an ellipsoid referred to its principal diameters as axes and if a, &, e be the semi- 
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axes, the straight Hne whose direction-cosines are x/a, y/(, x/c is called the eceeatric- 
line of that radius yector. Taking this definition, it is easj to see that the direc- 
tion^cosines of the eccentric line of the instantaneous axis with regard to the 

momental ellipsoid are v^ JaJT, w, 'JBJT, w^ sfcjf. These are also the direction- 
cosines of the eccentric line of the invariable line with regard to the ellipsoid of 
gyration. This straight line may therefore be called simply the eeoentrie line and 
the cone described by it in the body may be called the eccentric cone. 

Ex. 1. The equation to the eccentric cone referred to the principal axes at the 
fixed point is (i4r-G«)a(J2 + (Br-G«)y" + (Cr-G«)i;'=0. 

This cone has the same circular sections as the momental ellipsoid and cuts that 
ellipsoid in a sphero-conic* 

Ex. 2. The polar plane of the instantaneous axis with regard to the eccentric 
cone touches the invariable cone along the corresponding position of the invariable 
line. Thus the invariable and instantaneous cones are -reciprocals of each other 
with regard to the eccentric eone« 

161. The sphero-conics. Let a sphere of radius unity be 
described with its centre at the fixed point about which the 
body is free to turn. Let this sphere be fixed in the body, and 
therefore move with it in space. Let the invariable line, the 
instantaneous axis, and the eccentric line cut this sphere in the 
points Ly I, and E respectively. Also let the principal axes cut 
the sphere m A,ByG, It is clear that the intersections of the 
invariable, instantaneous, and eccentric cones with this sphere will 
be three sphero-conics which are represented in the figure by the 




lines KK", JJ\ DD\ respectively. The eye is supposed to be 
situated on the axis OA^ viewing the sphere from a considerable 
distance. All great circles on the spnere are represented by 
straight lines. Since the cones are co-axial with the momental 
ellipsoid, these sphero-conics are symmetrical about the principal 
planes of the body. The intersections of these principal planes 
with tlie sphere will be three arcs of great circles, and the portions 
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of these arts cut oflf by any sphero-conic are called axes 6f that 
sphero-conic. If we put 2: = in the equations to any one of the 
three cones, the value oiyjx is the tangent of that semi-axis of the 
sphero-conic which lies in the plane of xy. Similarly, putting 
y = 0, we find the axis in the plane of xz. If (a, 6), (a', 6'), (a, )8) 
be the semi-axes of the invariable, instantaneous, and eccentric 
fc^phero-conics respectively, we thus find 

tan a _ tan cl _ tan a J AT— (? 1 

^ ^ Jab^ j'^fTwT Tab' 

tan 6 _ tan 6' _ tan )8 _ J AT— GP 1 

G ^ A "JaC^JW^WJaO' 

The first of these two sets gives the axes in the plane AOB, 
the second those in the plane A OG, The former will be imagi- 
nary if O* < BT. In this case the sphero-conics do not cut the 
plane AOB. The sphero-conics will therefore have their con- 
cavities turned towards the extremities of the axes OA or 00, i.e. 
towards the extremities of the axes of greatest or least moment 
according as 0' is > or < BT. 

162. Ex. 1. If we put 1 - «»=8m'&/8in% we may define f to be the eccentricity 
of the sphero-conic whose semi-axes are a and 6. If e and «' be the eccentricities of 
the invariable and eccentric flphero-conics respectively, prove that 

e»=^(B-C)/B(^-C) and «'«=(B-C)/(il-C7) 

BO that both these eccentricities are independent of the initial conditions. 

Ex. 2. If the radius of the sphere had been taken equal to (G^jMT)^ instead of 
unity, show that it would have intersected the eUipsoid of gyration along the invari- 
able cone, and if the radius had been (AfTe^/G^)^, it would have intersected the 
momental ellipsoid along the eccentric cone. 

Ex. 3. A body is set rotating with an initial angular velocity n about an axis 
which very nearly coincides with a principal axis OG at a fixed point 0. The 
motion of the instantaneous axis in the body may be found by the ioUowing 
formulee. Let a sphere be described whose centre is 0, and let / be the extremity 
of the radius vector whiioh is the instantaneous axis at the time t. 11 (x, y) be the 
co-ordinates of the projection of I on the plane AOB referred to the principal axes 

OA, OB, then x = ^B{B-C) L sin (pnt + M), 

y= ijA {A-CjL cos {pnt + M), 

where jp2=(B - C) (^ - 0)1 ^B, and I», M are two arbitrary constants depending on 
the initial values of x, y. 

Ex. 4. If in the last question L be the point in which the sphere cuts the 
invariable line, if (p, B) be the spherical polat. co-ordinates of C with regard to 
L a9 origin, and a the radius of the sphere, then 



/>'=n«|^,L«{24J?-(7(^ + 5)-H(^-B)Ccos2(i)ne-HM)}, ^=^^ + -c^J 



a^dt 
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163. To find the motion of the invariable line and the instan^ 
taneous aais in the body. 

Since the invariable line OL is fixed in space and the body 
is turning about 01 as instantaneous axis, it is evident that the 
direction of motion of OL in the body is perpendicular to the 
plane lOL, Hence on a sphere whose centre is at f^ arc IL 
is normal to the sphero-conic described by the invariable line. This 
simple relation will serve to connect the motions of the invariable 
line and the instantaneous axis along their respective sphero- 
conies. 

164. Let V be the velocity of the invariable line along its 
sphero-conic, then since the body is turning about 01 with an- 
gular velocity o), and OL is unity, we have v = o) sin LOI. But 
by Art. 147 T/ G = to cob LOL EliminatiDg o> we have 

v^(T/G)ta,nLOL 

165. Produce the arc IL to cut the axis AK in N, so that 
LN is a normal to the sphero-conic described by the invariable 
line. Taking the principal axes at the fixed point as axes of 
reference, the direction-cosines of OL and 01 are respectively 
proportional to -4©^, -Bo),, C©,, and o)^, ©,, ©,. The equation to 
the plane LOT is 

{B - C) o>,o)ga? + (C-A) Wjfojf + (^ - J5) ©^©,2? = 0. 

This plane intersects the plane of ocy in the straight line ON, 
hence putting z^O, we find the direction-cosines of ON to be 
proportional to (-4 — (7) ©j, (5 — O) ©,, and 0. Hence 

(? J {A - Cf o),' + (if - GOV 

The numerator of this expression is eaaily seen to be (?* — CT, 
Expanding the quantity under the root we have 

A*<e^ + B'to^ -W {Aw* + £<) + G* («,' + ®,'). 

which is clearly the same as 

(3» - Ca),» -20(2'- Cio^ + (?•(<»)»- «,'). 

Substituting we find 

G^-CT 



cos iOiV = 



\&nLON=^ 



G'^G*-2CT+CW 
C'JG^(o*-T 



G'-OT 



But T/G = a coa LOT, .-. Ttan LOI = ^G'<o*-T*. Hence the 

ratio T-FTTf = —Tim — . and is therefore constant ihrotighovi 

taniyOxV CT ' •' ^ 

the motion. 
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Combining this result with that given in the last Article, we 
see that the 

velocity of i ) CP^CT ^^ ^ 

along its conic] ^ GO ' 

where n is the angle LON. If we adopt the conventions of 
spherical trigonometry, n is also the length of the arc normal to 
the sphero-conic intercepted between the curve and the principal 
plane AB of the body. 

166. Bx. 1. If the focal lines of the invariable oone cut the sphere in S and 8*^ 
these points are called the foci of the sphero-conic Prove that the velocity 
of L resolved perpendicular to the arc SL is constant throughout the motion and 

equal to )(G«-5r) (AT-- G*)lABG^\^. If LM be an arc of a great circle perpen- 
dicular to the axis containing the foci, and p be the arc SL, prove also that 



dp^ Oj M-.C)(B-C) j* 



Ex. 2. Prove that the velocity of L resolved perpendicular to the central radius 

. ._ . AT-CP . .- 
vector AL is — -— — cot AL, 
AG 

Ex. 3, If r, r\ /' be the lengths of the arcs joining the extremity Aota princi- 
pal axis to the extremities L, /, E of the invariable line, instantaneous axis, and 
eccentric line respectively; 9, ^, ^' the angles these arcs make with any principal 
plane AOBf prove that 

cosr _ cob/ _ cos/^ tang _ tan^' _ tan^^ 

AT ^ (P^^r gJat' C - B "JbG* 

where j=areZ/. This theorem will enable us to discover in what manner the 
motions of the three points L, /, E are related to each other. 

Ex. 4. Show that the velocity of the instantaneous axis along its sphero-conic 
^ "ffi — 7d — ^^^n' cos ^f where n' is the length of the normal to the instantaneous 

JL AB 

sphero-conic intercepted between the curve and the arc AB, and ^=3 arc LI, 

Comparing this result with the corresponding formula for the motion of L given 
in Art. 165, we see that for every theorem relating to the motion of L in its sphero- 
conic there is a corresponding theorem for the motion of /. For example, if fif' be a 
focus of the instantaneous sphero-conic, we see by Ex. 1 that the velocity of / 
resolved perpendicular to the focal radius vector S'l bears a constant ratio to cos XI. 
This constant ratio is equal to that given in Ex. 1 multiplied by G^CjTAB. 

Ex. 5. Show that the velocity of the eccentric line along its sphero-conic is 

{{G^ - CT)/JABCT} tan n", where n" is the length of the arc normal to the sphero- 
conic intercepted between the curve and the principal arc AB. 

Ex. 6. Prove that (velocity of jF)» - (velocity of L)'= constant." Show also that 
this constant=(^r- G^) {BT- G») (CT- G*)lABCG^T. 

Ex. 7. The motion of L along its sphero-conic is the same as that of a particle 
acted on by two forces whose directions are the tangents at L to the arcs LS, LS' 
joining L to the foci of the sphero-conic and whose magnitudes are respectively 
proportional to sin LS cos LS' and sin LS' oobLS. 

Solutions of these examples and proofs of other theorems in this section may 
be found in a paper contributed by the author to the Proceedings of the Royal 
Society, 1873. 
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167. The instantaneous axis describes a cone in iSpace, which 
has been called the cone of the herpolhode. The equation of 
this cone cannot generally be found, but when it can be determined 
we have another geometrical representation of the motion. For 
suppose the two cones described by the instantaneous axis in 
space and in the body to be constructed. Since each of these 
cones will contain two consecutive positions of their common 
generator, they will touch each other along the instantaneous 
axis. Then the points of contact having no velocity the motion 
will be represented by making the cone fixed in the body roll on 
the cone fixed in space. 

168. Poinsot's theorem. To find the motion of the instan- 
taneous axis in space. 

Since the invariable line OL is fixed in space, it will be con- 
venient to refer the motion to OL as one axis of co-ordinates. 
Let the angle the instantaneous axis 01 makes with OL be called 
f, and let ^ be the angle the plane 10 L makes with any plane 
passing through OL and fixed in space. 

During the motion the cone described by 01 in the body rolls 
on the cone described by 01 in space. It is therefore clear that 
the angular velocity of the instantaneous axis in space is the 
same as its angular velocity in the body. Describe a sphere 
whose centre is at and radius unity, arid let this sphere be 
fixed in the body. Let L, I be the intersections of the invariable 
line and instantaneous axis with the sphere at the time f, L\ T 
their intersections at the time t + dt. Then JZ, TL are con- 
secutive normals to the sphero-conic KK' traced out by. the in- 
variable line and therefore intersect each other in some point P 




which may be regarded as a centre of curvature of the sphero- 
conic. Let p = Pi. Then clearly 

velocity of / resolved) _ /velocityN sin (/o + ?) 

perpendicularly to IL) \ oi L ) ' sin /> ' 
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Therefore by Art. 164 we have 

sin f -^ = -7y tan f (cos f + cot p sin f) ; 

' ' dt 0\ tad pj ' 

But in any spbero- conic tan p = tan' m/tan' ^, where n is the 
length of the normal intercepted between the carve and that axis 
which contains the foci, and 21 is the length of the ordinate 
through either focus, and is usually called the latus rectum. 
Substituting for tanp, and remembering that 

^^^=-^y-. byArt.l6o.andtan? = ^^^,weget 

d<f> T , T /CP-CT\' /t&n'b\^ ,, ^ 

i^a+G[-CT~)' tti^j/'"* f- 

If we substitute for tan a and tan b their values, we get 

d<t> T {AT-(?){BT-G^(CT-0^) , 
dt" G^ ABGOr ^^^ ^ 

169. A simple geometrical construction for this result has 
been given by Dr Ferrers in a Smith's Prize paper (1882). If 
OH be the projection of the instantaneous axis 01 on the in- 
variable plane drawn through the fixed point 0, and if OH iii- 
tersect the momental ellipsoid in H, then 

d<f> _ O^Me' 1 
dt " TABC OH* • 

170. Since the resolved angular velocity about the invariable 
line is constant, we easily find o) = secf T/^?. Substituting this 
value of (o in equation (6) of Art. 141, we find a relation between 
f and d^/dt, which however is too complicated to be of much use. 

The values of d<f>/dt and d^/dt in terms of f have now both been 
found; from these the motion of the instantaneous axis in space 
can be deduced. 

171. Ex, 1. Show that the angular velocity v' of the instantaneous axis in 

space or in the body is given by <^'*=-rp7t 1^-^-3 + 0-2 -^\ — i-^, where ut is 

the resultant angular velocity of the body and X^, X,, Xg have the meanings given 
to them in Art. 141. This result is due to Foinsot. 

Ex. 2. The length of the spiral between two of its successive apsides, described 
in absolute space, on the surface of a fixed concentric sphere, by the instantaneous 
axis of rotation, is equal to a quadrant of the spherical ellipse described by the same 
axis on an equal sphere moving with the body. This is Booth's Theorem. 
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Ex. 8. If the eooentric line intersect in the point E the unit sphere which ia 
fixed in the body and has its centre at the fixed point, prove that 

/velocity\« TdS^ ,^ 

where the letters have the meanings given to them in Art. 168. 

172. The Rolling and Sliding Gone. Let b^ the fixed 
point, 01 the instantaneous axis. Let the angular velocity a> 
about 01 be resolved into two, viz. a uniform angular velocity T/0 
about the invariable line OL, and an angular velocity <o sin lOL 
about a line OH lying in a plane fixed in space perpendicular to 
the invariable line, and passing through the fixed point 0, Let 
this fixed plane be called the invariable plane -at 0. As the body 
moves, OH will describe a cone in the body which will always touch 
this fixed plane. The velocity of any point of the body lying for a 
moment in OH is unaffected by the rotation about OH, and the 
point has therefore only the motion due to the uniform angular 
velocity about OL. We have thus a new representation of the 
motion of the body. Let the cone described by OH in the body 
be constructed, and let it roll on the invariable plane at with the 
proper angular velocity, while at the same time this plane turns 
round the invariable line with a uniform angular velocity T/G. 
The cone described by OHm the body has been called by Poinsot 
the Rolling arid Sliding Cone. 

173. To find a construction for the sliding cone. Its generator 
OH is at right angles to OL, and lies in the plane lOL. Now 
OL is fixed m space; let OL' be the line in the body which, after 
an interval of time dt, will come into the position OL. Since the 
body is turning about 07, the plane LOL is perpendicular to the 
plane LOT, and hence OH is perpendicular to both OL and 0L\ 
That is, OH is perpendicular to the taogent plane to the cone 
described by OL in the body. The cone described by OH in the 
body is therefore the reciprocal cone of that described by OL. 
The equation to the cone described by OL has been found in Art 
159. Turning therefore its coefficients upside down we see that 
the equation to the cone described by OH is 

A , . B C ,_ 



The focal lines of the cone described by OH are perpendicular 
to the circular sections of the reciprocal cone, that is the cone 
described by OL. And these circular sections are the same as 
the circular sections of the ellipsoid of gjrration. Hence the focal 
lines lie in the plane containing the axes of ^eatest and least 
moment, and are independent of the initial conditions. 

This cone becomes a straight line in the case in which the 
cone described by OL becomes a plane, viz. when the initial con- 
ditions are such that G* = BT. 
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174. To find the motion of OH in space and in the body. 

Since OZ, OH and 01 are always in the same plane the 
motion of OH in space round the fixed straight line OL is the 
same as that of 01, and is given by the expression for d<f>ldt in 
Art. 168. 

To find the motion of OH in the body it will be convenient 
to refer to the figure of Art. 168. Produce the arcs PL, PL' 
to H and H' so that LH and L'H* are each quadrants. Then 
H and H are the points in which the axis OH intersects the 
unit sphere at the times t and t'\-dt. We have therefore 

/velocityX /velocityN sin(p + j7r) T. ^ ^ 
\ ofH )-[ oil )'—SK-p o^^<^otp. 

Substituting for tan p as before we may express the result in 
terms of f or © at our pleasure. 

Since the cone described by OH in the body rolls on a plane 
which also turns round a normal to itself at 0, it is clear that the 
angular velocity of OH in the body is less than the angular 
velocity of OH in space by the angular velocity of the plane, i. e. 

/velocity\ d<f> T 
[ oiH J'^di'G' 

175. Ex. 11 1, m, n he the direotion-cosines of OH referred to the principal 
axes of the body, prove 

I m __ * _ ^ 

(4r-(?8)«i-(Br-(p)w,"(cr-G«)«,-^^75ii^rrT«' 



Motion of tiie Principal Axes, 

176. To find ike angular motions in space of the principal 
axes. 

Since the invariable line OL is fixed in space it will be con- 
venient to refer the motion to this straight line as axis of z. 
Let OA, OB, 00 be the principal axes at the fixed point 0, and 
let, as before, a, fi, 7. be their inclinations to the axis OL or OZ. 
Let X, fjt, V be the angles the planes LOAy LOB, LOG make 
with some fixed plane LOX passing through OL. Our object is 
to find dajdt and dkjdt with similar expressions for the other axes. 
We might here refer to Euler*s geometrical equations given in 
Vol I. chap. 5 and by writing a, X for 6, y^ respectively obtain the 
required expressions, but it will be found advantageous to make a 
slight variation in the argument. 

Describe a sphere whose centre is at the fixed point, and 
whose radius is unity. Let the invariable line, the instantaneous 
axis and the principal axes cut this sphere in the points L, I, 
A, B, C respectively. The velocity of A resolved perpendicular 
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to LA will then be Bmad\/dt. Bat since the body is tuming* 
round 01 as instantaneous axis, the point A is moving perpen- 
dicularly to the arc I A, and its velocity is <oainIA. Resolving 
this perpendicular to the arc LA^ we have 

sin a -TT = 0) sin AI cos LAI 
at 

cos LI — cos LA cos I A 

BULLA 

by a fundamental formula in spherical trigonometry. But to cos LI 
is the resolved part of the angular velocity about OL, which is 
equal to T/Q, and <o cos lA is the resolved part of the angular 




velocity about OA, which is oi^. We have therefore 

. , d\ T 
sm a -^ = 77 — ©J cos a, 

a result which follows immediately from Art. 12. Since Gcosol^Aco^ , 
we have 

. . dK T Gcos'a 



^"""H^Q- 



.(1). 



This result may also be written in the form 

cora ....(2). 



dt 6/"^ 



ACf^ 



177. To find -t2 we may proceed in the following manner. 

By Art. 144, we have cos a = AcoJG, cos /3 = Ba>JG, cos 7 = CayJG. 
Substituting in Euler's equation 



we have 






(3). 
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Biit by Art. 141 cos a, cos )9, cos 7 are connected by tbe equations 

cos'a cos")9 cos*7 5^^ 

'~A~^~T'^~C^"^G*[ (4). 

cos*a+ cos')8 + cos*7= 1 j 

If we solve these equations . so as to express cos /3, cos 7 in 
terms of cos a, we easily find 

., fday G* fG^-CT A-C ^ \ fG^-BT A-B .\ ,., 



178. Since the left-hand side of equation (5) is necessarily real, we see that the 
valnes of eos^a are restricted to lie between certain limits. If the axis whose 
motion we are considering is the axis of greatest or least moment let B be the 
axis of mean moment. In this case cos'ec must lie between the two limits 

^ - ^^ __£_ and ^^^^ j^ if both be positive. By Art. 142 the former of 

these two is positive and less than unity; this is easily shown by dividing tiie 
numerator and the denominator by ACGK If the latter is positive the spiral 
described by the principal axes on the surface of a sphere whose centre is at the 
fixed point lies between two concentric circles wMch it alternately touches. If the 
latter limit is negative cos a has no inferior limit. In this case the spiral always 
lies between two small circles on the s^^erd, one of which is exactly opposite the 
other. 

If the axis considered is the axis of mean moment, cos^ a must lie outside the 
same two limits as before. Both these are positive, but one is greater and the 
other less than unity. The spiral therefore Hbb between two small circles opposite 
each other. 

In order that d\[dt may vanish we must have G'cos* a^ JT, but this by substitu- 
tion makes daldt imaginary. Thus d\ldt always keeps one sign. It is easy to see 
that if the initial eonditioixs are su^ that Q^/T is less than the moment of inertia 
about the axis which describes the spiral we are considering, the angular velocity 
win be greatest when the axis is nearest the invariable line and least when the axis 
is furthest. The reverse is the c^se if G^/T is greater than the moment of inertia. 

179. Ex. 1. Let CM be any straight line fixed in the body and passing 
through and let it cut the ellipsoid of gyration at in the point M, Let CM' be 
the perpendicular from on the tangent plane at M, If OM=r, OM'^p, and if 
i, i' be the angles CM, OM' make with the invariable line OL, prove that 

sm^ 1 :5i = 7: cos i cos i\ 

dt G mpr ' 

where j is the angle the plane LOM makes with some plane fixed in space passing 
through OL and m is the mass of the body. This follows from Art. 12. 

Ex. 2. If KLK' be the conic traced out by the invariable line in the manner 
described in Art. 161, show that X= (T/6) t + (angle L^i:) - (vectorial area L/lf*), 
where X is the angle described by the plane containing the invariable line and the 
principal axis OA. 

Ex. 3. If we draw three straight lines OA^ OB, OG along the principal axes at 
the fixed point of equal lengths^ the sum of the areas conserved by these lines on 
the invariable plane is proportional to the time. [Poinsot.] 

R. D. II. 7 
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Ex. 4. If tiie fongiha O^, OB, OC be proportional to the radii of gyration 
about tiie axes respectively, the sqxn of the areas conserved by these lines on the 
invariable plane will also be proportional to the time. [Poinsot.] 



\ 



Motion of the body taken two principal axes are equal. 

yjAV* 180. Let the body be rotating with an angular velocity to 
\^' about an instantaneous axis OL Let OL be the perpendicular 
on the invariable plane. The momental ellipsoid is in this case a 
spheroid, the axis of which is the axis of unequal moment in the 
body. Let the equal moments of inertia be A and B. From 
the symmetry of the figure it is evident that as the spheroid rolls 
on the invariable plane, the angles LOG, LOT are constant, and 
the three axes 01, OL, 00 are always in one plane. Let the angles 
LOC=>y, lOG^i. 

Following the same notation as in Art. 141, we have 

©J = o) cos i, <o^ + cDj' = 0)' sin'i, 

(P = {A* sin'i + C« cosS) o)», 

r=(^sin'i + acos't)a)*. 

We therefore have 

Clw. Ccosi 

cos7= — Fr = -7= , 

This result may also be obtained as follows. In any conic if 
i and y be the angles a central radius vector and the perpendicular 
on the tangent at its extremity make with the minor axis, and if 
a,b be the semi-axes, then tan7 = tan«^6ya^ Applying this to 
the momental spheroid, we have 

tan y=^-7y tan i. 

The angle i being known from the initial conditions, the angle y 
can be found from either of these expressions. The peculiarities 
of the motion will then be as follows. 

The invariable line describes a right cone in the body whose 
axis is the axis of unequal moment, and whose semi-angle is 7. 

The instantaneous axis describes a right cone in the body 

whose axis is the axis of unequal moment, and whose semi-angle 
. * 

IS I, 

The instantaneous axis describes a right cone in space, whose 
axis is the invariable line, and whose semi-angle is % ^ 7. 

The axis of unequal moment describes a right cone in space 
whose axis is the invariable line, and whose semi-angle is 7. 

The angular velocity of the body about the instantaneous 
axis varies as the radius vector of the spheroid, and is therefore 
constant. 
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181. To find the common angular velocity in space of ike in- 
stanianeous a^xis and tiie axis of wnequal moment round the invariable 
line. 

Let G be the extremity of the axis of figure of the momental 
ellipsoid, and let fl be the rate at which the plane LOG is turning 
round OL. Let GMy GN be perpendiculars on OL and 0/. 
Then since the body is turning round 0/, the velocity of C is 
CN . 6). But this is also GM . ft. Since GM — OG sin 7, 
CN=OGsinif we have at once 

n sin 7 = o) sin t, 
whence ft can be found. 

182. To find the common angular velocity in the body of the 
invariable line and the instantaneous axis round the axis of unequal 
moment. 

Let ft' be the rate at which the plane LOG is turning round 
OG in the body. Let LM, LN be perpendiculars from any point 
L in the invariable line on OG and 01. Then since OL is fixed 
in space and the body is turning round 0/, the velocity of L in 
the body is LN . o). But this is also LM , ft'. Since LM = OL sin 7, 
LN=^ OL sin (t — 7), we have at once 

ft' sin 7 = ft) sin {i — 7), 
whence ft' can be found. 

183. Ex. 1. If a right circular cone whose altitude a is double the radius of 
its base turn about its centre of gravity as a fixed poi^t, and be originally set in 
motion about an axis inclined at an angle a to the axis of figure, the vertex of the 
cone wiU describe a circle whose radius is {a sin a. [Coll. Exam.] 

Ex. 2. A circular plate revolves about its centre of gravity as a fixed point. If 
an angular velocity w were originally impressed on it about an axis making an angle 
a with its plane, a normal to the plane of the disc will. make a revolution in space in 

a time r given by 2T/r = wjl + 3 sin' a. [Coll. Exam.] 

Ex. 3. A body which can turn freely about a fixed point at which two of the 
principal moments are equal and less than the third, is set in rotation about any 
axis. Owing to the resistance of the air and other causes, it is continually acted 
on by a retarding couple whose axis is the instantaneous axis of rotation and whose 
magnitude is proportional to the angular velocity. Show that the axis ol rotation 
win continuaUy tend to become coincident with the axis of unequal moment. In 
the case of the earth therefore, a near coincidence of the axis of rotation and axis 
of figure is not a proof that such coincidence has always held. [Astronomical 
Notices, March 8, 1867.] 



Motion when G' = BT. 

u 

184. The peculiarities of this case have been already alluded^ ^ 
to in Art. 141. When the initial conditions are such that this 

7—2 
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relation holds between the Via Viva and the Momentum of the 
body the whole discussion of the motion becomes more simple*. 

The fundamental equations of motion are 

Aio* + 5«,» + Ca,» =T\ ... 



Solving these, we have 

"^'A-C AB 

, A-B 0*-B'a>* 
'^''A-C BO 

T> i. <^i G — A 

^"* -di — :b- "''"•' 

. 4?!, -I / i^-S){B-C) CP-B'a,* 
dt~'*'V AC ' B* 



(2). 



f • 



When the initial values of «j and 6), have like signs, (0— -4)fii gi, 
is negative and therefore dmjdt must be negative, hence in this 
expression the upper or lower sign is to be used according as the 
initial values of a^^, a», have like or unlike signs. 

IP d(D, ^ /(A^B){B^C) 



• f 



d6), _ / 






CP^B'io^dt ^y AG 

If we put T w for the right-hand side and integrate we have 

where E is some undetermined constant. As t increases indefi- 
nitely, », approaches T OfB as its limit and therefore by (2) m^ 
and o>, approach zero. 

The conclusion is that the instantaneous axis ultimately ap- 
proaches to coincidence with the mean axis of principal moment, 
but never actually coincides with it. It approaches the positive 
or negative end of the mean axis according as the initial value 
of (G — A) o)j©3 is positive or negative. 

185. To find what the cones traced ord in the body by the 
invariable line a/nd insta/ataneoue axis become when G' = BT. 

Eliminating o>, from the fundamental equations of the last 
Article we have A {A- B) ©," --CiB-C) ©,'. 

Taking the principal axes at the fixed point as axes of refer- 
ence, the equations of the invariable line are x/A<o^= y/Bw^= ^/Oto^. 

* This case appears to have been considered by nearly every writer on this 
dibject. As examples of different methods of treatment the reader may consult 
: \Jj^gendre, Traiti des Fonctions EUiptiques, 1825, Vol. i. page 382, and Poinaotf 
^ ThioHe Nouvelle de la Rotation des corps, 1852, page 104. 
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EliminatiDg a>^ and <o^ the locus of the invariable line is one of 
the two planes /A — B . IB^-G 

The equations of the instantaneous axes are sol^^^^yl^^ "^ ^l^%* 
Eliminating w^ and a>g the locus of the instantaneous axis is one 
of the two planes 

JA(A-B)x=±JC{B'-G)z. 

In these equations since z/x follows the sign of ^Jto^ the upper 
or lower sign is to be taken according as the initial values of 
Q>^, 6»3 have like or unlike signs. These planes pass through the 
mean axis, and are independent of the initial conditions except 
so fiar that G' = 5r. 

The rolling and sliding cone is the reciprocal of that described 
by the invariable plane Art. 173, and is therefore the straight line 
perpendicular to that plane which is traced out by the invariable 
line. 

Ex. 1. Show that the planes described by the invariable line coincide with the 
central circular sections of the ellipsoid of gyration and are perpendicular to the 
asymptotes of that focal conic of the momental ellipsoid which lies in the plane of 
the greatest and least moments. 

Ex. 2. The planes described by the instantaneous axis are perpendicnlar to the 
umbilical diameters of the ellipsoid of gyration and are the diametral planes of 
the asymptotes of the focal conic in the momental ellipsoid. 

186. The relations to each other of the several planes fixed 
in the body may be exhibited by the following ngure. Let 
A, By O be the points in which the principal axes of the body 
cut a sphere whose centre is 0, and radius unity. Let BLK\ 
BIJ' be the planes traced out by the invariable line and the 
instantaneous axis respectively. Then by the last Article 

, ^^, lA B-'C , ^j, IG B^C 
tan(7ir' = ;^^.^j^,tan(7J=>^-j.-^— g. 
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, .Hence we find 

This is the quantity which has been called n in Art. 184. 

Exactly as in Art. 163 the direction of motion of X is perpen- 
dicular to IL and hence the angle /L6 is a right angle. Thus 
the spherical triangle ILB has one an^le right, and another 
constant and independent of all initial conditions. 

Exactly as in Art 163, the velocity of L along LB is equal to 
ft>sin IL which, by Art. 147, is equal to i&nIL,T/G. But from 
the spherical triangle ILB we have n sin BL =* tan Ji. If then we 
put as before /9 =» BL, we have 

d/3 . T . ^ 

If the initial values of ©,, ©, have the same sign, the body 
is turning round I from K^ to B. Heuce, since L is fixed iu 
space, BL is increasing and therefore the upper sign must be 
used in this figure. See also Art. 184. 

- We may also find an expression for 13 in terms of the time. 
Since cos fi — BcoJO we have, by Art. 184, 

^±^ = ^/b-'. ... cotf ^Z^'^"*. 
i — cos p Z 

Ex. Show that the eooenirio line desoribes a great drele passing through B and 
9nttij^ AC in some point iX where tan* CD's; tan CJ^ tan CK\ If jE; be the inter- 
section pf the eccentric line with the sphere, show that the arcs BE and BL are 
always equal. 

187. To find ike motion of the body in space. 

We have already seen that the motion is such that a plane 
fixed in the body, viz. the plane -BiT', contains a straight line 
fixed in space, viz. the invariable line OL. Since the body is 
brought from any. position into the next by an angular velocity 
(o cos lOL = T/0 about OL, and an angular velocity o) sin lOL 
about a perpendicular to OL, viz. OH, it follows that the plane 
fixed in the body turns round the line fixed in space with a 
uniform angular velocity T/0 or 0/B. At the same time the 
plane moves so that the line fixed in space appears to describe the 
plane with a variable velocity ©sin/Oi. If fi be the angle BL, 
this has been proved in the last Article to be w sinfiT/Q. 

188. The cone described by OH in the body is the reciprocal 
cone of that described by OL, and from it we may deduce re- 

. ciprocal theorems. The motion is therefore such that a straight 

: Itne fixed in the body, viz. OH, describes a plane fixed in space, 

*-viz. the plane perpendicular to OL. The straight line moves 

along this plane with a uniform angular velocity equal to T/G or 
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GlBy while the angular velocity of the body about this straight 
line is ± n sin /8 G/A 

189. The motion of the principal axes may be deduced from 
the general results given in Art. 176. But we may also proceed 
thus. Since the body is turning about 0/, the point B on the 
sphere is moving perpendicularly to the arc ZP. Hence the 
tangent to the path of B makes with LB an angle which is the 
complement of the constant angle IBL. The path traced out 
by the axis of mean moment on a sphere whose centre is at is 
a rhumb line which cuts all the great circles through £ at an 
ai^le whose cotangent is + ti. 

190. To find the motion of the instantaneouB aocia in space. 

This problem is the same as that considered in Art 168. We 
may however deduce the result at once from Art. 187. The angle 
ILB is always a right angle, it therefore follows that the angular 
velocity of / round L is the same as that of the arc BL round i. 
But the angular velocity of the latter is constant and equal to T/G. 
If then <f> be the angle the plane LOT containing the instanta- 
neous axis and the invariable line makes with some fixed plane 

passing through the invariable line, we have ;^ = tt • 

191. To find the equation of the cone described by the 
instantaneous axis in space, we require a relation between ^ and <^, 
where f is the arc IL on the sphere. From the right-angled 
triangle ILB we have nsm/3 = tan f, and by Art. 186, 

cot| = 7^e'5»«. 

Eliminating ff, we shall have an expression for J* in terms of t 

We find J^=cotf + tanf = ,/^6"^'*'+4^*^^ 
tanf 2 2 ^ Je 

By the last Article (f>=^(T/G)t + F, where F is some constant. 
Let us substitute for t in terms of <f>, and let us choose the plane 
from which <^ is measured so that V^'^'*^= 1- 

The equation to the cone traced out in space by the instan- 
taneous axis is 

2n cot f = e»* + e-«*. 

When <^ = 0, we have tanfsn. Therefore the plane fixed in 
space from which <f> is measured is the plane containing the axes 
of greatest and least moment at the instant when that plane 
contains the invariable line. 

On tracing this cone, we see that it cuts a sphere whose centre 
is at the fixed point in a spiral curve. The branches determined 
by positive and negative values of (f> are perfectly equal. As ^ 
increases positively the radial arc f continually decreases, the 
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spir^ therefore makes an infinite number of turns round the 
point Lj the last turn being infinitely small. 

Ex. In the herpolhode 1. «»»•+«"'»*, if the locus of the extremity of the 

polar Buhtangent of this curve be found and another curve be similarly generated 
from this locus, the curve thus obtained will be simihir to the herpolhode. [Math. 
Tripos, 1863.] 



On Correlated and Contrarelated Bodies. 

192. To compare the motions of different bodies acted on hif 
initial couples whose planes are parallel. 

Let a, ^, 7 be the angles the principal axes OA, OB, 00 of 
^ body at the fixed point make with the invariable line OL^ 
Then by Art. 144», Euler's equations may be put into the form 

— ^p-+<?(^^- -^yj cos /3 cosy = (1), 

with two similar equations. Let X, fi, v be the angles the planes 
LOAy LOB, LOG make with any plane fixed in space, and passing 
through OL. 1'ben 

. , dX T Ocos^a ,«v 

'''"'Tt=G--A- <2). 

with similar equations for /a and p. 

If accented letters denote similar quantities for some other 
body, the corresponding equations will be 

cZcOSa. ^, /I 1\ ry /A /0\ 

~dr^ (g>-^)cos/3'cos7=0 (3), 

. , ,dX' r G'cos'a' ,,, 

^^^«d? = G^ T— (*>• 

If then the bodies are such that 

the equations (1) to find a, /8, 7 are the same as the equations (3) 
to find a\ ^, y. Therefore if these two bodies be initially placed 
with their principal axes parallel and be set in motion by impulsive 
couples whose magnitudes are and 0\ and whose planes are 
parallel, then after the lapse of any time t the principal axes of 
the two bodies will still be equally* inclined to the common axis 
of the couples, 

* In order that the angles which the principal axes make with the axis of the 
couple may be the same in each body, it is necessary that the cones described by 
the axis OL in the body should be the same. Hence by Art. 159, the two ellipsoids 
of gyration must have the same circular sections, or which is the same thing, the 
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The equations (5) may be put into the form 

A A'B B C C W- 

Since by Art. 146 the Vis Viva is given by 

T cos* a cos'iS cos' 7 



.(7). 



(?* A ' B ' G 

we see that each of the expressions in (6) is equal to TjO — TjO'. 
It immediately follows by subtracting equations (2) and (4) 
and dividing by sin* a that 

dt dt^ Q G" 

with similar equations for /* and v. Thus the two bodies being 
started as before with their principal axes parallel each to each, 
the parallelism of the principal axes may be restored by turning 
the body whose principal axes are A'y B, C about the com- 
mon axis of the impulsive couples through an angle {TjQ — T'/G') t 
in the direction in which positive impulsive couples act*. 

193. "When the couples G and G' are equal the condition (6) 

becomes 1 11 11 1 T-T 

A A'^B B^C (7'~ G» ' 

the bodies are then said to be correlated. If momental ellipsoids 
of the two bodies be taken so that the moment of inertia in each 

two momental ellipsoids must have the same asymptotes to their hjperbolio focal 
conies. Also in order that the oones may be the same we must haye 

A' " G'« B'" Q'^ C' " G'» 
If we put each of these equal to some quantity r, we easily find 

i i 1-1 1 1 

A " B B C C" A 

T T~£ l"l.i"''^* 

A'" B' B'" a a A' 

If in the two bodies the angles between the principal axes and the axis of the oonple 

are to be equal each to each at the same timet the equations (1) and (3) of Art. 192 

show that we must have in addition O^IG^r, This leads to the generalization of 

Prof. Sylvester's theory given in the text. 

* Since the oones described by the invariable line in the two bodies are identical, 

their reciprocal cones, i.e. Poinsot's rolling and sliding cones, are also identical in 

the two bodies. Thus in the two bodies, the rolling motions of these oones are 

equal, but the sliding motions may be different. The sliding motions represent 

angular velocities about the invariable line respectively equal to TjO and TIO\ 

„ , dK d\' dfi dfi' dv dv' T T 

Hence we have = — - — — = — = : . 

dt dt dt dt dt dt G G'' 

This remark on the former note is due to Prof. Cayley. 
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bears the same ratio to the square of the reciprocal of the radius 
vector these ellipsoids are clearly confocal. 

When the couples and G' are equal and opposite^ the 
equation (6) becomes 

ii__ii_ii_ r+r 

A'^ A'^B^ B^ C'^ a" G* ' 
and the bodies are said to be contrarelated* 

194. To compare the angular vdocitiea of the two bodies at 
any instant 

Let 0) be the angular velocity of one body at any instant, then, 
following the usual notation we have 

* t . 1 . s /»/cos'a . cos"^ . cos'7\ 

If the same letters accented denote similar quantities for the 
other body ^ ^,^ /cos' a , cos" ^8 . cos' i\ 

But remembering the condition (6) these give 

By referring to (7) the quantity in square brackets is easily 
3eentohQT/G+r/0\ 



♦ • ^ —<^ =^ -qH 



196. Ex. If two bodies be so related that their ellipsoids of gyration are con- 
focal, and be initially so placed that the angles (a, /9, 7) (o', /3', 7') their principal 
axes make with the invariable line of each are connected by the equations 

costt cosg^ cos j8 __ cos /S* cos 7 cosy 

and if these bodi es be set in motio n by two impulsive couples O, Q' respectively 
proportional to ^ABC and Ja'B'C, then the above relations wiU always hold be- 
tween the angles (o, ^, 7) (a', pf, ^, U p and p' be the reciprocals of d^ijdt and 
dXIdt, then Gp-ffp' will be constant throughout the motion, where X, V, Ac, are 
the angles the planes LOA, L'O'A' make at the time t with their positions at the 
tune t=sO. 



* This result may also be obtained in the following manner. By Art. 172 the 
angular velocity w of one body is equivalent to an angular velocity T/G about the 
invariable Ime and an angular velociiy O about a straight line OH which is a gene- 
rator of the rolling and sHding cone. Hence «8=T2/G8+0«. A similar equation 
with accented letters wiU hold for the other body. Since in the two bodies the 
angles between the principal axes and the invariable line are equal each to each 
throughout the motion, the rolling motions of the two cones must be equal, hence 
Q = 0'. It follows immediately that w^ _ ^^'a _ x^JG^ - T'VG^ 
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196. Sylvester's measure of the time. When a body 
turns about a fixed point its motion in space is represented by 
making its momental ellipsoid roll on a fixed plane. This gives 
no representation of the time occupied by the body in passing from 
any position to any other. The preceding Articles will enable us 
to supply this defect. 

To give distinctness to our ideas let us suppose the momental 
ellipsoid to be rolling on a horizontal plane underneath the fixed 

^ point 0, and that the instantaneous axis 01 is describing a polhode 
about the axis of ^. Let us now remove that half of the ellipsoid 
which is bounded by the plane Qf BG^ and which does not touch 
the fixed plane. Let us replace this half by the half of another 
smaller ellipsoid which is confocal with the first. Let a plane 
be drawn parallel to the invariable plane to touch this ellipsoid 
in I' and suppose this plane also to be fixed in space. These two 

t semi-ellipsoids may be considered as the momental ellipsoids of 
two correlated bodies. If they were not attached to each other 
and were free to move without interference, each would roll, the 
one on the fixed plane which touches at /, and the other on that 
which touches at /'. By Arts. 192 and 193 the upper ellipsoid 
(being the smallest) may be brought into parallelism with the 
lower by a rotation Ot {1/A - 1/A') about the invariable line. If 
then the upper plane on which the upper ellipsoid rolls be made 

^ to turn round the invariable line as a fixed axis with an angular 
velocity G {1/A — 1/-4'), the two ellipsoids will always be in a state 
of parallelism^ and may be supposed to be rigidly attached to each 
other. 

t Suppose then the upper tangent plane to be perfectly rough 

and capable of turning in a horizontal plane about a vertical axis 
which passes through the fixed point. As the nucleus is made 

k to roll with the under part of its surface on the fixed plane below, 
the friction between the upper surface and the plane will cause 
the latter* to rotate about its axis. Then the time elapsed will 
be in a constant ratio to this motion of rotation, which may be 
measured off on an absolutely fixed dial face immediately over the 
rotating plane. 

197. The preceding theory, so far as it relates to correlated 
) and contrarelated bodies, is taken from a memoir by Prof. Sylvester 

in the Philosophical Transactions for 1866. He proceeds to in- 
vestigate in what cases the upper ellipsoid may be reduced to a 

* As the ellipsoid rolls on the lower plane, a certain geometrical condition must 
be satisfied that the nncleus may not quit the upper plane or tend to force it 
upwards. This condition is that the plane containing 01, Or, must contain 
the invariable line, for then and then only the rotation about 01 can be resolyed 
into a component about OF and a component about the invariable line. That this 
condition must be satisfied is clear from the reasoning in the text. But it is also 
clear from the known properties of confocal ellipsoids. 
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disc. It appears that there are always two such discs and no 
more, except in the case of two of the principal moments being 
equal, when the solution becomes unique. Of these two discs 
one is correlated and the other contrarelated to the given body, 
and they will be respectively perpendicular to the axes of greatest 
and least moments of inertia. 

198. Poinsot's measure of the time. Foinsot has shown 
that the motion of the body may be constructed by a cone fixed 
in the body rolling on a plane which turns uniformly round the 
invariable line. If, as in the preceding theory, we suppose the 
plane rough, and to be turned by the cone as it rolls on the plane, 
the angle turned through by the plane will measure the time 
elapsed. 



The Sphero- Conic or Spherical Ellipse. 

199. The foUowing properties of a sphero-conio wiU be found useful in con- 
nexion with the theorems of Art. 157. They appear to be new. The curve is 
represented by the line DED'E'. As before, the eye is supposed to be situated in 
the radins through A^ viewing the sphere from a considerable distance. The three 
principal planes of the cone intersect the sphere in the three quadrants AB^ BC, CA, 
and any one of the three points A, B, C might be called the centre. The arcs AD 
and AE are represented by a and b. 

The letters are not always the same as those used in the dynamical applications 
of the curve, but have been chosen to agree as far as possible with those usually 
employed in plane conies. In this way the analogy between the plane and the 
spherical ellipse will be made more ax^arent. 




1. Equation to the conic. Draw the arc PN perpendicular to AD and let 
P2fszy, AN=x» Let NP produced cut the small circle described on DD' as diame- 
ter in P', let NF be called the eccentric ordinate and be represented by y\ We 

then hare J^?^ -constant =^, 

tany' tana 



cos a = cos /cos a;. 
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2. The projectioii of the normal PO on the fooal radius vector 8P, I e. PL, is 

constant and eqnal to half the latns rectum. Also -i— ^.. = constant. 

Bin FN 

i&n^h 

If 2Z be the latus rectum, then tan l=- . 

tana 

3. If QAF be an are cutting PO at right angles, QA may be called the semi- 
conjngate of AP, Then tan PG^ . tan PF= tan* b. 

4. The length PK cut off the fooal radius vector by the conjugate diameter is 
constantand equal to a. This follows from (2) and (3). 

sin^5 

5. If 1 - ^=-r-j- f e may be called the eooentrioity of the sphero-conic. Then 

tan AG =:e^ia,n AN. 

6. Also 8 being a focus 8E=HE=:a, and tan 8A=e tan a 

tan (Si> - a) = e tan JLJV. 

7. Polar equations to the conic 
.= 1 ^rr COB PSA. -:-s-rF.=^-e^coB*PAD. 



ianSP oo8«6 sinMP 

tan' fi 

8. If p be the radius of curvature at P, then tan p = 7 — ?-; . 

"^ '^ tan* I 

9. Regarding AP, AQ ab conjugate semi-diameters, defined as above, 
sin«^P+sinMQ=8in2a+sin26) ^ _._ ^ _^_ sin** 
sm JQ . 8mPP=sma . sm6 ) sin^a 

10. If jp be the perpendicular from the centre A on the tangent at P, 

tan*atan*& 



tan*p 



= tan2 a + tan* 6 - tan* ilP. 



11 Ai L 'unr, J. 9 1 « • «r»xT tan*PG tan* 6 

11. Also tan*P6?-tan*Z= — i^sin*P^» . „„ — . TrT> =-' « . 

cos* 6 sm /SfP . smHP sm* a 

iA sin* a- sin* ^P| e* . , d*t 

=sm*-4Q-sm*6) 1-6* 

tan*& 
Cob. tan* PG= .^ . . (cos*uiP-cos« acosH). 

cos* 6 sm* a ^ ' 

• ^ 

If sin i^Jlf =sin AM'=- — , the planes of the arcs BM and BM^ are parallel to 

sma 

the circular sections of the cone. Some of the properties of these arcs resemble 

those of asymptotes when B is regarded as the centre of the conic. The properties 

which connect the sphero-conic with the arcs BM and BM* will be found in 

J>r Salmon's Solid Geometry. 

Many other properties of sphero-conics will also be found in Dr Frost's Solid 
Geometry, 

EXAMPLES*. 

1. A right cone the base of which is an ellipse is supported at G the centre of 
gravity, and has a motion communicated to it about an axis through G perpendicu- 
lar to the line joining G, and the extremity B of the axis minor of the base, and in 
the plane through B and the axis of the cone. Determine the position of the in- 
variable plane. 



* These examples are taken from the Examination Papers which have been set 
in the University and in the Colleges. 
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EeiuU. The nonnal to the invariable plane lies in the plane passing through 
the axis of the oone and the axis of instantaneous rotation, and makes an angle 
whose tangent is A (%'+ 4a*)/166 (a> + V), 

2. A spheroid has a particle of mass m fastened at each extremity of the axis of 
revolution, and the centre of gravity is fixed. If the body be set rotating about any 
axis, show that the spheroid will roll on a fixed plane during the motion provided 
mlM=^ (1 - a*l<^), where Jlf is the mass of the spheroid, a and e are the axes of the* 
generating ellipse, c being the axis of figure. 

8. A lamina of any foim rotating with an angular velocity a about an axis 
through its centre of gravity perpendicular to its plane has an angular velocity 
a(jS+C)^/(B~C)^ impressed upon it about its principal axis of least moment, 
AyBfC being arranged in descending order of magnitude : show that at any time t 
the angular velocities about the principal axes are respectively 

2tt / B + C e^-g-"^ . / B + C 2tt 

?r;^' " V B-C7 "^«/+^-a* *°^ V J3-(7 ^a«+,-a«' 

and that it will ultimately revolve about the axis of mean moment. 

4. A rigid body not acted on by any forces is in motion about its centre of 
gravity: prove that if the instantaneous axis be at any moment situated in the 
plane of contact of either of the right circular cylinders described about the central 
ellipsoid, it will be so throughout the motion. 

If a, 6, e be the semi-axes of the central ellipsoid, arranged in desc^iding order 
of magnitude, tf^, e^ e^ the eccentricities of its principal sections, O^, O^ O, the 
initial component angular velocities of the body about its principal axes, prove that 
the condition that the instantaneous axis should be situated in the plane above 
described is Qi/«i=(a&/c*) {OJe^), 

5. A rigid lamina not acted on by any forces has one point fixed about which 
it can turn freely. It is started about a line in the plane of the lamina the m6ment 
of inertia about which is Q. Show that the ratio of the greatest to the least angular 

velocity is J A +B : fjB + Q, where A^B Bxe the principal moments of inertia about 
axes in the plane of the lamina. 

6. If the earth were a rigid body acted on by no forces rotating about a diameter 
which is not a principal axis, show that the latitudes of places would vary and that 

the values would recur whenever ,^^11 - B J A - C JtJidt is a multiple of 2ir^BC. 
If a man were to lie down when his latitude is a minimum and to rise when it be- 
comes a maximum, show that he would increase the vis viva, and so cause the pole of 
the earth to travel from the axis of greatest moment of inertia towards that of least 
moment of inertia. 

7. 11 d9 he the angle between two consecutive positions of the instantaneous 

^p™..u.^{|)'.(^)V(^)V(t)--(|)-. 

8. If n be the angular velocity of the plane through the invariable line and 
the instantaneous axis about the invariable line and X the component angular 
velocity of the body about the invariable line, prove that 

9. If a body move in any manner, and all the forces pass through the centre of 
gravity, prove that -^f 2-. (log Wi) ^^(logwg) J^(lo««8)=0» w^ere wj, wj, Wg 

are the angular velocities about the principal axes at the centre of gravity, and (u 
is the resultant angular velocity. 



CHAPTER V. 



MOTION OF A BODY UNDER ANY rORCES, 

200. In this Chapter it is proposed to discuss some caaes 
of the motion of a rigid body ia three dimensions as examples 
of the processes explained in Chapter i. The reader will find 
it an instructive exercise to attempt their solution by other 
methods ; for example, the equations of Lagrange might be 
applied with advantage in some cases. 

In each section of the Chapter the general method of proceed- 
ing will first be explained and a number of examples will then be 
considered. These have been chosen as being apparently the most 
interesting cases of the motion of a body which occur. But of 
course all the results obtained are not equally valuable. Besides 
this, some of the processes are only slight variations of those 
which have been already explained. Accordingly it has not been 
thought necessary in every case to give the whole of the alge- 
braical work. The plan of the solution is sketched more or less 
fully and the results are stated. It is believed that the reader 
will be able to supply the omitted steps for himself. The student 
will find his interest in the subject greatly increased if, after 
reading the first few articles in each section, he will attack the 
problems which follow in his own way. He may then profitably 
compare his results with the solutions here sketched out. 

Motion of a Top. 

201. A body two of whose principal moments at the centre 
of gravity are equal moves about some fixed point in the axis 
of unequal moment under the action of gravity. Determine the 
motion** 

To give distinctness to our ideas we may consider the body 
to be a top spinning on a perfectly rough horizontal plane. 

Let the axis OZ be vertical. Let the axis of unequal moment 
at the centre of gravity be the axis OG and let this be called 
the axis of the body. Let h be the distance of the centre of 
gravity Q of the body firom the fixed point and let the mass 
of the body be taken as unity. Let OA be that principal axis 

* A partial solution of this problem by Lagrange's equations is given in Vol. i.. 
Chap. vm. ^ '"^Z^ 
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at which lies in the plane ZOO, OB the principal axis perpen- 
dicular to this plane. 

If we take moments about the axis 00 we have by Euler's 
equations (Vol. I. Chap, v.), 



di 



6i> 



But in our case A^B, and since the centre of gravity lies 
in the axis 0(7, we have i\r= 0. Hence ©, is constant and equal 
to its initial value. Let this be called n. 

Let us measure along the axis 00 in the direction OO s, 
length OP—A/h. Then, by Vol, i. Chap, m., P is the centre* 
of oscillation of the body. This length we shall call I. Let 
be the inclination of the axis 00 to the vertical, -^ the angle 
the plane ZOO makes with some plane fixed in space 4)assing 
through OZ Then by the same reasoning as in Euler's geome- 
trical equations (Vol i. Chap, v.) we find that the velocities of P 
resolved 

perpendicular to plane ZOO = — ia^ = ? sin ^ dy^/dt) .- v 

parallel to plane ZOO-^ lo>^ = ldd/dt ^'"^ ^' 



!■ 




It is clear that the moment of the momentum about OZ 
will be constant throughout the motion. Since the direction- 
cosines of OZ referred to OA, OB, 00 are — sin^, and cos^, 
this principle gives 

-^6y,sin^-f Oncosd-E. (2), 

where E is some constant depending on the initial conditions, 
and whose value may be found from this equation by substituting 
the initial values of o)^, and 0. 
The equation of Vis Viva gives 

A{(D,'' + a>^*)-^Cn*=:F-2ghcos0 (3). 

• To avoid oonfasion in the figure, the body, which is represented by a top, 
is drawn smaller than it should be. 
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where F is some constant, whose value may he found by substi- 
tuting in this equation the initial values of Oj, ©,, and 6 *. 

202. Motion of the centre of Oeeillation. Let us measure along the vertical 
OZ^ in the direction opposite to gravity as the positive direction, two lengths 
OU=EllGn, 0V=l{F'-Cn^)l2gh. These lengths we shall write briefly OU=a, 
and OV=h, Draw through U and V two horizontal planes, and let the vertical 
through P intersect these planes in M and N, Then the equations (2) and (8) give 

by (1), transverse velocity of P= (Cn/ A) tan Pl^ilf (4). 

(velocity of P)«=25fP2^ (5). 

Thus the resultant velocity of V is that due to the depth of P below the horizontal 
plane through V, and the velocity of P resolved perpendicular to the plane ZOP 
is proportional to the tangent of the angle PU makes with a horizontal plane. 

It appears from this last result that when P is below the horizontal plane 
through U, the plane POV turns round the vertical in the same direction as the 
body turns round its axis, i.e. according to the usual rule, OV and OP are the 
XX)sitive directions of the axes of rotation. When P passes above the horizontal 
plane through U, the plane POV turns round the vertical in the opposite direction. 
If P be below both the horizontal planes through and U these results are still 
true, but if a top is viewed from above, the axis will appear to turn round the 
vertical in the direction opposite to the rotation of the top. In aU the cases 
in which P is below the plane UM the lowest point of the ilm of the top moves 
round the vertical in the same direction as the axis of the top. 

If we substitute for a;^, <a^ E and F in (2) and (3) their values, we easily obtain 

d\l/ a 

hi sin2 e -^+ Cn eos 6 =Cn -z 

* ' ■ (6). 



^10'+-'<f)l=2^ (*-'-"); 



These equations give in a convenient analytical form the whole motion. We 
see from the last equation, what is indeed obvious otherwise, that b-lcosO is 
aJways positive. The horizontal plane through V is therefore above the initial 
position of P and remains above P throughout the whole motion. 

Ex. 1. If <a be the resultant angular velocity of the body and v the velocity of P 
show that ««=»» + (v/Z)«. 

Ex. 2. Show that the cosine of the inclination of tiie instantaneous axis to the 
vertical is {E + (A-C)nooBe} [Au. 



* If we eliminate ui^ w^ from equations (1), (2), (3) we have two equations from 
which 6 and ^ may be found by quadratures. These were first obtained by 
Lagrange in his M6canique Analytique, and were afterwards given by Poisson in 
his Traiti de M6canique, The former passes them over with but slight notice, 
and proceeds to discuss the small oscillations of a body of any form suspended 
under the action of gravity from a fixed point. The latter limits the equations to 
the case in which the body has an initial angular velocity only about its axis, and 
applies them to determine directly the smaU oscillations of a top (1) when its axis 
is nearly vertical, and (2) when its axis makes a nearly constant angle with the 
vertical. His results are necessarily more limited than those given in this 
treatise. 

R. D. II. 8 
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203. Rise and Fall of u Top. As the stxis of the body 
goes round the vertical its iaclination to the vertical is cantinually 
changing. These changes may be found by eliminating d^^/dt 
between l!he equation (6). We thus obtain 

It appears from this equation that can never vanish unless 
a *= Z, for in any other case the right-hand side of this equation 
would become infinite. This may be proved otherwise. Since 
a/l is equfid to the ratio of the angular momentum about the 
vertical to that about the axis of the body, it is el&ax the axis 
could not become vertical unless the ratio is unity. 

Suppose the body to be set in motion in any way with its 
axis at an inclination i to the v^^icaL The axis will begin to 
approach or to fall away from the vertical according as the initial 
value of dO/dt or oi, is negative or positive. The axis will then 
oscillate l)etween two limiting angles given by the equation 

= 2^AV(6-Zcos^)(l-cos'^)-(7W{a-icos^f (8). 

This is a cubic equation to determine cos 0. It will be neces- 
sary to examine its roots. When costf = — 1 the right-hand side 
is negative ; when cos = cos i, since the initial value of {d0/dty is 
essentially positive, the right-hand side is either zero or positive ; 
hence the equation has one real root between cos ^ = — 1 and 
cos = cos t. Again, the right-band side is negative when cos^=+ 1 
and positive when cos 0= oo . Hence there is another real root 
between cos ^ = cost, and cos^ = l, and a third root greater than 
unity. This last root is inadmissible. 

204. These limits may be cDiiYenieiitly expregBed geometrically. The equation 
(7) tnay evid^itly be writt^i in the form 

yii)-''^'^''--w\m) (^)- 

Describe a parabola with its vertex at Z7, its axis yertically downwards and its 
latns rectum equal to C^n^ftgh?, Let the vertical PMIT cut this parabola in i2, we 

then have 2g 1^ 1 

{I dejdty - 2gMN "PM'^Tr ^ ®'" 

The point P oscillates between tiie two positions in which the harmonic mean 
of PM and PR is equal to — 2 . MN, In the figure V is drawn above U, and in 
tMs eikse one of the limits of P is above VM, and the otiier below the parabola. If 
we take' U as origin and UO as tiie acxis of a;,-we have Pif =x, I73f :=^. Let 2pl be 
the latQS tectmn of the parabola, and UV^c, then iihe a^is of- thebody oscillates 
between l^e two positions m which P lies on the cubic 'curve 

y'{x + €)^2pla? ., (11). 

"Wlten c is positive, i.e.^bfen Vis above V, tiie "form of the curve is indicated 
in the figure by the dotted line. The tangents at U cat each other at a finite 
angle and the tangent of the angle either makes with ihe v^iioal is {%ptjc)^. When 
c is negative the curve has two branches, one on each side of the vertical, with a 
conjugate point at the origin. It is clear from what precedes that the upper 
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branqh will lie above, and the lower brancih below, tbe initial position of P, 
and that P must always lie between the two branches. 

205. In the case of a top, the initial motion is generally given 
by a rotation n about the axis. We have initially «, = 0, ©, = 0, 
and therefore by (2) and (S) I!= On cos t, and F— (7n* = 2ffh cos i. 
This gives a—h-l cost. Putting G*n^/2gh^= 2pl, a s before, the roots 

of equation (8) are cos = cos t\ and cos ff == j) — Vl — 2j? cos t + j)*. 
The value cos^=.p + Vl — 2pcost+jp* is always greater than 
unity, for it is clearly decreased by putting unity for cos t, and 
its value is then not less than unity. The axis of the body will 
therefore oscillate between the values of just found. 

Since a=&, the horizontal planes through U and V coincide, and c=(). The 
cubic curve which determines the limits of oscillation, becomes the parabola UR 
and the straight line UM, The axis of the body will then oscillate between the two 
positions in which P lies on the horizontal through U and on the parabola. 

Generally the angular velocity n about the axis of figure is 
very great. In this case p is very great, and if we reject the 
squares of 1/p we see that cos will vary between the limits cos i 
and cos i — sin' i . /2p. 

If the initial value of t is zero, w^ see that the two limits of 
coai are the mtoe. The axis of the body will therefore remain 
yerticaL 

206. ExAUPLXS. Ex. 1. When the limiting angles between which varies are 
^naX to each other, so that is constant throughout the motion and equal to a, 
ahow that tan^ -^ tan^ tan a + tan^ a cos ,al4p s? 0, where ^ is the angle PUM. 

Ex. 2. A top is set in motion on a smooth horizontal plane with an initial 
resultant angular velocity about its axis of figure. Show that the path traced out 
by the apex on the horizontal plane lies between two circles, one of which it touches 
and the other it cuts at right angles. [M, Finek, Nouvelles Annates de MathSmatiqueSy 
Tom. IX. 1850.] 

Ex. 3. Show that the vertical pressure of a top on the ground is greater than 

its weight by ^h -= ( sin ^ -j- ) . Hence by equation (7) of Art. 203 show that -R 

a cos \ dftj 

is a quadratic function of cos with iionstant coefficients. 

207. P jpe c e Ml on ai^ .IViitali^on of a Top. J. body, two of johme principal 

moments at the centre of gravity G are equals turns about a fixed, point O in the axis 
of unequal moment under the action of gravity. The dxis OG being inclined to the 
vertical at an angle a, a^ revolving about it with a uniform angular velocity, find 
the condition that the motion may he steady, and the time of a. smalt oscillation. 

The equations (2) and (3) of Art. 201 contain the solution of this problem. But 
if we use the equation of Vis Viva in the form (3) we shall have to take into account 
the ^squares of small quantities. It will, be found more convenient ta replace it by 
one of the equations of the second order from which it has been derived. The 
simplest method of obtaining this equation. is to use Lagrange's Bnle as given in 
Vol. I. Chap. vni. We thua obtain 

A2r^'Aco^0Bm0 i-£\ ■bCnBm0-^=zghsin0 (12). 

8—2 
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This equation might also have been obtained by differentiating both (2) and (3) 
and eliminating tPypldt*. 

When the motion is steady both and dypldt are constants. Let ^=a, dy//ldt=fi, 
then the equation (2) only determines the constant E and (12) becomes 

sina(-^ coBafA^+Cnfi-gk) = (13). 

This indicates two possible states of steady motion, one in which a=0 or t, and 

the other in which Cn ± Jc^^ - ^ghA cos a 

/*= o J. (14), 

'^ 2 A cos a ^ ' 

a relation which does not necessarily hold when a=0 or «-. 

In the former of these two motions the axis of the body will oscillate abont 
the vertical and drf/ldt will not be small or nearly constant. It will therefore be 
more convenient to discuss the oscillations about this state of steady motion with 
other co-ordinates than and ^. 

In the latter of these two motions, if the centre of gravity of the body be above 
the horizontal plane through the fixed point 0, h cos a will be positive. In this case 
the angular velocity n of the top round its axis of figure must be sufficiently great 
to make the quantity under the radical positive. We must therefore have v? not 
less than ^ghA cos a/C*. 

When a and n are given we can make the body move with either of these 
two values of ix by giving the proper initial angular velocities to the body. By 
equations (1) we see that the conditions of steady motion are W] = - /u sin a, (a^=0. 
When a top is set in motion by unwinding a string from the axis, the value of n is 
very great while the initial values of o^ and ia^ are zero. The steady motion about 
whieh the top makes small oscillations will therefore have ii small. Hence the 
radical in (14) will have the negative sign. We have therefore very nearly ^ ^ghlCn, 

208. To find the 9maU oscillation. Let ^=a+^, and d\lfldt=fi+d)f/ldt, where d^ 
and dyp'ldt are small quantities whose squares are to be neglected. Let a and fi be 
such that they contain the whole of the constant parts of 6 and dyj/ldty so that ^ and 
dxl/jdt contain only trigonometrical terms. Then when we substitute these values 
in equations (2) and (12), the constant parts must vanish of themselves. The equa- 
tions thus obtained determine E and /a, and show that their values are the same as 
those determined when the motion is steady. The variable parts of the two equa- 
tions become, after writing for Cn its value obtained from (13), 

dxl/ 
Afisma —-- {gh—Afi* COB a) 0'=O 

^M'-j-^ + sin o (<7fc - Afjfl cos a) -~ +fi^A sin* o^=0 1 

To solve these, put ^=Fsin(2)t+/), and ^'=G cos (pt+f). 
Substituting, we have 

- A fi Bin a, pG={gh- A fjL^ COB a) F ) 

{Afip^-fi^A BiD^ a) F =- {gh - Afjfl COB a) Bm a, Gp\' 
Multiplying these equations together, we have 

, _ ^ V^ - 2ghA cos a/t« -f g^h^ 

and the required time is 2t/p*. It is evident that p^ is always positive, and there- 
fore both the values of fi given by (14) correspond to stable motions. 

- -^ - 

* This expression was given by the Rev. N. M. Ferrers, now Master of Gonville 
and Caius College, as the result of a problem proposed by him for solution in the 
Mathematical Tripos, 1859. 
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It is to be observed that this investigation does not apply if a be very small, for 
in that case some of the terms rejected are of the same order of magnitnde as those 
retained. A different mode of investigation is therefore reqaired, this case will be 
considered in Art. 212. 

209. We may also determine the steady motion very simply by another process, 
"wliich will be found useful when we come to consider Precession and Nutation. Let 
OC be the axis of the body, OI the instantaneous axis of rotation, OZ the vertical. 
Then when the motion is steady, these three must be in one vertical plane which 
revolves about OZ with a uniform angular velocity fi. Let (a be the angular velocity 
about Olf then w cos I(7=n. Let OB be the horizontal axis about which gravity 
tends to turn the body, then OB is perpendicular to the plane ZOC, 

Since gravity generates an angular velocity {gh sin ajA) dt in the time dt about 

OB, therefore by the parallelogram of angular velocities, the instantaneous axis 01 

has moved in the time dt through an angle {gh sin alAu) dt in a plane perpendicular 

to the plane ZOL Hence the angular velocity of I round Z due to the action of the 

. . dypi ghama 1 

forces IS — ?-* = .-: , 

dt Abi smlZ 

Also, since the angular velocity of the body about OB is zero, the moments of 

the centrifugal forces about the axes OA, OC are zero. The moment about OB is 

{ A — Cf) rua sin IG dt, and this generates an angular velocity {{A - Cj/A] nta sin IC dt 

about OB. Hence the angular velocity of I round Z due to the centrifugal forces of 

XI 1. J • ^^^ A-C sin IC 

the bodv is — ^ = n . — - . 

^ dt A sin IZ 

The whole angular velocity is the sum of these two, i.e. 

sin/C 



/ghBma . _ -, A-C \ si 

/i=[ —i cot JC+ — -T— n) - 

^ \ An A J SI 



sinZZ" 




But when the motion is steady OZ, 01 and OC are all in one plane. Now the 
angular velocity of C round / is <u, and therefore its angular velocity round JZ is ft 
where /iBmZC= (a sin. IC. But « cos IC = n, hence, tan IC=fi sin o/n. Substituting 
this value of tanIC in the value of fi, we get ghlfjL=Cn - Afi cos a, the same expres- 
sion as before. 

210. Ex. A top two of whose principal moments at O are equal is set in rota- 
tion about its axis of figure, viz. OC with an angular velocity n, the point being 
fixed. If OC be horizontaly and if the proper initial angular velocity be communi- 
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cated to the top about the vertical tfaron]^ O, prove that the top wOl not faXL down, 
bnt that the axis of figtire will revolve round the vertical, in steady motion, with an 
angular velocity AA=pA/Cn, where A is the distance of the centre of gravity of the top 
from 0, and C is the moment of inertia about the axis of figure* Show also that if 
the top be initially placed with OC nearly horizontal and if a veiy great angular 
velocity be communicated to it about OC without any initial angnlar velocity about 
OA or OB, then OC will revolve round the vertical remaining very nearly In a hori- 
zontal plane with an angular velocity /t, given by the same formula as before, and 
the time of the vertical oscillations of OC about its mean position will be 2ir^/Cn. 

211. Unsymmetrical Topi^ A body whose principal mo- 
ments of inertia are not necessarily equal has a point O fixed in 
space and moves about O under the action of gravity. It is required 
to form the general equations of motion. 

Let OA, OB, OC be the principal axes at the fixed point 0, 
and let these be taken as axes of reference. Let h, k, I be the 
co-ordinates of the centre of gravity O, and let the mass of the 
body be taken as unity. Let OV he drawn vertically upwards 
and let p, q, r be the direction-cosines of OF referred to OA^ 
OB, 00. Then we have by Euler s equations 

A^-(B-C)^,<o, = -gih-lq) 
B^-{G-A),o,<o, = -g{lp-hr) 

C^»-{A-B) to,fo, = -g {hq-kp) 

Also p, q, r may be regarded as the co-ordinates of a point 
in OV, distant unity from tt This point is fixed in space, and 
therefore its velocities as given by Art. 8 are zero. We have 

^ = «8? - ««n ^ = «i^ - «aPs ^ = «,P - ®i3- • -(2)- 

It is obvious that two integrals of these equations are supplied 
by the principles of Angular Momentum and Vis Viva. These 
give Aco^p + Boo^q -\- C^jf- = E, 

A(o^ -^ B(o; -{- C(o^ -= F -^g {ph-^- qhJt^rT), 

where E and J^ are two arbitrary coustants. The first of these 
might also have been obtained by multiplying the equations (1) 
by py q, r respectively, and (2) by J.©,, Bay , C<o^, and adding all six 
results. The second might have been obtained by multiplying 
the equations (1) by fi>., «,, ©, respectively, adding and simpli- 
fying the right-hand side by (2). 

212. A body whose principal moments of inertia at the centre of gravity Q are 
not necessarily equal, has a point in one of the principal axes at G fixed in tpace 
and can move about under the action of gravity. It is set in rotation about OG 
which is supposed to be vertical Find the small oscillations. 



.(1). 
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Ba£Brri]ig to the general eqnationtr of Art. 211, we see that in. this case ^=0, 
k^Qi Sinca QC Teooains always nearly vertical,. Wi and Vf are small quantities, wa 
may therefore reject the psochust ta^u^ in the last oi equations (1). This giyes <a^ 
constant. Let this constant Taln« be called n. For the same reason rsl nesfly 
and p^ q are botii smaU quantities. Snhstitnting we get the following lineaB 
equations, 

To solve these, assume 

Wi=iJ'sin(X«+/)V p = PBm{\t+f)\ 

Wa= G cos (\t +/) J * q = Q cos {\t +/)/ ' 

Substituting^ we get 

A\F-{B-~qnG=glQl \P:=.Qn-0\ 

B\G'{A-C)nF=glFj "' '^ '* \Q=Pn'-Ff '^ '' 

Eliminating the ratios F: G : P: Qwe have 

\hi^{A + B-C)^={gl-{-A\* + {B-C)n^{gl + B\^ + (A-C)n*i. 
If the values of X thus found should be real, the body will make small oscillations 
about the position in whidi OG is vertical. If C be the greatest moment, and n^ 
sufficiently great to make both gl~(C- A) n' and gl-(C- B) n* negative, then all 
the values of \ are real and the body will continue to spin with OG vertical. If G 
be beneath 0, 1 is negative and it will be sufficient that OC should be the axis of 
greatest moment. 

In order that the values of X^ may be real, we must have 
{gl{A + B)-hn^{AC+BC'-2AB-C^)]^>4t{(B-C)7^-¥gl]{{A-qn^+gl}AB, 
and in order that the two values of X' may have the same sign we must have the 
last term of the quadratic positive; .*. {{B-'C)n^-\-gl}{{A-C)n*+gl} is positive, 
and in order that the values of X' maybe both positive, we must have the coefficient 
of X* in the quadratic negative ; . •. gl(A + B)<n^{B-'C){A-'C), 

In the particular case in which A=B, each side of the quadratic becomes a 
perfect square and we have 

4\^J^{2A - €)n\+ (A - C)»»+pl=Qi 

•• ^~^~2l~" 2A 

In this case the conditions of stability reduce to n > 2 ^AgljG, By referring to 
equations (5) and (6) it will be seen that when ^ = JB we have F= G and P—^ If 
Xi ,, X2 be the two values of X found above, we have 

p=PiSin(Xif+/i) + PaSin (Xa«+/a)l 

g s= Pj cos (Xi* +/i) + Pa ^^ (^a* ^/aW ' 

Following the notation used in Euler's geometrical equations Vol. i. Chap, v., 
let 9 be the angle 00 makes with the vertical taken as axis of z, then r^ = cos^ 0=1-0^, 
and hence e^^p^-\-q^=P^+P^-\'2P^P^ cos {(Xj - X,) «+/i -/aJ. 

Let be the angle the plane containing OA, OC makes with the plane contain- 
ing 00 and the vertical OV, we have p?=-Bm$ cos <^, and g = sin ^ sin 0, and h^ice 



tan wi = -Pi cog fii< -^-/i) + P9 COS (V +/ 8) 
^ PiSin(Xi«+/i)+Pa«ii(V+/ar 



Binee $ is very small we have, still following the same nqtaticm, \l/=nt + a- i>, 
where a is 8om^ constant, depending on ihe position of the 'arbitrary plane from 
which ^ is measured. 
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When the axis of the top is inclined at an angle a to the vertical, the period of 
oscillation about the steady motion is found in Art. 208 to be 2r/p. Bnt this period 
is different from either of the periods fonnd in Art. 212 when the axis is supposed 
to be nearly vertical. We easily see by eliminating ia from the expression for p that 
|>=:Xi-X2, so that the period of oscillation of $ when the axis is inclined is the 
same as the period of oscillation of 0^ when the axis is vertical*. 

213. A body whose principal moments at the centre of gravity are not necessarily 
equal is free to turn about a fixed point 0, and is in equilibrium under the action of 
gravity, A small disturbance being given, find the oscillations, 

Beferring to the general equations in Art. 211 we see that in this case w^, Wa* o^* 
are small, hence in equations (1) we may omit the terms containing the products 
Ai^Wj, W3W3, WjiHj* -^^^ since in equilibrium OG is vertical, p, 9, r are always 
nearly in the ratio h :k il\ hence if 0G = a, we may write hfa, kfa, Ija for p,q,r 
on the right-hand sides of equations (2). The six equations are now all linear. To 

solve these we put ta^^H Bm{\t+fi) and p =x h/a+P cob (\t+fi) (3), 

<^8> <^f 9 A^d ^ being represented by similar expressions with K and L written for 
S; Q, k and R, I written for P and h. Substituting these in the equations we get 
six linear equations. Eliminating P, Q^ R we have 

* In order to understand the relation which exists between the results and 
those of Arts. 208 and 212, it will be necessary tro determine the oscillations by some 
process which holds both when a is larg& and' very small. This may be done as 
follows. We have by Vis Viva the equation (see Art. 201) 



fdey f E - Ctocos e \^ _ F'- 2ghooB 

\dt)'^\ ^siS7~j ■" ' ^^'* 



A 
where F' has been put for F- CnK If we put «=cos 0j this takes the form 

A^(dzldt)*-^(E-Cm)^=A{F'-2ghz)(l-z^) (2). 

Let us assume as the solution of this equation j; = cosa + Pcos (X<+/) (3), 

where P is so small that on substituting in the above equation we may neglect P^. 
Substituting and equating to zero the coefficients of the several powers of cos {\t +/) 
we get A^Pn? + {E-Cncoa a)^ ^A(F'- 2gh cos o) (1 - cos^a) j 

- {E -On COB a) Cn= -ghA- AF* cob a +3ghAcoB^aK (4). 

- A^^ + C2»«= - JF + GghA cos a ) 

Now let us change the constant E into another /* by putting — -7—^3 — =/* + vP*, 

where 7 is to be so chosen as to remove the term A^P^^ in our first equation. 

, ,^v -I /«v . i^ «.^^ d^ E -Cn COB $ 
Smce by (1) and (2) Art. 201 ■J = "^8in«^~ ^^^» 

we see that, when $ is not small, fi differs from the constant part of drpldt only by 
quantities depending on the squares of the small oscillation, and these are 
neglected in the text. Substituting for E and eliminating F' between the first 
and second equations we get Cnfx^A cos a^+gh. 

Eliminating F* between the first and third of equations (4) and substituting for n 

we get X2=(/xM3-2<7A^cosaM'+^2/i*)MV'. 

This process gives the period of the small oscillation in cos 6, When B is finite 
this is the same as the oscillation in d, since cos ^= cos a - sin aff. When 6 is very 
small, cos ^=1-^9^ and the time of oscillation in cos^ is the same as that in 0^, 
With this understanding it will be seen that there is a perfect agreement between 
the results of Arts. 208 and 212, when a is put equal to zero. 
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-hkH+ (-BX^ + t^ + hAK-lkL^r^O 
-lhH-lkL-{'f-C\^ + h'-\-h*\L=Oj 



(4). 



Eliminating the ratios of If, K, L we have an equation to find X'. One root is 
X^=0, the others are given by the quadratic 

x..('Jj£.2*iV^-)€x.,^^-ilt^«'=.. ,5,. 

To ascertain if the roots are real we must apply the usual criterion for a quad- 
ratic. This requires that 

{A{B-G)h* + B(C-A)h'-C(A-B)l^^ + iAB.{B-C){A-C)h:'h* (6) 

should be positive. Since A, B, C can be chosen to be in descending order, we see 
that the condition is satisfied. See also Art. 58. 

If G is above 0, a is positive and the values of X^ are both negative. The equi- 
librium is therefore unstable. If G is below 0, a is negative and the values of X' 
are both positive. If the roots are equal, the two positive terms in (6) must be 
separately zero, this gives &=0 and A{B-C)h*:BC (A-B)l*, Le, the centre of 
gravity lies in the asymptote to the focal hyperbola of the momental ellipsoid. In 
this case we find X'= -agjB, The case in which k^O, Z^O, B = C has been con- 
sidered in Art. 212. 

If the values of X' are written 0, X^', Xj' we have 

Wj = Ho + H^t + Hi sin (X^t + Ati) + Hj sin {\t + fi^), 
with similar expressions for ci;,, wj. Equations (2) then give^, q, r. But substitut- 
ing in (1) we find that all the non-periodic terms which contain t are zero. 
Bemembering that ]>* + g* + 1^= 1 we have finally 

b)i =■ Wija + Hj sin (Xir+ /ij) + Hj sin (Xjt + /Xg), 
ta^ and a;, being represented by similar expressions with k, K and Z, L written for 
7i, H, The values of K^ , L^ and fj) -^a ^® determined by equations (4) in terms of 
Hi and Hj respectively. We also have 

P = -+ —~ - cos (Xie + Ali)+ — ^-^r ^COS (Xg^ + Alg), 



a 



dX 



aXg 



with similar expressions for q and r. There remain five constants, viz. 0, H^, H^, 
A^if M^tohe determined by the initial values of Wj, w^, (a^,r and g. 

When the roots are equal the equations depending on p, r, (tfj separate from those 
depending on g, ctfi, coj, forming two sets; we find 



Wi = 0- + Hsin (X« + Ati) 

A\ 
g= H - cos(X« + ;ti) 



> » 



0^3= KBm(\t + /JL^ 

h I 
|) = - + if — cos (Xt + Atj) 
ct aX 

r=--K— COS (\t+fjUi) 



A solution of this problem conducted in a totally different manner has been 
given by Lagrange in his Mecanique Analytique, His results do not altogether 
agree with those given here. 

If we substitute the values of o^x, Ws, wg, j), g, r in the equation of angular 
momentum of Art. 211 and neglect the squares of small quantities, we evidently 
obtain {Ah^-\-Bk^+Cl^Q=Ea^, AHk+BKk + CLl==0. 
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The first of these eqnotiozu^ ahows- that vflnishes. when the initial conditions 
are such that the angular momentum about the yertical is. zero. In this case the 
problem reduces to that considered in Art. 134. 

214. A body whose principal moments of inertia are not necessarily equal has a 
point O fixed in space and moves about under the action of gravity. It is required 
to find what eases of steady motion are possible i» which one principal axis OC at O 
describes a right cone round the vertical while the angular velocity of the body about 
OC is constant; and to find the small oscillations. 

Referring to the general e^ationff of Art. 211, we see that r and o^ are given to 
be constants. In this case the first two equations of (1) and (2) form a set of linear 
equations to find the four quantitieej), q, Wi, ta^* The solution of these equations 
is therefore of the form 

Wi=i?'^ + Fisin(X«+/)l i)=Po + PiBin(X«+/)| 

But these must also satisfy the last of equations (1)» Substituting we a^ ihat 
there will be a term on the left side of the form 

But tiiere.will be no soeh term on the li^^ side. Henee we muit hare eithmr 
A^Bf 1^1 =:& or 6^=0. The motion in the case in whioh A^B has akeac^ been 
considered in Art. 207. Again, substituting in the last of equations (^ and equat- 
ing to zero the coefficient of sin 2 {Kt +/) we find 

Substituting in the first two of equations (1) and equating to zero the coefficients 
of COB (X« +/) and sin (X« +/), we find 

- BX^i - (C - J) »JPi= - glP-^.\ 

from these equations we have jF\, G^ P^, Q^ all equal to zero and therefore ta^ w^ 
Pf q are all constant as well as the given constants wg and r^ 

In this case the equations (2) give u^lp=^*ajq^tajry so that the axis of revolu- 
tion must be vertical. Let w be the angular velocity about the vertical. Then 
^\=P^i <^3=9^t fOz'^Tta. Substituting in equations (1) we get 

1?" 9 "91 fl' "«• 9 -"Kh 

UnlesSf therefore, two of the principal moments are equal, it is necessary for 
steady motion that the axis of rotation should be vertical and the cen^ of gravity 
(hkl) must lie in the vertical straight line whose equations are (3). 

This straight line may be constructed geometrically in the following manner. 
Measure along the vertical a length OV=gl(a* and draw a plane through V perpen- 
dicular to OF to touch an ellipsoid confocal with the ellipsoid of gyration. The 
centre of gravity must lie on the normal at the point of contact. 

To find the small oscillations about the steady motion, i.e. to determine whether 
this motion be stable or not, we must put 

p^coa a+Po sinXi+Pj cos \t, 

with similar expressions for q, r, (a^, Wg, ta^ Substituting we shall get twelve linear 
equations to determine eleven ratios. Eliminating these we have an equation to 
find X. It is sufficient for stability that all the roots of this equation should be real. 
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Motion of a Sphere, 

215. General equations of Motion. To determine the motion 
of a sphere on any perfectly rough surface under the action of arty 
farces whose resultamt passes through tiie centre of the sphere. 

Let be the centre of gravity of the body and let the movinff 
axes OG, OA, OB be respectively a normal to the surface and 
some two lines at right angles to be afterwards chosen at our 
convenieiK^e. Let the motions of these axes be determined by 
the angular velocities 0^, ^^, 0^ about their instantaneous portions 
in the manner explained in Art. 3. Let u,v,v>he the velocities 
of G resolved par^Jlel to the axes so that w = 0, and oi » »^ w^ the 
angular velocities of the body about these axes. Let F,]r he the 
resolved parts of the friction of the perfectly rough surface on the 
sphere parallel to the axes, OA^ QB, and let B be the normal 
reaction. Let X, Y, Z be the resolved parts of the impressed 
forces on the centre of gravity. Let k be the radius of gyration 
of the sphere about a diameter, a its radius, and let its mass be 
unity. We shall suppose that in the standard case the sphere 
rolls on the cosvex side of the fixed surface and that the p(»itive 
direction of the axis Z is drawn outwards from the surface. The 
equations of motion of the sphere are by Arts. 22 and 5, 



Fa-^ 



d&>^ ^ ^ Fa 



dt 
du >, 



V 



(I). 



dt 






^X'\-F 



T^-F' 



(2), 



-djiA-\-0^v-Z-\-R 

and since the point of Contact of the sphere and surface is at rest, 
we have 

tt — ae&,««0, t^ + a«j=0 (3). 

Eliminating F, F, co^, ©^ from these equations, we get 
du ^ c? —, ^' /I 

at * cc-vi^ a +Ar * * 
rft; ^ a* XT , ^ /) I 



'8 



(4). 



(ft"''^»"~^+l? 



216. The meaning of these eqaations may be found as follows. 
They are the two equations of motion of the centre of gravity of 
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the sphere, which we should have obtained if the given surface 

had been smooth and the centre of gravity had been acted on 

¥ A* 

by accelerating forces — a-r-p ^fl^t a,nd —rj-iA ^fi^t along the axes 

OL "T" K a "T" rC 

GA, OB, and by the same impressed forces as before reduced in 
the ratio -^ — p. The motion therefore of the centre of gravity 

Ct "T" «/ 

in these two cases with the same initial conditions will be the 
same. More convenient expressions for these two additional forces 
may be found thus. The centre of gravity moves along a surface 
formed by producing all the normals to the given surface a constant 
length equal to the radius of the sphere. Let us take the axes 
GA, GB to be tangents to the lines of curvature of this surface 
and let p^, p, be the radii of curvature of the normal sections 
through these tangents respectively. Then 

.*-=-s' '-'l :-'^'- 

If (y be the position of the centre of gravity at the time t, the 
quantity djlt is the angle between the projections of two successive 
positions of GA on the tangent plane at O, Let Xv X% ^® ^^ 
angles the radii of the curvature of the lines of curvature at O 
make with the normal. The centre of the sphere may be brought 
from O to any neighbouring position G' by moving it first from O 
to H along one line of curvature and then from H to & along the 
other. As the sphere moves from G to H, the angle turned round 
by GA is the product of the arc GH into the resolved curvature 
of GH in the tangent plane. By Meunier^s theorem, the curvature 

is , multiplying this by sin ;^j to resolve it into the tangent 

plane we find that the part of 6^ due to the motion along GH is 

u 

— tan j^,. Treating the arc HO' in the same way, we have 

^. = JtaiiXi + ^tanx, (6). 

ri r% 

This result follows also from that given in Art. 13, Ex. 2. 

We have also an expression for co^ given by equations (1). 
Substituting for w^, (o^ from the geometrical equations (3) we get 



a^3 = ^,/l^i) (7). 

dt \p^ pj 



Many of the results in this section are deduced from equations 
(4) and (7) and in all these cases an apparently independent 
solution may be obtained by forming over again the equations 
(1), (2), (3), &c. (from which (4) and (7) have been derived), with 
such simplifications as suit the problem under consideration. An 
example of this process is given in Art. 221. 
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217. The solution of the equations may be conducted as fol- 
lows. Let {xy y, z) be the co-ordinates of the centre of the sphere. 
Then u, v may be found from the equation to the surface in terms 
of dw/dtj dyjdty dzjdt by resolving parallel to the axes of reference. 
If we eliminate u, v, 0^, ff^, 0^ by means of (4), (5), and (6), we 
shall get three equations containing a?, y, z, ©j, and their differential , 
coefficients with respect to t These together with the equation 
to the surface will be sufficient to determine the motion at any 
time. One integral can always be found by the principle of Vis 
Viva. Since the sphere is turning about the point of contact as 
an instantaneously fixed point we have 

(a» + A;") (o>,» + O + A'a>3* = 2^, 

where ^ is the force function of the impressed forces. This is 

the same as « « A;V « ^ a' 

"+''+^TP"»"'5m:f^ (8), 

and the right-hand side of this equation is twice the force function 
of the altered impressed forces. 

218. It will sometimes be more convenient to take the axis GA to be a tangent 
to the path. Then v=0 and therefore Wj^O. If U' be the resultant velocity of 
the centre of the sphere we have u^TT. Also if It be the radius of torsion of a 
geodesic touching the path at G and p the radius of curvature of the normal 
section at G through a tangent to the path, we have 6i=UIR and 6^= Ufp, In these 
expressions, as elsewhere, It is estimated positive when the torsion round GA is 
from the positive direction of QB to the positive direction of GO. If x he the 
angle the radius of curvature of the path makes with the normal, we have as before 
^8 = tan X Ulp, The equations (4) become 

dU _ ga ^ feg U \ 

-tanx=^^^,r+^j^,-a«3j 

The expression for Wg given by equations (1) now takes the form 

d(a. IP , , 

«dF=-^ (^')' 

It may be shown by geometrical considerations that this form is identical with 
that given in (7). 

219. To find the pressure on the surface we use the last of equations (2). This 
may be written in either of the forms 

^=-+- = -Z-Il (9). 

P Pi />a 

The sphere will leave the surface when B changes sign. This will generally 

occur when the velocity of the centre of the sphere is that due to one half of the 

projection of the radius of curvature of the normal section on the direction of the 

resultant force. 

220. Ex. 1. Show that the angular velocity of the sphere about a normal to 
the surface, viz. u^, is constant when « the direction of motion of the centre of 
gravity is a tangent to a line of curvature, and only then. 
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JSx. 8. A q»hMe is pvqjMied wi^KMit mitiol angular velooity about the xaditis 
normal to the butCcmm, so that its centra begins to moTo along. a line of oorvature. 
Show that it will oontinoe to describe that line of corvatnre if the force ttansvearse 
to the line of cnxratnre and tai:^ential to the Jmrfaoe is equal to aeven-fifths of the 
centrifugal force. of the whole mass collected .into theicentre, resolved in the taxigent 
plane to the surface* 

Ex. 8. If the sphere be not acted on by any forces, show that 

tan«x+iyj= constant, ow^^CTtanx, ^log f tan'x+y )=-^*mix- 
Show also that the path will not be a geodesic unless the path is a plane curve. 

221. Motion on a rougii plane. If the given mirface on 
which the sphere rolls be a plane, "we have p^ and p, both infinite, 
hence 0^, 0^ are both zero. If therefore a homogeneous -sphere roll 
on a perfectly rough plane under the action of any forces whatever 
of which the resultant passes through the centre of the sphere, the 
motion of the centre of gravity is the same as if the plane were 
■smooth, and all the joroes were reduced io fioe-^evenths of their 
former value. And it is also clear that the plane is the only ^surf ace 
which possesses this property for all initial conditions. 

We may easily obtain the first j>art of this theorem from -^i^t principles. 
Taking the directions of the axes^f x and y tp be^zed in space. and parallel tp.the 
rough.phme we have (Arts. 22 and 236) 









Eliminating F, F*, w^, w, we find 



whidi is the analytical statement of the theorem. The six equations of motion 
from which this result is derived are obviously only simplified forms of equations 
(1), (2), (3) of Art. 216. 

222. Ex. A homogeneous sphere is placed upon an inclined plane sufficiently 
rough to prevent sliding and a velocity in any direction is communicated to it. Show 
that the paUi of its centre will be a parabola, And if F be the initial horizontal 
velocity of the centre of gravity, a the inclination of the plane to the horiz^on, the 
latus rectum will be ^ V^lg sin a. 

223. Motion on a rough spherical Burfkce. If the given 

surface on which the sphere rolls he another sphere of radius 6 — a, 

we have p^=^p^ = h. Hence cOg is constant ; let this constant value 

be callea n, and let U be the velocity of the centre of gravity. 

Since every normal section is a principal, section, let us take OA a 

tangent to the patli. Henoe the motion of the centre of gravity is 

the same as if the whole mass collected at tliat point were acted on 

Jf anU , 
by an accelerating force -, — j^ -r— in a direction perpendicular to 

a -\- Jc 

the path, and all the impressed forces were reduced in the ratio 
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a' 



— i — p . According to the -usual convention ae to the relative posi- 

lions of the axes OA, GB, GrC it is clear that if the positive 
direction of OA be in the direction of motion, the angular velocity 
n should be estimated positive when the part of the sphere in 
front is moving to the right of OA and the additional force when 
positive will also act toward the right-hand side of the tangent. 
Since this additional force acts perpendicular to the path, it will 
not appear in the equation of Vis Viva. Hence the velocity of 
the centre of gravity in any position is the same as if it had 
arrived there simply under llie action of the reduced forces. Let 
O be the centre of the fixed sphere, the angle 00 makes with 
the vertical OZ, and yfr the angle the plane iZOO makes with any 
fixed plane passing through OZ, Then by Vis Viva we have 

where F is some constant to be determined from the initial con- 
ditions. This also follows from equation (8). 
Also taking moments about OZ^ we have 

b d f , .adylr\ ¥ d9 

8in 0dt\ dtj a^ + fc" dt' 

an equation which will be foimd to be a transformation of the 
second of equations (4). Integrating this equation we have 

BUT 6 -TT = E 5 Yi T- COS 0, 

dt a^' + k'^ b ' 

where E is some constant. These two equations will suffice to 
determine dO/dt and d^Jdt under any given initial conditioQS. 

If the sphere have no initial angular velocity about the normal 
to the surface it is clear that ti = and the additional impressed 
force is zero. If therefore a homogeneous sphere roll on a perfectly 
rough fixed spherical surface, and if the sphere either start from 
rest or have its initial angular velocity about the common normal 
equal to zero, the motion of the centre of the sphere is the 3ame as 
if the fixed spherical surface were smooth and the forces on Me 
rolling sphere were reduced to five-sevenths of their former value, 

224. Ex. A homogeneons sphere rolls tmder the action of gravity in any 
xxuaaxxr on a perfectly rofo^ fined ^here whose •centre is 0. Prore tiiat thxaagh- 
oatthe3Boibi<m (1) the velocity of the oentflre G -of the moving sphere is tfaat-dae to 
five-sevenths of its depth below a fixed horizontal plane ; (2) the moving sphere will 
leave the fixed sphere when the altitude of its centre above is ten- seventeenths of 
the altitude of the fixed plane above the same point; (3) the transverse velocity of 
O is pr.oportional to the tangent of the angle GU makes with the horizon, where U 
is a fixed point on a vertical through 0. 

225. Motloii on a von^ eyUnd«r. If the surface on which the sphere rolls he 
a cylinder the lines of curvature are the generators and the transverse sections. 
Let the axis OA be directed parallel to the generators, then p^ is infinite and p^-a 
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is the radios of exuTatnTe of the transyerse section. We have ^j=-v/^, ^3=0, 
and since Xs^O, $^^0. The equations (4) and (7) therefore become 

du _ a* y_ If' V 
di "^?+P a«+"Jb« S***^* 
dv ^ a* y. 
5t"a3+T' 
d (ata^ _ uv 
dt Pa 

From these equations the motion may be found. 

The second of these gives the motion transverse to the generators of the cylinder, 
and if r be the same for all positions of the sphere on the same generator, this 
equation may be solved independently of the other two. The transverse motion of 
thi centre of the sphere is therefore the same under the same initial circumstances 
as that of a smooth sphere constrained to slide in a plane perpendicular to the 
generators on the transverse section of the cylinder and acted onhy the sam^e impressed 
forces but redticed in the ratio a^j (a'+i^. 

Having found v we may proceed thus ; let 4> be the angle the normal plane to 
the cylinder through a generator and through the centre of the sphere makes with 
some fixed plane passing through a generator, then v=p^d<f>ldt. If d4>ldt be not 
zero, the first and third equations then become 

du k^ a* p^ — d (00)3) 

d<l> a'+ft* ' a*+l^ V dip 

If X be the same for all positions of the sphere on the same generator these 
equations can be solved without difficulty. For v and p^ being known in terms of 0, 
we have in this case two linear equations to find u and aw,. If X be zero, and 
If'rrfa', wefind 

aw,=:^sin(^/f 0+B), u=A tj^ cob (J^tp ■{■£), 
where A and B are two arbitrary constants to be determined by the initial values of 
u and W3. 

If X be not the same for all positions of the sphere on the same generator, let $ 
be the space traversed by the sphere measured along a generator. Then 

u=d^ldt={d^ld4>){vlp^). 
Substituting this value of u, we have two equations to find ^ and a&^g in terms 
of <p. One integral of these is equation (8) of Art. 217 which was obtained by the 
principle of Vis Viva. 

226. Ex. A sphere rolls under the action of gravity on a perfectly rough 
cylindrical surface with its axis inclined at an angle a to the horizon. The section 
of the cylinder is such that when the sphere rolls on it, the centre describes a 
cycloid with its cusps on the same horizontal line. If the sphere start from rest 
with its centre at a cusp,, find the motion. 

Let the position of the sphere be defined by ^ the space described along a gene- 
rator and s the arc of the cycloid measured from the vertex. If 4& be the radius of 
curvature of the cycloid at its vertex, we have 

-- /Bgcoaa^ 

Bmce v-dsjdt and /)a"+«'=166' we find that r/pj is constant. This gives with- 
out difficulty ^ _ ^sina /S5bg {^ 1 / Bgcosa ) 

**'"~ a V cosa i 7 W 2b J * 

/lObg . 1 /5gcoBa^ 
tt = sin a J./ — - sm = \/ -—rr — t. 



i 
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227. The relation, v/p^^ constant, holds whenever (1) the fordes acting at the 
centre of the sphere, and the form of the section of the cylinder, are so related that 
the tangential component bears a constant ratio to p^pjds^ and (2) the sphere starts 
from rest at appoint where p, is zero. Li such a case, the normal plane to the sectioi^ 
through the centre of the sphere has a constant angular velocity in space and the 
resolved motion of the sphere perpendicular to the generators is independent of that 
along the generators. 

Ex. A sphere rolls on a perfectly rough right circular cylinder whose radius is 
c under the action of no forces, show that the path traced out by the point of con- 
tact becomes the curve x—Ami {^jley when the cylinder is developed on a plane. 

This result shows that the sphere cannot.be made to travel continually in one 
direction along the length of the cylinder except when the point of contact describes 
a generator. 

228. BKotlon on & ronc^b eone. If the surjace on which the sphere rolls be a 
cone, the lines of curvature are the generators and their orthogonal trajectories. 
Let the axis GA be directed parallel to the generator, then p^ is infinite and p, - a 
is the radius of curvature of a normal section perpendicular to the generators. 
Also $1= "VJp^, $^=^(^, Let the position of the sphere be defined by the distance r 
of its centre from the vertex of the cone on which the centre always lies and by 
an angle such that <20 is the .angle between two consecutive positions of the 
distance r, d0 being taken as positive when the centre moves in the positive di- 
rection of GB» If the cone were developed on a plane it is clear that r and would 
be the ordinary polar co-ordinates of a point G, We have 

. dtb dr dd> 

^•=^' '•=Jt' "^''i- 



The equations (4) and (7) become therefore 
rdt\ dtj^a^+k^ 



r 

d (g^a) __ r dipdr 
dt ^ p^dt dt 

li the impressed forces have no component perpendicular to the normal plane 
through a generator, 7=0, and we have 7^d<^ldt = h, where h is some constant de- 
pending on the initial values of r And v^ 

If also the component X of the forces along a generator be a function of r only, 
another integral can be found by the principle of Vis Viva, viz. 

where h' is another constant depending on the initial values of u, v and r. 

If, further, the cone be a right cone, p3=r tan a where a is the semi-angle, and 
we have ^cota ,,, 

r 
where h" is a third constant depending on the initial values of »8 and r. The equa- 
tions of the motion of the centre of the sphere resemble those of a particle in central 
forces. Hence r and will be fbund as functions of the time if we regard them as 
the co-ordinates of a free particle moving in a plane under the action of a central 

force represented by -5 — p \x- Jk^w, -^'j , where Wj has the value just found. 
R. D. II. 9 
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229, Ex. A sphere rolls on a perfectly rough eone sneh thai the equation to 
the cone on which the centre Q always lies is r'BpJP{^), If the centre is acted oxt 
hy a force tending to the Tertez, find the law of force that any given path may be 
jlescribed. If the equation to the path be l/r=/(0), proye that the force X is 

230« MotloB on a sovftee of vevdntloii. Let the given rough surface he any 
turf ace of revolution placed with its axis of figure vertical and vertex upwards, and 
let gravity he the only impressed force. In this case the meridians and parallels are 
the lines of curvature. Let the axis of figure be the axis of Z. Let tf be the angle 
the axis QC makes with the axis of Z, ^ the angle the plane eontaiuing Z and GC 
makes with any fixed Tertioal plane. 

Then ^i=-sin^-^, ^•=vr, ^•=cos^-^. 

* at 'at • at 

Henoe the equations (4) become 

dt* ^drl' a* . - A* • /,<^^ /.v 

5?'"«'«i'"5f+P'"«"'S»+P'^""*i <>>• 

and equation (8) becomes 

where JS is some eonstant, and p is the radius of ourrature of the nuoxidian* Also 

we have by (7) <*«$ _ ?^ /^ sing \ „ . 

'di'^^ a\p'"T'J ^^""f* 

where r is the distance of the bentre of the sphere from the axis of z. The 

geometrical equations (5) become 

d$ dxf* 

""^^di^ '^''PTt - W- 

To solve these, we may put ^) into the form 



dv ^dyff *» 

^+cos^^u=jj^,a«3, 



,.,,,., dv p cos ^ fc* 

which by (v) becomes ^ + ^^— ^"^ijip <»«i ? 

dilFerentlatio^ this, we liave by (iv), 

d% , poos^ dv ^r^ ^ , ., . 

3^+ r 55+^=* f">> 

where p„_ ^e___j+^p_^^l.e__j. 

Now p and r may be found from the equation to the meridian curve as functions 
of 0, Hence P is a known fbnotioin of 0, Solving this linear equation we have v 
foi^id as a funQtion of 6, Then by (iv) we have 

d(j3_ V f\ p sin ^ \ 
d«'""5 \ ~)' 

and thence having found <a^ we have u by equation (iu)« Knowing u and t;: ; ^ ancl 
j/f may be found by equations (v). 

281. OartllatlmiaontatowaBgBltQf aroqgfcteefl wgflieis. A haavy sphere 
fr^tating about a vertical axis is placed in equiUbrvum 9n the kigkeH point of a smrfaee 
of any form and heing slightly disturbed makes small oscillations, find the motion* 

Let O be the highest point of the surffbce on which the centre of gravity G 
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alwayd lies. Let thd iaDgents to the lines of ctufvature at 6 l>e taken as the axes of 
X and y^ and let (x, y, z) be the co-brdinates of (?. We shall assnme that is not 
a singnlat point on the surface. In order to simplify the general equations of 
motion (4) ite shall take as the axes CrA &nd OB the tangents to the lines of 
curvature at G, But since (? alwajd temains very near O, the tangents to the 
lines of curvatiire at G will be nearly parallel to those at O. So that to the first 
ord^ of small quantities we have 

i)_ i<^y a —^ ^ —^ —^y 

and ^3 will be a small quantity of at least the first order. Also since the sphere 
is supposed not to deviate far fifom the highest point of the Surface, we have v^ 
constant, let this constant be called tk. 

The equation to the surface On which G laoves^ in ibid neighbourhood of 

the highest point, is je~-i( — 4-^)* The direction cosines of the normal at 

\Pi Pi/ 

x,y,zBxe xjp^y yjpzt I* Hence the resolved parts parallel to the axes of the normal 
pressure It on the sphere are Rxjpi , By/p^ and R. The equations of motion (4) 
therefore become tPx _ <»* p « It^ dy an 

d*y_ tfl y k^ dt an 
^z _ 

But 2 is a small quantity of the second order^ henoe the lasi equation gives 
JR=g. To solve these equations, we put 

«=i?'oos(A«+/), y=Gwn^t+/)- 
These give 



,(iy). 



The equation to find X is therefore 



a^H^ 



P1P2 

This is a quadratic equation to determine X'. in order that the motion may 
be oscillatory it is necessary and sufficient that the roots should be both positive. 
If Pi^ /9^ be both negative, 00 that tkd sph^e is ^fiAtieA like a ball inside a cup, the 
roots of the quadratic flfe positive lor all Values of n. It /fi, p^ ^^^ opposite signs 
the roots caimot be both positive. If p^, p^ be both poi^fiV^ ihfi two conditions of 

stability will be found to reduce to »' > — p— g (v/>i+ Vf»)** 

Ji Pihe infinite, it is necessary that pj should be hegative, and isi that 6ase 

a^ Q 
the two values of X^ are — 5 — rr - and zero, which are both independent of n. 

a^+h^ P2 

11 Pi=p2i we have F=G, In this case if ^ be the inclination of the normal to the 

vertical, we have $^={x^+y^)lp^ and, as in Art. 212, we find 

where Xj, X2 are the roots of the quadratic 



^'=^SfTP 7^+^:pPp-^- 



9—2 
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. 232, This problem may also be Bolyed by Lagrange*8 method althengh the 
geometrical equations contain differential coefficients with regard to the time. To 
effect this we have recourse to the method of indeterminate multipliers as explained 
in VoL I. Chap. vni. Let the axes of reference OXf Oy, Oz he the same as before. 
Let GC be that diameter which is vertical when the sphere is in equilibrimn on the 
summit. Ijet OA, OB be two other diameters forming with QC a system of rect- 
angular axes fixed in the sphere. Let the position of these with reference to the 
axes fixed in space be defined by the angular co-ordinates 9, 0, ^ in Eoler's manner. 
The Tis viva of the sphere will then be 

2r=ar^+y^+«'*+fc«(0'-H^oos^)2+P(^+ sin'^f^. 
If we put sintfcos^={, sintfsin^»i7, 0+^=Xf <^d reject all small qnantitiea 
above the second order, we find that the Lagrangian function is 

It is easy to see by reference to the figure for Euler's geometrical equations 
Yol. I. Chap. y. that % and r^ are the cosines of the angles the diameter GC makes 
with the axes Ox^ Oy, 

If <^xt wyi Wtf ftre the angular velocities of the sphere about parallels to the axes 
fixed in space, the geometrical equations are 

tf'-a f w,-«, — j=0, y'+af WjB-w, — j=0. 

These are found by making the resolved velocities of the point of contact in the 
directions of the axes of x and y equal to zero. See the expressions in Vol. i. 
Chap. V. for iht velocity of any point. The angular velocities w«, w,, (a, may be 
expressed in terms of $, ^, ^ by formulas analogous to those of Euler. See Vol. z. 
Chap. V. Thus <tf^s-.^8in^ + 0'sin9cos^ 

»y= ^cos^+^'sin^sin 

w^s ^'oos0+^ 

Substituting and expressing the result in terms of the new co-ordinates {, 17, x> ^^ 
geometrical eqTiations become 

Lagrange's equations of motion modified by the indeterminate multipliers X and //. 
are represented by the typical form 

d dJL dZi ^^ dZii dJj^ 

dkdql'dq'di^^d^* 
where q istands for any one of the five co-ordinates se, y, ^, 1;, x« ^^ steady motion 
is given by x, y, ^, 17 all zero and xf =n. Taking q=x and q—y and giving the 
several co-ordinates their values in the steady motion, we find that X and /x are both 
zero in the steady motion. 

To find the oscillations, we write for q in turn x, jr, Xf ^ ^^^ Vf ftnd retain the 
first powers of the small quantities. Bemembering that X and /i are small quanti- 
ties (Art. 51), we find 



dn^L 



Pi a 

y /* 



/>2 « 



r > 



:S}- 



*»(l"-x'f)+/'^ 

These and the two geometrieal eqnations Xj and X, are all linear, and may be 
■olred in the nsual manner. If we put ■)i=n and eliminate first X and n and then 
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^ and II we get two eqaations to find x and y, which are the same as those marked 
<iy) in the solntioQ of Art. 231. 

283. Ex. A perfectly rongh sphere is placed on a perfectly rongh fixed sphere 
near the highest point. The upper sphere has an angular velocity n about the 
diameter through the point of contact; prove that its equilibrium will be stable 
if n^>S5g{a + b)la^, where 5 is the radius of the fixed sphere, and a the radius 
of the moving sphere. 

234. OMlllatlons about steady motion. A perfectly rough mrface of revolu- 
tion is placed with its axis vertical. Determine the circumstances of motion that a 
heavy sphere may roll on it so that its centre describes a horizontal circle. And this 
state of steady motion being disturbed, find the small oscillations. 

In this case we must recur to the equations of Art. 230. We shall adopt the 
notation of that article, except that to shorten the expressions we shall put for k* 
its value f a*. 

To find the steady motion. We must put u, v, 6^3, 0^ dypjdt all constant. Let 
a, 11 and n be the constant values of ^, dypjdt and a;^. Then we have t(=0, v=&/«, 
where b is the constant value of r. The equation (i) becomes 

- 6 cos 0^2 = f <7 sin a - ^ an sin o/tt. 

The other dynamical equations are satisfied without giving any relation between 
the constants. If the motion be steady, we have therefore 

5 g 1 b 
'^=2^ + 2a'*^^*«' 

.thus lor the same value of n we have two values of fi, which correspond to different 
initial valtles of v. 

We have the geometrical relation au)i= -t7, so that w^ and n have opposite 
signs. Hence the axis of rotation which necessarily passes through the point of 
contact of the sphere with the rough surface makes an angle with the vertical less 
than that made by the normal at the point of contact. 

If the sphere roll on a surface of revolution so that the axis OC is turned 
•from the axis of symmetry, the angle a must be positive. By inspecting the 
expression for n and making dnldfi=0 it will be seen that the least value of the 
angular velocity n of the sphere is given by n^=:S5 cot a, bgJaK In this case the 
precessional motion of the sphere is given by /A'=f tan a . gjb. If the sphere roll 
on the inner and upper side of such a surface as an anchor ring held with its axis 
vertical the angle a is negative, and there is no inferior limit to the value of n. 

To find the small oscillation. 

Put 0=a+d', d\l/ldt=fi + d\l/'dt, where a and /* are supposed to contain aZHhe 
constant parts of $ and dypldt, so that 0* and dyf/jdi only contain trigonometrical 
terms. Let c - a be the radius of curvature of the surface of revolution at the point 
of contact of the sphere in steady motion, so that p differs from c only by small 
quantities, and may be put equal to c in the small terms. Also we have r = 6 + c cos a. ^. 

Now by equations (iv) and (v) of Art. 230 we have 



d(a^ _d0 diff pa.n0-r _d0' c sin a — 6 
at ~~dt dt a ~~ dt a 

c sin a - 6 -, 
^ ^ a 



9 



where n is the whole of the constant part of a;,. 
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Again, from equation (ii), we have 



• • 



a dt a dfi a di 7 dt ' 



integratiiuswelutve 0,-'^^')^=^ ^. 

the oonstant being put zero because ^ and ^ only contain trigonometrical terms. 
Thirdly f from equation (i), we have 

+ |(8in«+0O6«^)(;*+^) («+;*£^5^(ry=^?{8ina+co^ 
This expression must be expanded and expressed in the form 

In this case, since 0' contains only trigonometrical expressions, we must have B^O. 
Putting ^=0 in the above expression, we find the same value for n as in steady 
motion. After expanding the preceding equation we find 

A=ii*(- 00B'a+ = Bin^aj-f Ai' — = — (2co8«a+=Bin'a \ 

•^77%^— 91 -=-£8mooosa+-=--coso. 

49 fi^be 7 6 7 c 

In order that the motion may be steady, it is sufficient and necessary that this 

value of A should be positive. And the time of oscillation is then 2tI^A. 

It is to be observed that this invcHtigation does not apply if a and therefore b be 
small, for some terms which have been rejected have 6 in their denominators, and 
may become important. 

235. Motion on an Imperfectly roufl^h surfiice. The 

general equations of the motion of a sphere on an imperfectly 
rough surface may be obtained on piinciples similar to those 
adopted in Vol. I. Chap. VI. to determine the motion of rough 
elastic bodies impinging on each other. The difference in the 
theory will be made clear by the following example, in which a 
method of proceeding is explained which is geaerally applicable^ 
whenever the integrations can be effected, 

236. A hxymogeneous sphere moves on an imperfectly rough 
inclined plane wiUh any initial conditions, find the direction of me 
motion and the velocity of its centre at any time. 

Let be the centre of gravity of the sphere. Let the axes of 
reference OA, OB, OG have their directions fixed in space, the 
first being directed down the inclined plane and the last normal to 
the plane. Let u, v, w be the velocities of resolved parallel to these 
axes, and o)., ok,, ©3 the angular velocities of the body about these 
axes. Let F, F' be the resolved parts of the frictions of the plane 
on the sphere parallel to the axes GA, GB, but taken negatively 
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in tliose directions. Let k be the radius of gyration of the sphere 
about a diameter, a its radius, and let the mass be unity. Let a 
be the inclination of the plane to the horizon* 

Whether the sphere roll or slide the equations of motion 
will be 



dt 



J^^^-Fa 



at 



— f+„u..l 



«• * „ f «■ 

dt" 



Eliminating F and F' from these equationj^ and integrating we 
have ]^ 

(3), 



a 



where U^ and V^ are two constants determined by the initial 
values of u, v, o>, , o>,. 

The meaning of these equations may be found as follows. Let 
P be the point of contact of the sphere and plane, let Q be a point 
within the sphere on the normal at P so that P Q = {a^ + l!^)/a. 
Then Q is the centre of oscillation of the sphere when suspended 
from P. It is clear that the left-hand sides of the equations (3) 
express the components of the velocity of Q parallel to the axes. 
The equations assert that the frictional impulses at P cannot affect 
the motion of Q, and this also readily follows from VoL I. Chap, ill., 
because Q is in the axis of spontaneous rotation for a blow at P. 

237. The friction at the point of contact P always acts oppo- 
site to the direction of sliding and tends to reduce this point to 
rest. When sliding ceases the friction (see Vol. i. Chap, iv.) also 
ceases to be limiting friction and becomes only of sufficient ma^i- 
tude to keep the point of contact at rest. If sliding ever does 
cease, we then have 

u -flk», = 0, t; + ao>j=0 (4). 

The equations (3) and (4) suffice to determine these final values 
of w, V, 0), and (»,. Thus the direction of the motion and the 
velocity of the centre of gravity after sliding has ceased have been 
found in terms of the time. It appears that both these elements 
are independent of the friction. 

If the equations (4) hold initially the sphere will begin to move 
without sliding provided the friction found from the equations (1), 
(2) and (4) is less than the limiting friction. To determine this 
point we must find the magnitude of the fiiction necessary to 
prevent sliding. If the sphere does not slide we may differentiate 
the equations (4); then substituting from (1) and (2) we find -F' = 
and F==iffBma. Vl{cf + A^). But since the pressure on the plane is 
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g cos a, this requires that the coefficient of friction /i > tan a -^ — 7^ . 

a "T" A/ 

Supposing this inequality to hold the friction called into play will 

be always less than or not greater than the limiting friction, and 

therefore equations (3) and (4) give the whole motion. 

This method of finding the inferior limit to the value of fi is 

the same as that used in Vol. I. Chap. IV. in the corresponding 

problem where the sphere rolls down the inclined plane along the 

line of greatest slope.* 

238. If the equations (4) do not hold initially or if the in- 
equality just mentioned be not satisfied, let S be the velocity of 
sliding and let be the angle the direction of sliding makes with 
OA. To fix the signs we shall take fif to be positive while 6 may 
have any value from — tt to tt. Then 

fifcos^ = t4 — ao>„ iSsin^ = t;+aa)j (5). 

The friction is equal to fig cos a and acts in the direction oppo- 
site to sliding, hence 

jP = fig cos a cos ^, F'' =» fig cos a sin 6. 
The equations (1), (2) and (5) therefore give 

--^-j^ — ■ V PJ ^^^^ ^ cos0 + gsma j 

d(8sin0) f^^a*\ . ^ f ^^^• 

^ -=^— (l-fpj^^rcosasmff J 



dt 
Expanding we find 

l+T^f fig COS a-^ g sin a cos 






o -T7 = — 5( sm a sm ^ 



(7). 



dt 
If be not constant, we may eEminate t aod integrate with 

(0\* 
tan^j (8), 

where n = (1 + a^jW) fi cot a, and A is the constant of integration. 
If 8q and 0^ be the initial values of 8 and deternmied by equa- 
tions (5), we have 2 A = 8^ sin 0^ ^cot -A (9). 

Substituting the value of 8 given by (8) in the second of equa- 
tions (7) and integrating we find 

tan^) (tang) (tan|) (tan^ ^^.^ 

w — 1 n + 1 n— 1 n + 1 'A ^^ 

the constant of integration being determined from the condition 
that = 0^ when t = 0. The equations (8), (9) and (10) give 8 and 
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S in terms of t. The equations (3) and (5) then give w, i;, ©^ and o), 
in terms oit. • 

The second of equations (7) shows that dB\dt has an opposite sign 
to By hence Q beginning at any initial value except ± ir continually 
approaches zero. It follows that, unless a is zero, 6 will be constant 
only when ^^ = or + tt. 

If w > 1, i.e. /A > tan a . Ifjicf + ¥)y we see from (8) that sliding 
will cease when 6 vanishes. This, by (10) will occur when 

^=-^1 — -.+ 

^sma\n — 1 w + 1 

The subsequent motion has already been found. 

If w < 1 we see by (8) that -S increases as Q decreases, so that 
sliding will never cease. It also follows from (10) that 6 vanishes 
only at the end of an infinite time. 

If /S^ = 0, sliding will never begin if w > 1, but will immediately 
begin and never cease if n < 1. 

239. Billiard Balls. The theory of the motion of a sphere 
on an imperfectly rough AonVon^aZ plane is so much simpler than 
when the plane is incUned or when the sphere rolls on any other 
surface, that it seems unnecessary to consider this case in detail. 
At the same time the game of billiards supplies many problems 
which it would be unsatisfactory to pass over in silence. The fol- 
lowing examples have been arranged so as both to indicate the 
mode of proof to be adopted and to supply some results which may 
be submitted to experiment. 

The resnlt given in Ex. 1, was first obtained by J. A. Ealer the son of the cele- 
brated Euler, and published in the Mtm, de VAcad, de Berlin^ 1758. Most, possibly 
aU, of the other results may be found in the Jeu de Billiard par G. Ceriolis, pub- 
lished at Paris in 1835. 

Ex. 1. A billiard-ball is set in motion on an imperfectly rough horizontal 
plane, show that the direction and magnitude of the friction are constant through- 
out the motion. The path of the centre of gravity is therefore an arc of a parabola 
while sliding continues, and finally a straight line. The parabola is described with 
the given initial motion of the centre of gravity under an acceleration equal to /xg 
tending in a direction opposite to the initial direction of sliding. 

Ex. 2. If Sq be the initial velocity of sliding prove that the parabolic path lasts 
for a time f SJ/ig, From some experiments of Coriolis it appears that fi=i nearly. 
If the initial velocity of sliding be one foot per second, the parabolic path lasts 
therefore less than a twentieth part of a second. 

Ex. 3. If P be the point of contact in any position and Q the centre of oscilla- 
tion with regard to P, prove that the velocity of Q is always the same in direction 
and magnitude. Thence show that the final rectilinear path of the centre of gravity 
is parallel to the initial direction of the motion of Q and the final velocity of the 
centre of gravity is five sevenths of the initial velocity of Q, If PP' be the initial 
direction of motion and V the initial velocity of the centre of gravity and t the time 
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given by Ex. 2, prove that the final rectilinear path of the centre of gravity inter- 
sects PP' in a point F so that PP'=i VU 

Ex. 4. A billiard-ban, at rest on an imperfectly rough horizontal table, is stmck 
by a eae in a hoxisontal direction at any point whose altitude above tiie table is ft, 
and the cue is withdrawn as soon as it has delivered its blow. Supposing the cue 
to be sufficiently rough to prevent sliding, show that the centre of the ball will 
move in the direction of the blow and that its velocity will become uniform and 

equal to- - P after a time —^ where B is the ratio of the blow to the mass 

7 a 7a /ij 

of the sphere and a is the radius. 

In order that there should be no sliding the distance of the cue from the centre 

of the ball must be less than a sin € where tan e is the coefficient of friction between 

the cue and ball. 

Ex. 5. A billiard-ball, initially at rest and touching the table at a point P, is 
struck by a cue TnalriTig an angle p with the horizon. Show that the final recti- 
linear motion of the centre of gravity is parallel to the straight line PS joining P 
to the point 8 where the direction of the blow meets the table, and the final velocity 
of the centre of gravity is f B sin/S . PS fa in the direction of the projection of the 
blow on the horizon. It will be noticed thai these results are independent of the 
friction. 

Ex. 6. Measure £fT={a cot /3 along the projection of the blow on the horizon- 
tal table, then TS measures the horizontal component of the blow referred to a 
unit of mass, on the same scale that PS measures the final velocity of the centre of 
gravify. Prove that during the impact and the whole of the subsequent motion the 
friction acts along PT and that the whole friction called into play will be measured 
by PT on the scale just mentioned. Thence show that unless fiK^PT/a the para- 
bolic arc of the path will be suppressed. Show also thai PT is the direction in 
which the lowest point of the ball would begin to move if the horizontal plane were 
smooth and the ball were acted on by the same blow as before. 

Motion of a Solid Body on a plane. 

240. BIstorieal Bnmmary. The motion of a heavy body of any form on a 
horizontal plane seems to have been studied first by Poisson. The body is supposed 
to be either bounded by a continuous surface which touches the plane in a single 
point or to be terminated by an apex as in a top, while the plane is regarded as per- 
fectly smooth. Poisson uses Euler's equations to find the rotations about the 
principal axes, and refers these axes to others fixed in space by means of the 
formulae usually called Euler's geometrical equations. He finds one integral by the 
principle of vis viva and another by that of angular momentum about the vertical 
straight line through the centre of gravity. These equations are then applied to 
find how the motion of a vertical top is disturbed by a slow movement of the smooth 
plane on which it rests. See the Traits de Mecanique, 

In three papers in the fifth and eighth volumes of Crelle*g Journal (1830 and 
1832) M. Coumoi repeated Poisson's equations, and expressed tha corresponding 
gecnaetncal conditions when the body rests on more than one point or rolls on an 
ecEge such as the base of a cylinder. He also considers the two cases in which the 
plane is (1) perfectly rough, and (2) imperfectly rough. He proceeds on the same 
general plan as Poisson, having two sets of rectangular axes, one fix^d in &e body 
and the other in space connected together by the formulae usually givpn for 
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iirangformation of co-ordinates. As may be supposed, the equations obtained are 
extremelj complicated. M. Counxot also forms the corresponding equations for 
impulsive forces. Those however which include the effects' of friction do not 
agree withthe equations given in this treatise. 

In the thirteenth and seventeenth volumes of LiouvUle's Journal (1848 and 
1852) there will be found two papers by M. Fuiseux. In the first he repeats 
Poisson's equations and applies them to the case of a solid of revolution on a 
smooth plane. He shows that whatever angle the axis initially makes with the 
vertical, this angle will remain very nearly constant if a sufficiently great angular 
Telocity be communicated to the body about the axis^ An inferior limit to this 
angular velocity is found only in the ease in which the axis is vertical. In the 
second memoir he applies Poisson's equations to determine the conditions of 
stability of a solid of any form placed on a smooth plane with a principal axis at 
its centre of gravity vertical and rotating about that axis. He also determines 
the small oscillations of a body resting on a smooth plane about a position of 
equilibrium. 

In the fourth volume of the Quarterly Journal of Mathematics^ 1861, Mr G. M. 
Slesser forms the equations of motion of a body on a perfectly rough horizontal 
plane and applies them to the problem considered at the end of Art. 251. He uses 
moving axes, and his analysis is almost exactly the same as that which the author 
independently adopted. 

241. OacUlatloiis abont sUady motLon. A solid of revolution rolls on a per- 
fectly rough horizontal plane under the action of gravity. To find the steady motion 
and the smaU oscillations. 

Let G be the centre of gravity of the body, GC the axis of figure, P the point of 




sr^ — ^ 



J" 



contacts Let GA be that principal axis which lies in the plane P6fC and GB the 
axis at right angles to GAt GC, Let GM be a perpendicular from G on the hori- 
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zontal plane, and PN a perpendicular from PonGC, Let R be the normal reaction 
at P; FfF' the resolyed parts of the frictions respectively in and perpendicular to 
the plane POC. Let the mass of the body be unity. 

Let be the angle OC makes with the vertical, ^ the angle MP makes with any 
fixed straight line in the horizontal plane. Then $ and ^ are two of the angles used 
in Euler's geometrical equations (Vol. i. Chap. ▼.) to refer the moving axes GA, GB, 
GC to an axis fixed in space, viz. the vertical. The third Eulerian angle 4> is here 
zero. The moving axes GA^ GB, GC are therefore the same as those described in 
Art. 21. Since GC is fixed in the body we have 0^ =6^, d, = w,. Since 0=0 the third 
of Euler's geometrical equations gives O^^eos dyj^ldt. Remembering that the 
angular momenta about the axes are h^—Aia^y h^=A(a^^ \^C(a^ as in Art. 20, the 
equations of moments of Art. 19 become 

-a^*^-iiwa^cosd+CwjWa=-F'. GN (1). 

^^^-CwjWi+iiwi^cosd^-P.Oif-E.IfP (2). 

C~^=r.PN (3). 

The first two of Euler's geometrical equations give the relations between 0^, d^ 
and the angles d, ^. Since ^i=Wi, ^a=wg and 0=0, these become 



de_ 

di-""^ '-'' " — dt 



(4). Bind^=-«i (5). 



The Eulerian geometrical equations which refer the body to the axes fixed in 
space are not required. We may also notice that the equations (4) and (5) are suf- 
ficiently obvious from the geometry of the figure to render any reference to Kuler's 
equations unnecessary. 

Let u and v be the velocities of the centre of gravity respectively along and per- 
pendicular to MPy both being parallel to the horizontal plane. The accelerations 
of the centre of gravity along these moving axes will be 

S-4t=^ <«)• 

P^f^-^' <^)- 

And if 2 be the altitude of above the horizontal plane, ie. z=-GMj we have 

S=-^+« (8)- 

Also since the point P is at rest, we have 

u-GMw^-O (9), 

v+PiVa;3-G^Wi = (10), 

z = ^GNco^e-\-PNsmd (11). 

These are the general equations of motion of a solid of revolution moving on a 
perfectly rough horizontal plane. If the plane is not perfectly rough the first eight 
equations will still hold, but the remaining three must be modified in the manner 
explained in the next proposition. 

When the motion is steady, we have the surface of revolution rolling on the 
plane so that its axis makes a constant angle with the vertical. In this state of 
motion, let d = a, <i^/dt=/£, W8=w, GM=p, MP=q, GN=^^, NP=fi, and let p be the 
radius of curvature of the rolling body at P. Then the relations between these 
quantities may be found by substitution in the above equations. 

When the form of the solid of revolution is given these equations will admit of 
considerable simplification, and may therefore be formed in any special case without 
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much difficulty. Thus if the solid were a hoop or disc of radius a\ we should haYe 
GN=0, OM=z=aaiD. 0, MP=a cos 0, and the radius of curvature />=0. 

242. Suppose it were required to find the conditions that the surface may roll 
with a given angular velocity n with its axis of figure making a given angle with the 
vertical. Here n and a are given, and p, q, ^, )/, p may he found from the equa- 
tions to the surface. We have to find /a, a;^ , oij , tt, t; and the radius of the circle 
described hy G in space. Then eliminating F and B, we have F'^Ot and 

/i^ sin a (A cos a-p^)-nn (G sma-\'prf)-gq = (12), 

Wi= -/isina, Wa = 0, 
tt=0, t? = - ni7 - ^fi sin o. 

Let r be the radius of the circle described by O as the surface rolls on the plane. 
Since O describes its circle with angular velocity /a, we have rfi^^v, and' hence 

r=--^ — ^sma. 

Eliminating n we may also find r from the equation 

fi^ { Jiy sin a cos a+C^ sin* a + r (C sin a +P'n) } =gqV' 

For every value of n and a there are two values of fi, which however correspond 
to different initial conditions. In order that a steady motion may be> possible, it 
is necessary that the roots of the quadratic (12) should be real. This gives 

{C sin a +prjf^' + Agq sin a {A cos a -p^) = a positive quantity. 

If the angular velocity n be very great, one of these values of fi is very great 
and the other small. If the angular velocity be communicated to the body by 
unwinding a string, as in a top, the initial value of &>i will be small. In this case 
the body will assume the smaller value of /a, and we have approximately 

gq 

^ n(Csina+2Ji;)' 

243. To find the small oscillation, we put 0—a+0', drf^/dt = ju + dyf/ldt, Wj = n + Wj'. 
Then we have by geometry, 

z=GM=p + q0', PM=q + {p-p)0', 

ON=:^+f}0'Bma, FN=ri + p0'co9a, 

and substituting in (5), (9)> (10), (6), (7) respectively, we find 

n, . <*^ d0 

u^=s ^ fi sm a -fji,ooBa0' "Bin a -jr 9 ^=P-j2t 

v= - jusin af -niy- (/* oosa^+/ip sin^ a+np cos o) ^ - sin a^ -^ - ijwg', 

F=^p -^ +ju2 sm o{+n/Ai;+2 sm a/jt^ -^ -k- tju -^ 

+ ^ (ju cos o^ + /A/) sin^ o + np cos a) ^' + ly/LtWa', 
F'= -{fi(iOBa^-pfi+/ipBm^a+npcoBa)-^--Bma^-^-7j-T^ . 

Substituting these in equation (3) and integrating, we have 

(C+ if) (a^*=(pfi - fj^ cos a-fip sin'a- n/) cos a) 17^ - 1; sin a^ -^ (A), 

the constant being omitted because n, a and fi are supposed to contain all the 
constant parts of <o^, 0, and dyf/jdt 

Again substituting in (1) and integrating, we have 

{Gn-2A/xcoBa-\-i{Vfi-/A cos a^-fi sin^ op - np cos a) }0'-(A+p)ama-^- f i?w3'(B). 
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Also Bubfttitiiting In (2), we havft 

(ii+|)*+g')-Tp^ + ^{JM'(sin"o-00B«a) + Cn/iCOBa+(/)-|))5r 
+/U.* sina iq+n/ivq+fi* ootc^-^nfipp ood a+fi' ain* a/>p} 
•f -^ { - 2ii/i 8ma608a4>(A»sina +2^ai till a+npif] 



=sO...(C). 



+{-'i Bin a O08a/i*+ Civt sin a+^g +8in ofiV^+nfcpn} 

The last teim of this equation most ranish sinoe ^, d^jdi, u^' only contain 
periodio terms. It is the equation thus fonned which detennines the steady 
motion and gives us the value of ft,. 

To solve these equations we may put 

^=LBin(X«+/), ^«lf sin (Xf+/), Wj'=A^sin(Xt+/). 

If we substitute these in. (A), (B), (G) we shall get three equations to eliminate 
the ratios L :M :N, Before substitution it will be found convenient to simplify 
the equations first by multiplying (A) by ^ and (B) by 17 and subtracting the latter 
result from the former, and secondly by multiplying (A) by fipjii and adding the 
result to (C). We then obtain the following determinant, 





A/i»iaAeo60i 


Cfi{ifi&Xia^p) 


Cn''2A/AC0Ba 


A sina 


C( 


(jp - ^ cos a - /) sin? a) ^ 
— ^coso 


{sina 


-{C+rf) 



= 0. 



244. Bxamples, Ex. 1. To find the least angnlai: velocity which will make 
a hoop roll in a straight line« 

In this case r is infinite and therefore fi must be sero. It follows from the 
equation of steady motion that q'^O, or the hoop must be upright. We have 
p^a, g=0, ^=0, i7=*a, aa=0, and C7=2il. The determinant becomes 

(A + a«) X«= 2»« (2A + a*) - ag, 

so that the least angular velo^ty which will make X a tgsX quantity is given by 

2(C+o»)n9=a^, 

Let the hoop be an arc, we have <7=^a', and if T be the least Velocity of the 
centre of gravity, this equation gives V*>iag. Let the hoop be a disc, then 
C= i a^ and we have V^>\ag, 

Ex. 2. A circular disc is placed with its rim resting on a perfectly rough 
horizontal table and is spun with an angular velocity O about the diameter through 
the point of contact. Prove that in steady motion the centre is at rest at an 
altitude kHfijg above the horizontal plane, where k is the radius of gyration about 
a diameter; and, if a be the inclination of the plane to the horizon, the point of 
contact has made a complete circuit in the time 2«> sin a/0« If the disc be slightly 
disturbed &om this state of steady motion, show that tiie time of a small oscillation 
\fc2 (ifcg+a» >sintt \h 
3*»cos2 



ig 2ir [^ -J^±^'>^£.«_i 
\ga 3** cos* afa^ sin* a) 
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Ex. 3. An infinitely thin circular disc moves on a perfectly rongb horizontal 
plane in such a manner as to preserve a constant inclination a to the horizon. 
Find the condition that the motion may be steady and the time of a small oscillation. 

Let the radios of the disc be a, and the radius of gyration about a diameter h. 
Let bis be the angular velocity about the axis, fi the angular velocity of the centre 
of gravity about the centre of the circle described by it, r the radius of this circle, 
then in steady motion 

(2ifc2+a2)^=AjVoosa-??cota, (2P+a8)f= -it*acoso+^oota. 
If T be the time of a small oscillation 
(^) (*Ha*)=A*'{i^(l+2cOB«tt)+o2BinM--»V'C08a(6i;Ha')+2»M2A' + a')--fl'asina. 

Ex. 4. A heavy body is attached to the plane face of a hemisphere so as to form 
a solid of revolution, the radius of the hemisphere being a and the distance of the 
centre of gravity of the whole body from the centre of the hemisphere being h. The 
body is placed with its spherical surface resting on a horizontal plane, and is set 
in motion in any manner. Show tha^ one integral of the equations of motion is 

A Bm^0-j^ + C(a^ ( cos d + - j :^ constant whether the plane be smooth, imperfectly 

rough, or perfectly rough. 

It is clear that the first two terms on the left-hand side of this equation is the 
angular momentum about the vertical through (7. Let this be ealled I, Since we 
may take moments about any axis through 6^ as if G were fixed in space, we have 
dlldt^F' . PM, But PM=: - PN . hja, hence eliminating F by equation (3) and in- 
tegrating, we get the required result. 

Ex. 5. A surface of revolution rolls on another perfectly rough surface of 
revolution with its axis vertical. The centre of gravity of the rolling surface lies 
in its axis. Find the cases of steady motion in which it is possible for the axes of 
hoth the surfaces to lie in a vertical plane throughout the motion. 

Let 6 be the inclination of the axes of the two surfaces, P the point of 
contact, OM a perpendicular on the tangeni plane at P, PN a perpendicular 
on the axis GC of the rolling body ; F the friction, B the reaction at P ; n the 
angular velocity of the rolling body about its axis OC, fi the angular rate at which 
G describes its circular path in space, r the radius of this drde. Then in steady 
motion MfiBine {Cn-Afi coa $)= - F . OM-^M . MP^ 

F^ ~ Mrii? COB a— Mg sin a, 
» . PiV+ /* sin ^ • GJ?a8 - r/i* 
where 3£ 'm the masa of the bodjy. 

245. Ctanena aqnatloiis of motloii. A mrface of antf form rolls on a fixed 
horizontal plane under the action of gravity. To form the equations of motion. 

Let GAj GBf GC, the principal axes at the centre of gravity, be tiie axes of 
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Teference and let the mass be tmity. Let 0({, 17, j')=0 be the equation to the 
bonnding surface, (^, % ^) the co-ordinates of the point P of contact. Let (p, q, r) 
be the direction-cosines of the outward direction of the normal to the snrflEuse at 



the point f, ,, t, then p/g =«/^ = ••/§. 



fVrttZy, let the plane be perfectly rough. Let X, T, Z he the lesolred parts 
along the axes of the normal reaction and the two Motions at the point (, i;, f, and 
let the mass of the body be unity. By Enler's equations we have 



Also the equations of motion of the centre of gravity are by Art. 5, 

du 

dv 

duf 



(1). 



dt 



-u<a2+v<ai = gr+Z 



(2). 



Also since the line {p, g, r) remains always vertical (Art. 9), 

dp 

da 



dr 



(3). 



Since the point (^, 17, i) which, for the moment, is fixed relatively to the moving 
axes is also, for the moment, fixed in space, we have by Art. 8 






where Z7, F, W are the resolved parts of the velocity of the point of contact P in 
the positive directions of the axes. 

246. Secondly, let the plane be perfectly tmooth. The equations (1), (2), (3), 
apply equally to this case, bnt equations (4) are not true. Since the resultant of 
X, Yf Z iatk reaction R normal to the fixed plane, we have 

X^-pR, Y--qR, .Z=-rR (6). 

The negative sign is prefixed to R becanse (p, 9, r) are the direction-cosines of 
the outward direction of the noimal, and it is clear that when these are taken posi- 
tively, the components of R are all negative. If at any moment R vanishes and 
changes sign the body will leave the plane. 

Since the velocity of G parallel to the fixed plane is constant in direction and 
magnitude, it will usually be more convenient to replace the equations (2) by the 
following single equation. Let QM be the perpendicular on the fixed plane and let 
lfO=«, then dhldt^-^g + R (6). 

It is necessaiy that the velocity of the point of contact resolved normal to the 
plane should be zero, this condition may be written in either of the equivalent 
forms Up-{-Vq-\'Wr=0 \ 



■'ct: 
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247. Thitdly,'let the hody slide on an imperfectly rough plane. The eqaa- 
tions (1), (2), (3). and (7) hold as before. If /i be the. coeffioient of friction the: 
resultant of the forces X, F, Z must make an angle tan~^ /i with the normal at the 

pomt of contact, hence (§±S±^ = _L_ ;,....... (8). 

Also since the resultant of (Z, Y, Z), the normal at P and the direction of slid- 
ing must lie in one plane, we have the determinantal equation 

X{qW-rV)-hY(rU--pW) + Z{pV-qU)=0 (9). 

Since the friction must act opposite to the direction of sliding, we must have 
XU+ YV+ ZW negative. When this vanishes and changes sign, the point of con- 
tact ceases to slide. 

If the body start from rest we must use the method explained in Vol. i. Chap. iv. 
to determine whether the point of contact will begin to slide or not. The rule may 
be briefly stated as follows. Assume X^Y^Zio be the forces necessary to prevent 
sliding. Then since u, v, ir, wj, bi^, W3 are aU initially zero, we have by differentiat- 
ing (4) and eliminating the differential coefficients of u, Vj w^ o^, Wj, W3 three linear 
equations to find Z, F, Z, in terms of the known initial values of (p, 9, r) and 
% Vy t)» The point of contact will slide or not according as these values make the 
left-hand side of equation (8) less or greater than the right-hand side. 

In this way when the point of contact is fixed for the moment the equations 
(1), (2), OMd (4) are suifficient to find the initial values of X, F, Z, i.e, the components 
of the reaction at the point of contact* This is also the rule given in Vol. i. Chap. iv. 
under the heading Initial Motioms to find the initial value of a reaction, viz. we 
differentiate the geometrical equations, and substitute from the dynamical equa- 
tions. This seems the simplest method of proceeding, but we may also adopt 
either of ihe following methods. 

The equations to find X, Y, Z may be obtained by treating the forces as if they 
were indefinite^ small impulses. In the time dt, we may regard the body as acted 
on by an impidse gdt at G and a blow whose components are Xdt^ Ydt^ Zdt at P. 
It is shown in the chapter on Momentum in Vol. i. that we may consider these in' 
succession^ The effect of the first is to communicate to P a velocity gdt in a 
direction normal to the fixed plane and outwards. If P does not slide, the effect of * 
the blow at P must be to destroy this velocity. 

In the chapter on Momentum in YoL i. certain formulas have been deduced from 
the ordinary equations of impact by which we can find the resolved initial velocities 
of the point of application of any impulse. A geometrical representation of these 
formulsB is also given by the help of an ellipsoid, ^= constant, where E is the vis 
viva generated by the impulse. To avoid the repetition of this investigation we 
may use these formulas to find X, T, Z, We accordingly write Ui=pgy v^=:qg^ 
Wi=rg and ti^, v^ it, all equal to zero on the left-hand sides and (to suit the 
notation of this article) change p, g, r on the right-hand sides into ^, 1;, ^. 
Geometrically the point of contact will not slide if the diametral line of the fixed 
plane with regard to the ellipsoid called E makes a less angle with the normal than 
tan"^/*. 

In any of these cases when p, q, r have been found, the inclinations of the prin- 
cipal axes to the vertical are known. Their motion round the vertical may then be 
deduced by the rule given in Art. 12. When u, v, w and the motions of the axes 
have been found, the velocity of the centre of gravity resolved along any straight 
line fixed in space may be found by resolution. 

B. D. II. 10 



146 MOTION UNDER ANT FORCES. 

246. Some integralB of these equations ore supplied by the principles of aagnlar 
momentam and vis Yvra, If the plane is perfectly smooth we have 

AvjP + Bit^ + Cia^r = a, 
Aw^ + Bw,« + Cio^ + (dzjdt)^ =p- 2gz, 
where a and /3 are two constants. If the plane is perfectly rough we have 

249. azampitfl. Ex. 1. A body rests with a plane face on an imperfectly 
rough horizontal plane whose eoefficient of friction is ii. The centre of grayity of 
the body is vertioally over the centre of gravity of the face, and the form of the 
face is such that the radius of gyration of the face about any straight line in its 
iflane through its centre of gravity is 7. The body is now projected along the 
plane so that the initial Telocity of its centre of gravity is v^ and the initial rota- 
tion about a vertical axis through its centre of gravity is w^. If bi^^ be very small, 
prove that the centre of gravity moves in a straight line and its velocity at the end 
of any time t is v^-ngt. If w be the angular velocity at the same time prove that 

^log — =1--^ , where /( is the radius of gyration of the body about a vertical 

through the centre of gravity. [Poisson^ Traiti de Mecanique,} 

Ex. 2. A body of any form rests with a plane face in contact with a smooth 
fixed plane so that the perpendicular from the centre of gravity O on the plane falls 
within the face. If the body is then struck by a blow which passes through G or 
begins to move from rest under the action of any finite forces whose resultant 
passes through G, prove that it will not turn over, but will begin to slide along the 
plane, even if the line of action of the force cuts the plane outside the base, 
[CoumotJ] 

Ex 8. A heavy ellipsoid is placed on an inclined plane, touching it at a point 
P whose co-ordinates referred to the principal diameters are ({, 17, j^. Deduce from 
Arts. 246 and 247 the initial values of the reaction at P when the plane is (1) 
perfectly rough, and (2) perfectly smooth. Thence deduce the initial direction of 
motion of the centre of gravity. 

250. OadnatitfiMi on a Tongb, borisontal i^IaiM. Whatever the shape of a 
body may be we may suppose it to be set in rotation about the normal at the point 
of contact with an angular velocity n. If this angular velocity be not zero, the 
normal must be a principal axis at the point of contact, and yet it must pass 
through the centre of gravity. This cannot be unless the normal be a principal 
axis at the centre of gravity. If however n=:0, this condition is not necessary. 
There are therefore two cases to be considered. 

Case 1. A body of any form is placed in equilibrium resting with the point C on 
a rough horizontal plane, with a principal cucis at the centre of gravity vertical, and 
is then set in rotation with an angular velocity n about GC A small disturbance 
being given to the body, it is required to find the motion. 

Case 2. A body of any form is placed in equilibrium on a rough horizontal plane 
with the centre of gravity over the point of contact, A small disturbance being given 
to the body, to find the motion, 

251. Case 1. Supposing the body not to depart far from its initial position, 
we have p, g, u, v, w, w^, «, all small quantities and r=l nearly. Hence by (2), 
when we neglect the squares of small quantities, we see that X, Y are also small, 
and Z='- g nearly. It follows by (1) that o^ is constant and .% =n. Also f and rj 
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are small and l^=h nearly, where A is the altitude of the centre of gravity above the 
horizontal plane before the motion was disturbed. The equation to the surface 
may, by Taylor*s theorem, be written in the form 



-»-K?*f-?). 



where (a, h, c) are some constants depending on the curvatures of the principal 
sections of the body at the point C, 

The squares of all small quantities being neglected, the equations of Art. 245 
become - rf w, /„ /t\ iv 

dp da 

*^ a b * e 
Eliminating X, Y, u, v, c^, w^ from these equations, we get 

-{B+h^)^+{A+B + 2h''--C)n^ + {(A-C)n^+hg-^hhi^}p==^{0 + hn^^+hn^. 

It will be found convenient to express ^, i; in terms of p, q. The right-hand 
sides of each of these equations will then take the form 

To solve these equations, we must then assume p, g to be of the form 

p =s P^, cos Xt + Pi sin Xt ) 
5 = Qj, COS Xt + Qi sin Xn * 
If the tangents to the lines of curvature of the moving body at C be parallel to 
the principal axes at the centre of gravity, these equations admit of considerable 
simplification. In that case the equation to the surface may be written in the form 

where a and c are the radii of curvature of the lines of curvature. The right-hand 
sides of the equations then become respectively 

''{g + hrfi)eq-\'hna~ and {ff-\'hn^)ap + hne-^i 

To satisfy the equations, it will be sufficient to put 

p=FcoB{\t+f), q = Qem{\t+f), 

This simplification is possible, because we can see beforehand that if we substi- 
tute these values, the first equation will contain only sin {\t+f) and the second only 
cos (Kt+f). These trigonometrical terms may be divided out of the equations 
leaving two relations between the constants F, G and X. Eliminating the ratio F/O, 
we get the following quadratic to determine X^. 

[{A + h^)\»-^{B^C+h{h'-c)}n^-\'g(h-c)]i{B-^h^)\^ + {A-C+k(h--a)}n^+g(h^a)] 

=\H^{A+B + 2h'^-C^ha}{A'{-B-^2h^-C-hcl 

10—2 
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If X^, \ be the roots of this equation, the motion is represented by the 
equations p=FiOo» (X^t +/i ) + l^s oos {X,t +/9)1 

^ = GiBin{Xi«+/i) + G,Bin(V.+/j)J ' 
whoe OJFi, ^J^i c^'o known functions of X^, X, respectively, and P\jF^%f\9 f% are 
constants to be determined by the initial values of p, q, dpjdt, dqjdt. 

In order that the motion may be stable, it is necessary that the roots of this 
quadratic should be real and positive. These conditions may be easily expressed. 



252. »*^Ti^ Ex. 1. A solid of revolution is placed with its axis vertical 
on a perfectly rough horizontal plane and is set in rotation about its axis with an 
angular velocity n. If e be the radius of curvature at the vertex, h the altitude of 
the centre of gravity. Is the radius of gyration about the axis, Js^ that about an axis 
through the vertex perpendicular to the axis of figure, show that the position of the 

body will be stable if n > 2 ^Vf J^Zf) . 

Ex. 2. An ellipsoid is placed with one of its vertices in contact with a smooth 
horizontal plane. What angular velocity of rotation must it have about the vertical 
axis in order that the equilibrium may be stable? 

Result. Let a, 5, c be the semi-axes, e the vertical axis, then the angular 

Telocity must be greater than a/— • " ^^ — -— • [Puiseux.] 

Ex. S. A solid of any form is placed in equilibrium with the point C on a 
smooth horizontal plane, a principal axis GC at the centre of gravity being vertical, 
and an angular velocity n is then communicated to it about QC, A small disturb- 
ance being given, show that the harmonic periods may be deduced from the quad- 
ratic (ilX« + JS)(BX«+J!0=(il+B-C)n«X«+p«(p'-/»)«sin««oos«a, 

where £={B-C)n«+p{(A-p)Bin«« + (A-/)')co8««}, 

lf = (i4-C)n«+p{(A-p)cos>«+{A-p')8in««}. 
Also h is the altitude of the centre of gravity, p, p' are the principal radii of 
curvature at the vertex, and 9 is the angle the principal axis QA makes with the 
plane of the section whose raoQus of curvature is p. IPuUeux.] 

258. Case 2. Betnming now to the general problem enunciated in Art. 250, 
we proceed to discuss the oscillations about equilibrium of a heavy body resting on a 
rough horizontal plane with the centre of gravity over the point of contact. 

Supposing the disturbance to be small, we have 6^, w,, w,, v, v, ir all small 
quantities. Hence when we neglect the squares of small quantities the equations 
(1) and (2) of Art. 245 become respectively, 

^^=,Z-fy. B%=fX-f^. 0^=iT-,X (i). 

du -, dv _ dto _ «.. 

5j=»P+:y. ^=w+y. ai=i>r+z (u). 

Let (o> ^0* io ^ ^0 co-ordinates of the point of contact in the position of equili- 
brium, and let f=fo+?, i?=i7o+'?'» f=fi)+i^« Then in the small terms of 
equation (4) we may write £o» ^o> io ^^^ ^* Vt ^ Hence differentiating these and 
eliminating X, F, Z, u, v, w by help of equations (i) and (ii), we get 

(^+V+Jb')$ - i»%^ - ioh ^= -ainr-m (iii). 

and two similar equations. 
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Let Pq, ^0, r^ be the values of p, q, r in the positioxi of equilibrium. Then 
^o/i'o=%/9o==^o/^o=P» where p is the radius vector from O to the point of contact. 
Now in the small terms of equations (3) we may write pp^ > P9o * /^o ^^' ^o i 7o > ^o ■ Hence 
equations (iii) become by substitution from the second and third of equations (8) 

"* :^=''«p dii"^«^ dr»-^<^~^5> <'^)* 

and two similar equations. At the time t let p =Pq -hp', 9 = 9o + 9 > <^^ r=rQ+r^, 

Then since {p^ + p')* + (q^ + q^ + (r© + /)» = 1, we have Pop' + go«' + r^/ = 0. The 
form of the surface being known we can find p^, q\ r' in terms of {', n\ ^\ and thus 
express tjr - fg, ^-^t^q-np in the form - ^ (i|r - fj) = Lp' + if j*. 

The equations (iv) now become 

^ ■5r=''^ 5i^ - ^^ J'+^i' +^2' W' 

and two similar equations. 

Differentiating equations (3), and substituting for dtajdt, d<ajdt, dwjdt, from 
(v), and for / and dh'jdfi from p^p' + q^q' +rf/=0, we get equations of the form 

To solve these we put p' = P cob (\t-¥f), 9'=Qcos(Xe+/)> substituting and 
eliminating the ratios PjQ, we have the following quadratic to determine X* 

r\^+H\ G'X'+JT """ ^^^• 

Thus by virtue of the relation existing between y, q\ t\ each of these may be 
represented by an expression of the form 

Pj cos (Xjt +/i) + Pj 008 (Xjt +/j). 

Substituting these values in equations (v) we see that »i, wg, cd^ can each be 
represented by an eipression 

Oj + ^1 cos (Xi* +/i) -f JE?j cos (X,« +/a), 
where ^j, E^ are known function^ of P^, P3...and X^, X,, but Oj, Q,, O3 are small 
arbitrary quantities. By substituting in equations (3) and equating the coefficients 
of cos(Xit+/i) and cos (Xj€ +/j^', ^e maiy find the values of E^ and £, without diffi- 
culty. And we also see that we must have OJpf^=QJqQ=QJrQ, so that, of the three 
fij, O,, f),, only one is really arbitrary. We have therefore but five arbitrary 
constants, viz. Pi» P3 1/2 1/29 and 0;. Th^e are determined by the initial values 
of Wi, u^iio^ipf ftnd q'. 

To find the motion of t&e principal axes round the vertical, let be the angle 
the plane containing <7C and the vertlcid m^kes with the plane of AC. Then by 
drawing a figure for the standard case in which p, 9, r are all positive, it will be 
seen that if /a be the rate at which QC goes round the vertical, 

M«yi-»*=«i«>s0+«i"»0 = (Po«i+?o«3)/'N/l-»'o'» 
Substituting for c^, w,, this takes the form 

|t= j^+i^Ti cos (Xi*+/J + Njcos (Xjt+/a), 
where n,, N^, A^, are aU known constants. 

In order that the equilibrium may be stable it is necessary that the roots of 
the quadratic (vi) should both be real and positive. I^hese conditions may easily 
be expressed. 
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These conditions being supposed satisfied, the expressions for p\ g', r^ will only 
contain periodical terms, and thos the inclinations of the principal axes to the 
vertical will not be sensibly altered. But the expressions for (Oj, w,, w, ma^ each 
contain a non-periodical term, and if so the rate at which the principal axes will 
go round the vertical will also contain non-periodical V^rms. The body therefore 
may gradually turn with a slow motion round the normal at the point of contact. 
The expressions for «, v, w will contain only periodic terms, so that the body will 
have no motion of translation in space. 

^Motion of a Rod, 

254. When the body whose motion is to be determined is a rod, it is often 
more convenient to recur to the original equations of motion supplied by 
D'Alembert*s Principle. The equations of Lagrange may also be used with 
advantage. These methods will be illustrated by the following problem. 

A uniform heavy rod, tutpended from a fixed point O by a string, makes small 
oscillations about the vertical. Determine the motion. 

Let be taken as origin, and let the axis of z be measured vertically downwards ; 
let 2a be the length of the rod, b the length of the string. Let (2, m, n) (p, g, r) 
be the direction-cosines of the string and rod. Then I, m, p, q are small quantities 
whose squares are to be neglected, and we may put n and r each equal to unity. 
Let u be the distance of any element du of the rod from that extremity A of the 
rod to which the string is attached. Let (x, ^, z) be the co-ordinates of the element 
du, then we have p5=W+tftp, y=bm-¥uq, z=6 + «. (1). 

Let M be the mass of the rod, MT the tension of the string. The equations of 
motion of the centre of gravity will be 

By D'Alembert's Principle the equation of moments round x will be 

^du(y^- z^^^Xdu{yZ^zY) = Xdu{y9), 

By equations (1) this reduces to 

/ du\'{b+u)(b-^.+ u-^jy=^2ag{bm-\-aq). 

Integrating, we get 

^,/^d^m <i*g\ „, ,<Pm Ba^ d^q « /». . x 
-2^(^d?+^dl)-^^^ dt^--8- d|=2a^(^'«+«?)' 
which by equations (2) reduces to 

, (Pm 4 d^q ,_. 

Therefore by (2) and (3) the four equations of motion are 

^d^l d^p , .d^l ^ d^ ,,, 

^dr«+^dr^=-^^' ^d?+3^-d«-=-"^^ <^'' 

and two similar equations for m, q. These equations do not contain m or g, and 
on the other hand the equations to find m and q do not contain I or p. This shows 
that the oscillations in the plane xz are not affected by those in the perpendicular 
plane yz. 

To solve these equations, put 2 = F sin (Xf 4- a), |> = G sin (X^ + a), 
we get b\^F^a\^Q=gF, b\^F+ i aS?G=gQ ; 

-. 4a4-86 .„. 3^« ^ 
- ^'— a6- ^^'+^=^' 
and the values of X may be found from this equation. 
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255. in order to make a comparison of different methods, let us deduce the 
motion from Lagrange's equations. In this case we must determine the semi vis viva 
T true to the squares of the small quiintities jj, g, I, m, we cannot thiarefore put r = 1, 
n=l. Since 2>'+g2+r*=l, l*+m*+»>=l, we have 

r=l-J(l>*+«'). n = l-J(P+f»2), 
we must therefore replace the third of equations (1) by 

e=6n + ttr=6 + «-46(P+m«)-Jti(j)« + g«). 
If accents denote differential coefficients with regard ta t, as in Lagrange's 
equations we have 

Xmaf^ = Si» (&«r« + 2 Wyw + /%') = M (b^t" + 2hVp'a + 1 a^)- 
The value of 2m^'^ may be found in a similar manner. The value of Xnu^ is of 
the fourth order and may be neglected. Hence the vis viva is 

2r=6»(r«+m'»)+2a6 (zy +mV) + l«M/*+2^^ 
Also we have IT = - i ^rft (i* + m») - J ^a {p^ + q*) + constant. 

The equation - ^, "dl'^lu ^^^^^ ^^ + ^-P = - ^' » 

similarly we -get 62" + 1 op" = - gp. 

These are the same equations which we deduced from D'Alembert's Principle, 
and the solution may be continued as before. 

EXAMPLES*. 

1. A uniform rod, moveable about one extremity, moves in such a manner as 
to make always nearly the same angle a with the vertical ; show that the time of a 

small oscillation is 2r . /s- . = — 5 =— > <* being the length of the rod. 

'V ^9 l + 3cos*ct ^ ° 

2. If a rough plane inclined at an angle a to the horizon be made to revolve 
with uniform angular velocity n about a normal Oz and a sphere be placed at. rest 
upon it, show that the path in space of the centre will be a prolate, a common, or a 
curtate cycloid, according as the point at which the sphere is initially placed is with- 
out, upon, or within the circle whose equation is j:^+^'=(35^ sin a/2A^)a:, the axis 
Oy being horizontal. 

When the sphere is placed at rest on the moving plane, it should be noticed 
that a velocity is suddenly given to it by the impulsive frictions. 

3. A circular disc capable ,of motion about a vertical axis through its centre 

■perpendicular to its plane is set in motion with angulcu: velocity 0. A rough 

uniform sphere is gently placed on any point of the disc, not the centre, provie that 

the sphere will describe a circle on the disc, and that the disc will retrolve with 

7Mh^ 
angular velocity _ ^ - « 0, where Mk^ is the moment of inertia of the disc 

about its centre, m is the mass of the sphere and r the radius of the circle traced 
out. 

4. A sphere is pressed between two perfectly rough parallel boards which are 
made to revolve with the uniform angular velocities and 0' about fixed axes per- 
pendicular to their planes. Prove that the centre of the sphere describes a circle 
about an axis which is in the same plane as the axes of revolution of the boards and 

* These Examples are taken from the Examination Papers which have been 
set in the University and in the Colleges. 
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whose distanoes from these axes are inversely proportional to the angular velodties 
about them. 

Show that when the boards revolve abont the same axis, their points of contact 
will trace on the sphere small circles, the tangents of whose angqiar radii will be 

- •fTrrv * ^ being the radius of the sphere and e that of the circle described by its 

centre. 

6. A perfectly rough circular cylinder is fixed with its axis horizontal. A 
sphere being placed on it in a position of unstable equilibrium is so projected 
that the centre begins to move with a velocity V parallel to the axis of the cylinder. 
It is then slightly disturbed in a direction perpendicular to the axis. If ^ be 
the angle the radius through the point of contact makes with the vertical, prove 

that the velocity, of the centre parallel to the axis at any time t is F cos ,J}d 
and that the sphere will leave the cylinder when cos tf = ^. 

6. A uniform sphere is placed in contact with the exterior surface of a perfectly 
rough cone. Its centre is acted on by a force the direction of which always meets 
the axis of the cone at right angles and the intensity of which varies inversely as 
the cube of the distance from that axis. Prove that if the sphere be properly 
started the path described by its centre will meet every generating line of the cone 
on which it lies in the same angle. See the Solutions of Cambridge Problems for 
1860, page 92. 

. 7. Every particle of a sphere of radius a, which is placed on a perfectly rough 
sphere of radius c, is attracted to a centre of force on the surface of the fixed sphere 
with a force varying inversely as the square of the distance ; if it be placed at the 
extremity of the diameter through the centre of foree and be set rotating about that 
diameter and then slightly displaced, determine its motion ; and show that when it 
leaves the fixed sphere the distance of its centre from the centre of force is a root of 
the equation 20a^ - 13 (2c + a) «« + 7a (2c + a)* = 0. 

8. A perfectly rough plane revolves uniformily about a vertical axis in its own 
plane with an angular velocity n, a sphere being placed in contact with the plane 
rolls on it under the action of gravity, find the motion. 

Take the axis of revolution as axis of &, and let the axis of x be fixed in the 
plane. Let a be the radius, m the mass of the sphere; F, ¥' the frictions resolved 
parallel to the axes of x and z and J2 the normal reaction. The motions of the 
axes (Art. 6) are given by ^^=0, ^a=0, B^—n. The equations of motion (Arts, 4, 
5, 22) are 

u=dxldt-anf v=xn, w^dz/dt, 

dajdi - m =: FJm, dvjdt + tin = 12/wt, 4wldt = - </ + F'Imy 

dtjjdt - nwy = - F'ajl?, dwj/Jdt + n«x = 0, dcjjdt = Falk\ 

Si ice the point of contact has the same motion as the plane the geometrical 
equations are u-^awg^O, w - awg^^O. Solving these equations we find that the 
sphere will not fall down. If the sphere start from relative rest at a point in the 

axis of ar, we have n^^ = - ^ tan' i {1 - cos (nt cos i)} where Bmi=,JJ, The sphere 
will therefore never descend more than Bgjn^ below its original position. 

9. A perfectly rough vertical plane revolves with a uniform angular velocity fi 
about an axis perpendicular to itself, and also with a uniform angular velocity 
about a vertical axis in its own plane which meets the former axis» A heavy uni- 
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form sphere of radius c is placed in contact with the plane ; prove that the position 
of its centre at any time t, will be determined by the equations 

z denoting the distance of the centre from the horizontal plane through the hori- 
zontal axis of revolution, and { that from the plane through the two axes. 

Prove also that 7u=7cO + 2/i5, 7v+2/ta=0, if a and 5 be the initial values of { 
and z, u and v those of d^Jdt and dzjdt, 

10. A hoop AOBF revolves about AB its diameter as a fixed vertical axis. GF 
is a horizontal diameter of the same circle whi(^ is without mass and which is 
rigidly connected to the circle; DC is a smaller concentric hoop which can turn 
freely about GF as diameter. If 0, 0', w, ta', be the greatest and least angular, 
velocities about AB^ GF respectively, prove that . d'=«'- w**. 

11. OAy OB, OC are the principal axes of a rigid body which is in motion 
about a fixed point O. The axis OC has a constant inclination a to a line OZ 
fixed in space, and revolves with uniform angular velocity O round it, and the 
axis OA always Ues in the plane ZOC. Prove thai the constraining couple lias its 
axis coincident with OB, and thai its moment is -{A-C)Q^eine^ cos a^ 

12. A heavy sphere rolls, without spinning, round the inside of a rough 
horizontal circular wire, the normal to the sphere at the point of contact being 
inclined at a constant angle a to the vertical ; prove that the angular velocity of the 
point of contact of the sphere is given by aiS=f ^tana/(/i~58iiitf) where /I is the 
radius of the ring and h that ef tke sphere. 



CHAPTER VL 



NATURE OF THE MOTION GIVEN BY LINEAR EQUATIONS 
AND THE CONDITIONS OF STABILITY. 

Linear Differential Equations. 

256. It has been shown in Chap. iii. that the problem of 
(letermiuing the small oscillations of a system about a state of 
steady motion is really the same as that of solving a corresponding 
system of linear differential equations. In that chapter the forces 
were assumed to have a potential, so that the differential equations 
had a certain symmetry which simplified the solution. We now 
propose to remove this restriction. Taking the differential equa- 
tions in their most general form, but still with constant co-efficients, 
we shall briefly discuss any peculiarities of their solution which 
appear to have dynamical applications. 

The chief object of this chapter is to determine the conditions 
that the undisturbed motion should be stabla This resolves 
itself into two questions (1) under what circumstances do positive 
powers of the time enter into the expressions for the coordinates, 
and what is the highest power which presents itself? (2) when 
the roots of the fundamental equation cannot be found, what 
conditions must the coefficients of that equation satisfy that 
stability may be assured? In order to make our remarks on 
these two questions intelligible it will be necessary to sum up a 
few propositions which belong rather to Differential Equations 
than to Dynamics. The discussion of the first question begins 
therefore at Art. 268 though alluded to before that article. The 
second question will occupy the next section. 

257. Following the same notation as in Art. Ill, let 0, (j>, &c. 
be the co-ordinates of the system. Let the system be moving in 
any known manner determined by 0=f(t)y ^ — F(t)y &c. We 
now suppose the system to be slightly disturbed from this state of 
motion. To discover the subsequent motion we put ^=/(0 + ^> 
^ = F(t)-\- y, &c. These quantities x, y, &jd. are in the first in- 
stance very small because the disturbance is small. The quantities 
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Wy y, &c. are said to be small when it is possible to choose some 
quantity numerically greater than all of them which is such that 
its square can be neglected. This quantity may be called the 
standard of reference for small quantities. 

258. To determine whether a?, y, &c. remain small, we substi- 
tute these new values of 0, 0, &c« in the equations of motion. 
Assuming, for the moment, that a?, y, &c. remain small we may 
neglect their squares, and thus the resulting equations will be 
linear. The coefficients of x, dx/dt, d^x/df, y, dy/dt &c. in these 
equations may be either constants or functions of the time. Fol- 
lowing the definitions in Art. Ill, the undisturbed motion in the 
former case is said to be steady. 

259. We propose to consider first the case in which the system 
depends on two independent co-ordinates or (as it is sometimes 
called) has two degrees of freedom. This is a case which occurs 
very frequently, and as the results are comparatively simple, it 
seems worthy of a separate discussion. We shall then proceed to 
the general case in which the system has any number of co- 
ordinates. 

260. Two degrees of freedom. The equations of motion of 
a dynamical system performing its natural oscillations with two 
degrees of freedom may be written 

To solve these equations we put 

these suppositions evidently satisfy the first equation whatever V 
may be. Substituting in the second and using the symbol B to 

represent -r: for the sake of brevity we find 



AB' + BS^G A'S' + RB + Cr 
ES' + FB + a E'B^ + rB + ff 



F=0. 



This is an equation to find V in terms of t Since B enters 
into the determinant in the fourth power, the value of V when 
found will contain four arbitrary constants. Thence we find 
both X and y by means of the formulae given above. It will be 
observed that these require no operation to be performed except 
differentiation. Thus, no matter how complicated V may be, the 
values of x and y readily follow. 
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261. Let A(S) represent the determiDant which is the operator 
on F. Then makine A (S) = 0, we have a biquadratic to find S. 
If the roots of this biquadratic he m^, m^, m,, m^, we know by the 
rules for solving differential equations that 

where L , L^, L^, L^, are the four arbitrary constants. 

If all the roots of the biquadratic are real and unequal, this is 
the proper expression to use for V, Bilt it takes a variety of 
different forms when the biquadratic contains imaginary or equal 
roots. These however are described in the theory of differential 
equations, and will be summed up in Art. 264. 

262. Many degrees of fireedom. The equations which 
occur in Dynamics are in general all of the second order, but as 
this restriction is not necessary in what follows, we shall suppose 
the equations to contain differential coefficients of any order. 

Let there be n dependent variables represented by a?, y, z, &c. 
and one independent variable represented by t If the symbol S 
represent differentiation with regard to t, the n equations to find 
a, y, &c. may be written : 

/»(«)^+/„(«)y+/„(8)^+..-=o] 
/«(S)«+/..(S)y+/«(S)^+-.=o (1). 

To solve these, we use the analogy which exists between the 
rules for combining symbols of differentiation and those of common 
algebra. Omitting for the moment any one equation, say the first, 
and proceeding to solve the remaining n — 1 equations by the rules 
of common algebra, we find the ratios 

1 1 1 



where each of the equalities has been put equal to V. Here we 
have used the letter / to stand for the minors of the determinant 



A (8) = 






(3). 



The suffix of the letter I indicates the number of the column 
in which the constituent of the omitted equation lies whose minor 
is required. 

Substituting these values of a?, y, z, &c. in the equation pre- 
viously omitted, we obtain 

A(8)F=0 (4). 

This is an equation to determine a single quantity F as a 
function o{ L We may call V the type of the solution. Supposing 
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this equation to be solved by the usual rules, the values o{ x,j/,z, 
&a are found by equations (2). Thus we have 

x = I,{S)V, y = J,(8)F. &c (5). 

These operators, J^ (8), I^ (S), &c., are all integral and rational 
functions of B; bo that when V is once known, all the other opera- 
tions necessary for the complete solution of the equations are 
reduced to the one operation of continued differentiation. 

263. This arrangement of the solution of the differential 
equations (1) has the advantage of expressing the results by means 
of integral and rational functions of the symbol B, In practice, 
this will be found to introduce a great simplification into the 
solution. The type V can always be immediately written down by 
the usual rules for solving equation (4). It is sometimes very 
complicated. In such cases it may be found very convenient to 
be able to deduce the forms of x,y, z, &c. without having to per- 
form any inverse operation. 

264. liUttaemit tsrpes of tb« aolutloii. If the roots of the determinantal 
eqaation A (d)=0 be %, m^, <&o. the type V is known to be 

F=V"***+^a«'^+ 

where L,, L^, d^o. are arbitrary constants. When a pair of imaginary roots of the 

form r±p iJ-1 occurs we replace the two corresponding imaginary exponentials 

by the terms F= e^ {L cob pt+M sin pt). 

If equal roots occur, the value of V thus given has no longer the full number 
of constants. Supposing that we have a roots each equal to m, the type of the 
solution which depends on thede roots is 

F= (io+I'i<+...+ia-l**"*)«**' 
where the L*s are a arbitrary constants. This may be put into the form 

V • ^dw • dm— V 

If we have a equal pairs of imaginary roots of the form r^p ^- 1 we replace 
the a pairs of terms by 

e*^ (Lq cob pt + Mq sin pt) + -j-e^ (L, cos^^t + M^ sin pt) + Ac. 

at 

Here, if we please, we may replace the differentiation with regard to r by a differen- 
tiation with regard to p. 

The peculiarity of the case of equal roots is the presence of terms containing 
some power of t as a factor. The occurrence of a equal roots will in general indicate 
the presence of terms containing all the integral powers of t up to lf*-~^ in the 
solution. 

265. In order to deduce the corresponding values of x, y, Ac. from these types, 
-we shall have, in the absence of equal roots, to operate with some integral and 
rational function of 9 such as I (d) on an exponential real or Imaginary. 

I. We have the theorem I{d)e^=I (m) e^, 
80 that when the roots of the equation A(d)=0 are aU real and unequal we have 

immediately x = Ljl^ {m^) ^^^ + Ljli (wia) e^ + &c. , 

y = Irj Jj (nil) t^^ + I-a^a {m^ t"^ + Ac, 
z =Ac. 
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n. U X'he any function of t, we have the theorem I {d) e^X=e^I (d-^r) X, 
so that when a pair of imaginary roots occurs, and we have to operate on the 
product of a real exponential and a sine or cosine, we can immediately remove the 
veal exponential, and redaoe the operator to that of continued differentiation of the 
sine or cosine. 

m. We have the theorem / (3^) sin mt =/(- m») sin mU 

Hence if we have to operate with F{d), we arrange the operator in the form 
4> (5") + irp (5«), We then have F{S)ammt=4» (- m*) sin to« + ^ (- m*) m cos mt, 

266. When the determinantal equation A(8)=0 has eqnal roots we have to 
operate on expressions which contain some powers of t. Bat since the operators 
didt and djdm or djdr are independent we may use the theorem 

Thns when the equation A(d)=0 has a roots each equal to m we may write 
i^e solution given by equation (5) of Art. 262 in the form 

•|j[r.(m)*--J+...+L,_i£r' 



«=L, [/i (m) '"'l+Ii'sr Ui (>») «"^+ ... +i:..-i f-i;=i Ih W '"^l 



y=L, [I, (m) «*']+i» ^ [It (») «'^] + ... +^.-l£i4 Ih ("•) '"^J. 

267. Ex. 1« If there be two roots of the determinantal equation A (S) =0 each 
equal to m, show by an actual comparison of the several terms that we have the 
same solutions for x, y, <ftc. whether we use as operators the minors of the first or 
the minors of any other row of the determinant A (S). 

Ex. 2. The values of x, y, Ac, are obtained from V by operating with certain 
functions of 8, viz. Ii(S), ^Wt ^^* ^ instead of these operators we use fili(8), 
Ikl^ (5), <&c. where ii is some function of i such as fi=:f{d)^ show that the effect is 
merely to alter the arbitrary constants L^, L^ <&c. Thence show that the solutions 
are the same, whether there be equal roots or not, whatever set of first minors of 
A {8) are used as operators. 

268. An Indeterminate Case. If the roots of the deter- 
minantal equation A (S) = be m^, m^, &c. we have shown that the 
values of x, y, &c. are given by 

x^XLI^{m)e^, y = ^LI^(m)e'^\ &c. 

But we see at once that titer e is a case of failure. If one of the 
roots of the equation A (S) = make all the minors, 7^ (wi), /, (m), 
&c. equal tazero, the solution becomes incomplete. One constant L 
disappears from the solution. If all the minors of only one row 
vanished, we could find the values of x, y, z, &c. by choosing as our 
operators the minors of some other row. But this cannot be done 
if all the minors of all the rows are zero*. 



• See also a paper by the author in the Proceedings of the Matfiematical Society ^ 
1883. 
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i269. We shall now prove that this indeterminate casexsannot occur nnless the 
determinantal equation A(d)=:0 has equal roots. To show this, we differentiate 
equation (3) of Art. 262. We find 

where the letter / stands for the minor of that constituent of the determinant A {d) 
which is indicated by the suffix. We notice that the right-hand side of this equa- 
tion vanishes when aU the first minors are zero. Thus the equation A {d)=0 must 
have at least two equal roots. In the same way, if the second minors are all zero 
also, any first minor has two equal roots, and therefore the original equation has 
three equal roots. 

270. We may notice two obvious results. (1) If all the first minors of a 
determinant have a root a times, the determinant has the root a + 1 times at least. 
(2) If a determinant have r equal roots, and aU its first, second, &c, minors vanish 
for these roots, then each of the first minors has the equal root r - 1 times, each of 
the second minors r - 2 times, and so on. 

271. We may now consider the following general problem:— 

Let the determinant A (S) have a roots each equal to m. Let ^ of 
these roots make every first minor of A (h) equal to zero. Let y of 
these last make eveiy second minor equal to zero, and so on. It is 
required to state the general form of the solution and to explain how 
the a constants in that solution are to he found. 

272. Solution with a single t3rpe. First, let us consider 
the a roots which are equal to m. It has been proved in Art. 266, 
that the part of the solution which depends on these may be 
written in the form 

with similar expressions for y, Zy &c. 

If these first minors are finite, these formulae contain powers 
of t from ^* to ^*"^, and thus supply the a constants which belong 
to the a equal roots. If the first minors have /8 roots equal to m, 
I^{m)y I^{m), &c., and their diflferential coefficients up to the 
— 1) th are all zero. In this case the powers of t extend only 
to ^*""^"S and thus these formulae do not supply the full number 
of constants. 

When all the first minors have the root a times and all the 
second minors have the root jS times, we know by Art. 270 that 
a — ^8 — 1 cannot be negative. 

273. Solution with a double t3rpe. To find the proper 
forms for x, y, &c. when the first minors are all zero, we return to 
the analogy between operations and quantities alluded to in Art. 
262. We now reject any two of the equations (1), say the first 
two. Solving the remaining w — 2 equations we can express all 
the co-ordinates z, u &c. in terms of x and y, thus obtaining a 
series of equations of the form 

z = <f>{S)x-{'ylr(8)i/, 
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where the functional symbols are really second minors of the 
determinant A(S). We now substitute these expressions for ^; 
u, &a in the two omitted equations. These two equations will be 
satisfied provided x and y have any values which make 1(8) x = 
and /(S) y = 0, where / (8) is any first minor of A (S). 

We notice also that these two equations are satisfied by the 
^eparoto parts of these values of z^ u, &c. which arise from x and 
from y. We may therefore arrange the solution so as to find 
these two parts separately, and then finally add the results. The 
following arrangement will be found convenient in practice. 

When the first minors are all zero, reject some one of the given 
differential equations (1), say the first. We have now n — 1 equa- 
tions to determine the n co-ordinates. Putting y = in these 
equations we find x, z, &c. in terms of a single type f , where f 
satisfies the equation /, (S) f == 0. Here 7, represents the minor of 
the second constituent of the first line of the determinant A (8). 
We write the solution thus found in the form 

^=«^u(8)f. y = o, «=j;,(S)f,&c. 

where the operators are the second minors of the constituents in 
the first two lines of A (Si). Next, putting a?=0 instead of y 
in the equations after the first, we obtain another solution, by 
which X, z, &c. are expressed in terms of another single type tj. 
Here rj satisfies the equation I. (S) 17 = 0, where I^ is the minor of 
the first constituent of the first line of A (S). We write the solu- 
tion thus found in the form 

a; = 0, y = «/a(S)i7, « = /„ (S) 17, &c. 

Adding these two solutions together, we have the following values 
of X, y, z, &c. 

These evidently satisfy all the equations except the one rejected. 
But this equation also is satisfied because by hypothesis we take 
those parts only of these solutions which make aU the first minors 
equal to zero. 

If the minors which the types f and 1; are to satisfy contain 
the root B = m, fi times, we have therefore 

274. The corresponding values of x^ y, &c. are found by sub- 
stitution, and may be written in the form 

with similar expressions for y, &c. 

The peculiarity of the solutions which are derived from the 
double type f , 97 is that the corresponding terms in the expressions 
for X and y have independent constants^ 
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If the second minors which form the operators are all finite, 
these formulae contain powers of t up to t^"^ and supply 2^8 con- 
stants. But if these second minors contain 7 roots equal to m, 
the powers of t extend only to *^~^'"^, and thus the full number of 
constants has not been found. 

275. Solution with a triple type. Thirdly, we have to find the solution when 
the second minors are zero as well as the first minors. In this case the solution 
jiLst found becomes again insufficient. To determine the proper forms of x, y, Zy <&c. 
we now reject any three of the differential equations (1) of Art. 262, and proceed as 
before. We thus have n-3 equations to find the n co-ordinate. We see at once 
that we can express all the co-ordinates in terms of any three we please, say x, y, z. 
We thus have three times as many arbitrary constants as there are roots equal to m. 

In the same way as before we can express the solution in terms of a triple type 
^, 97, ^. Putting y and z equal to zero, we find the remaining co-ordinates, viz. 
SB, u, <&c. in terms of a single type ^. Putting x and z equal to zero (instead of y 
and z) in these n - 3 equations we obtain a second solution depending on another 
single type 17. Lastly, putting x and y equal to zero we obtain a third solution 
depending on ^. Adding together these three solutions we find that all the co- 
ordinates may be expressed by means of operators which are really third minors of 
the determinant A(d). The subjects of operation, are the three independent 
functions ^, 17, ^. These are such that if I (d) be any of the seeond minors of the 
constituents of the three omitted equations 7(8)^=0, 1(d) i|=0, 1(8)^=0. If 
these contain the root 4=:i», 7 times, each of the three £, % ^ will be expressed by 

a series of the form (^^^ + ^i« -h . . . + K^^yCi'^) e«*, 

but with independent constants. 

276. Tbe number of eonetante. Each of the sets of values of x, ^, &6. given 
in Arts. (272), (273), and (275) is, of course, a solution. The complete solution is 
really the sum of these partial solutions, provided it has the proper number of 
constants. We appear, however, to have too many constants. We must therefore 
examine these, and determine what tem^s are absolutely zero And what terms are 
repeated in the several partial solutions. 

We begin with the solution derived from the type F, Art. (272), by the help of 
the first minors. Since the first minors have /3 roots each equal to m, the first j3 
terms of each of the expressions for x^ y, &c. are easily seen to be zero. Consider 
the solution derived from any term Lj^y where h lies between /3- 1 and 2^. In the 
case of the variables x and y they are expressions of the form 

All these are evidently included amongst the terms derived from ^, 17 by the help 
of the second minors. The corresponding terms in Zy u, d^c. must be related to the 
terms in a;, ^ by the formula given in Art. (273), and are therefore also included in 
the series derived from |, 17. Lastly, consider the solution derived from the terms 
from Lg^ to i^^X' ^^®y include powers of t from t^ to t*"^"^. These a -2/3 
terms are not included in the terms derived from | and 1;, and they supply a - 2/3 
arbitrary constants. 

Secondly, we turn our attention to the solution derived from the double type 
I, 71 by the help of the second minors (Arts. 273 and 274). Each of these second 
minors has y roots each equal to m ; hence, by the same reasoning as before, the 
first y terms of the series for x and y are zero, and the highest power of t is /3 - 1 - 7 
Instead of |9~1. In consequence of this, the terms of the series derived from the 

K. D. n. 11 
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Biiigle tjpe F, and not incladed in those derived from the double type {, 17, now 
extend their powers of I from t^""y to t*~^"^. There are therefore o- 2/9+7 such 
terms instead of a - 2/9. 

The same reasoning applies to all the other partial solutions derived from the 
triple and higher types. We therefore conclude tJiat the partial solution derived 
from a tingle type by operating tnth the first minors of the first row of the fundamental 
determinant supplies a -2/3 +7 terms not included in the solutions which follow. 
These supply as many arbitrary constants. The partial solution derived front a 
dottle type by operating with tJie second minors of the two first rows of the funda- 
mental determinant supplies /9 - 27 + d terms not included in the solutioTis which follow. 
These supply twice a* many constants. The partial solution derived from a triple 
type by operating with the third minors of the three first rows supplies 7 - 26+ e terms 
and thrice as many constants^ and so on. 

Thus suppose {for example) the fourth minors are not all zero; the number of 
constants supplied by each of the several partial solutions is indicated by the terms of 
the series {tt-2/3+7) + 2(/9-27+«) + 8(7-2«) + 43. 

If none of the terms of this series are negative, we have obtained a series of 
partial solutions containing the proper number of constants. This point we now 
proceed to discuss. 

277. If a determinant contain the root just a times, if the first minors of the 
two first constituents of the two first rows contain the root just /3 times, if the second 
minor of these four constituents contain the root just 7 times, then a - 2/3+ 7 is 
positive. 

To prove this, let A be the determinant, Ii^ I^, Ji, J*, the four first minors, A, 
the second minor. Then we know that AA^^IiJ^- 12^1' The left-hand side 
contains the root just a + 7 times, the right-hand side contains the root at least 2/3 
times. Hence a + 7 - 2/3 is positive. 

In the same way we may show, on similar suppositions, that /3 - 27+ 6 is positive^ 
and so on. 

278. Example. Solve the differential equations 

(«-l)a(8+l)«-(«-l)(«-2)j/ + (5- 1)^=0] 
3 



(«-l)3x-{«-l)(«-3)y + 2(«-l)«=ol 
(«-l)*a! + («-l)y + («-l)«=OJ 



The fundamental determinant (Art. 262) is A (9)= - (5- 1)^. This determinant 
(Art. 27I) has six equal roots (a =6), eveiy first minor has the root three times 
(/3=3), and every second minor has the root once (7=1)< The part of the solution 
depending on a single type (Art. 276) will supply a -2/3 +7 (i.e. one) constants. 
These accompany the highest powers of t which occur in the type, one constant for 
each power (Art. 272). The part of the solution depending on a double type will 
supply 2(/3-27) (i.e. two) constants. These accompany the highest powers of t 
which occur in this type, two constants to each power. The part of the solution 
depending on a triple type will supply 87 (i.e. three) constants which again accom- 
pany the highest powers of t, three constants to each power. To obtain the full 
number of constants it is necessary in this example to retain only the one highest 
power of t which occurs in each type. 

The single type is ^=((S;g. ■{■At'^) e* by Art. 264. Taking the minors of the first 
row of A (5) we have by Art. 262 a;=-(«-l)»{, y=-(8-l)3^, ^=5(a-l)»^ 

To find the part of the solution which depends on a double type we reject the 
first equation (Art. 273). Putting a;=0 we find y = (6-l)^, «=-(5-l)^ where 
(3-1)3^=0. Putting y=0 we find a; = (3-l)i;, z=^{d-l)^v where («-l)»i7=0. 
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The double type is therefore f = (Ac. + Bt^ e*, rj = (<feo. + et'^) e*. The values of the co- 
ordinates are aj = (5-l)i7, 2/ = (5-l)^, s = - (5-l)f-(8-l)*i7. 

To find the part of the solution which depends on a triple type we reject the two 
first equations (Art. 275). The three partial solutions are then firsts a;=0, ^s=0, 
z—De^; secondly, x=0, y=Ee*, 2=0, thirdly , x—F(^, y=0, 2=0. The sum of 
these is the solution derived from a triple type. 

Adding up the solutions which are derived from all the different types and sim^ 
plifying the constants we have 

a; = (F + C«+^«2)^f^ y=(E+B«+^«2)e*, ;5={D-JBt-^ («2+2t)} e*. 

279. Conversely, suppose it is given that toe have such a solution as that described 
in Art 276, let us enquire what minors must he zero> 

Let it he given that the solution contains terms depending on a triple type con~ 
taining {y-^l) powers of t accompanied by independent constants in some three 
co-ordinates. Putting any two of these co-ordinates equal to zero the differential 
equations are satisfied by a solution depending on a single type.. Thus we have 
n equations containing n - 2 co-ordinates all satisfied by values of the co-ordinates 
which contain powers of t up to the (7-l)th. This shows that all the second 
minors which can be formed from these equations must be zero and each of these 
minors must contain the root y times. 

From this we infer by Art. 270 that every first minor must contain the root 7 + 1 
times. But let us suppose that the given solution contains also terms derived from 
a double type which have powers of t extending up to the {fi-y- l)th with inde- 
pendent constants in some two of the co-ordinates. Beasoning in the same way as 
before, we see that every first minor must have the root (/3 - 7 - 1) times. These 
must be in addition to the 7+I roots already counted, because we may regard the 
given solutions derived from the double and triple types as solutions which depend 
on unequal roots and then make these roots become equal in the limit. It follows 
therefore that every first minor has the root fi times. 

We now infer by Art. 270 that the determinant (4) of Art. 261 must have the 
root p-1 times. But if the given solution also contains terms derived from a 
single type with powers of t extending to the (a - /3 - l)th, we deduce by the preced- 
ing reasoning that the determinant (4) must have the root a times. 

280. We may notice as a corollary of this theory that the solution cannot contain 
terms in which the high powers of t depend on a larger type than the low powers 
of t. For example, if the term t**e™* occur accompanied by k independent con- 
stants, this term must be part of a solution derived from a kih type. It follows 
that all the lower powers of t which multiply the same exponential will be part of 
the same type and must be accompanied by at least k independent constants. 

231. Condition that all powers of t are absent. In some 
dynamical problems it is well known that, though the fundamental 
determinant has a equal roots, yet there are no terms in the solution 
with powers of t. We may now determine the conditions that this 
may occur. 

We see by Art. 272 that, unless every first minor has the root 
a — 1 times at least, a solution can be deduced from the first minors 
which has some power of t greater than zero in the coefficient. 
Again, unless every second minor has the root a— 2 times at least, 
a solution can be deduced from the second minors with some power 

11—2 
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of t in the coefficient On the whole, we infer that when a equal 
roots occur in the determinant, and the terms in the solution with t 
as a factor are to be absent , it is necessary as well as sufficient that 
all the first, second, &c, minors up to the (a— l)th should he zero. 

282. Dynamical Meaning of the Types. We shall now 
consider how the three diflferent types of solution given in Art. 264 
indicate different kinds of motion. Let us begin with a real root. 
In this case every co-ordinate has a term of the form Mt^ Iff^ 
he positive this term will become greater as time goes on, and the 
system will therefore depart widely from its undisturbed state, 
and our equations will represent only the manner in which the 
system begins its travels. Ifmhe negative this term will gradually 
dwindle away and the motion will finally depend on the other 
term in the solution. 

Similar remarks apply whenever we have a real exponential 
whether multiplied by a trigonometrical function or not. We may 
therefore state as a general principle, subject to some reservations 
in the case of equal roots which will be presently mentioned, that 
the necessary and sufficient conditions of stability are thai the real 
roots and the real parts of Hie imaginary roots should he all 
negative or zero, A simple rule to determine whether this is the 
case or not will be given in another section of this chapter. 

283. Effect of equal roots on stability. When there are 
equal roots in the determinantal equation we have seen that the so- 
lution in general has terms which contain powers of ^ as a factor. 
The important question for us to determine is the effect of these 
terms on the stability of the system. If m be positive the presence 
of a term Mfe^^ will of course make the system unstable. But if m 
be negative, this term can never be numerically greater than 

3f ( -^ j . If m be very small the initial increase of the term may 

make the values of x, y, &c. become large, and the motion cannot 
be regarded as a small oscillation. But if the system be not so 

disturbed that Jlf ( — J is large, the term will ultimately disappear 

and the motion may be regarded as stable. If m be wholly 
imaginary and equal to nisj — l, this term will take the form 
f* sin nt and will of course cause the system to be unstable. 

Thus equal roots do not disturb the stability if their real parts 
are negative, but do render the system unstable %f their real parts 
are zero. 

284. It is clear from ^ this that the whole character of the 
motion depends on the nature of the roots of the determinantal 
equation A (S) = 0. If we can solve this equation and find the 
roots, we of course know immediately the nature of the motion. 
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Buf if this cannot be done we must have recourse to the Theory 
of Equations to determine whether the roots are real or imaginary, 
and whether any roots are equal or not. The theorems of Fourier 
and Sturm will be of use in the equations of the higher orders, but 
in many dynamical problems we have only to deal with two co- 
ordinates, and we have therefore to examine the roots of the 
biquadratic in Art. 260. 

Kules by which the analysis of a biquadratic is made to depend 
on the solution of a cubic are given in most treatises on the 
Theory of Equations ; but as this iform is not convenient in prac- 
tice, a short analysis will be given here for reference. 

285. Analysis of a lUqnadratie. Let the biquadratic be 

aaj* + 4&a:» + 6c»2 + 4(ia; + 6 = 0, 
so that the invariants are I=ae- 46rf + Sc^, and J=ace + ^hcd - acP - eb^ - c'. This 
last may also be written as a determinant. It wdM geaerally be found convenient 
to clear the equation of the second term* Let the equation so transformed be 

a^4 - 2aH^+ aG^ - aF=0, 
where a^H= 3 (5» - (ic) and a^G =4 (26' - Bahc + a^d). By tising the invariants or by 
actual transformation it is easy to see that 

I=\a?H - a^F and J= ^a^H^ - ^a^G^ - iaIH. 

Let A be the discriminant, i.e. A=i'-27«7*', then it is proved in all" books on 
the theory of equations that if A is negative and not zero, the biquadratic has two 
real and two imaginary roots. If A is positive and not zero the roots are either all 
real or all imaginary. 

Usually we can distinguish between these two cases by ascertaining if the bi- 
quadratic has or has not a real root. Thus if a and e have opposite signs, one root 
is real and therefore all the roots are real. In any case we can use the following 
criterion. Having cleared the given biquadratic of the second term we may write 
the resulting equation in. the f oim (^ - H)^ +G^=K» 

If iSf^ be the arithmetic mean of the nth powers of the roots, we have by 
Newton's theorem on the sums of powers, S^^O, S^^H^ 4^3 = - 3G and K=S^ - S^^. 
If aU the roots are real we have S2 positive and by a known theorem in *' in- 
equalities" S^ is greater than Sfg^. Hence H and K are both positive. If all the 

roots are imaginary, let them be rijjyiy^ and -rig Ay ^. Then 

JK'= 5^ _ fif,2 = J (l>2 - g2)3 - 2r» (i>3 + g«). 
If H is positive or zero we see that K is negative. The criterion may therefore be 
stated thus. If H and K are both positive the four roots are real. If either is- 
negative or zero the four roots are imaginary. 

If the discriminant A is zero but I and J not zero, it is known that the biquad- 
ratic has two roots equal. If two of the roots are real and equal and the other two 
imaginary we see (by putting 2=0) that if if is positive or zero, K must be negative. 
The criterion therefore is, if H and K are both positive all the roots are real, if H or 
K is negative or zero^ two roots are real and two are imaginary. If <? is zero, there 
are then two pairs of equal roots. In this case K is zero and these roots are all 
real if H is positive, all imaginary if if is negative. 

Lastly let tJie discriminant A be zero and also both I and J zero. The biquad- 
ratic has three roots equal and therefore all the roots are equal. If H be also zero 
the four roots are all equal and real. 
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Ex. If the discrimiiuMit of a biqiiftdratio be positiye, dear the equation of the 
tenn containing the third power in the nsnal manner, and then arbitrarily erase the 
term containing the first power. If both the roots of the quadratic thus formed be 
real and the som of the roots be positive, then all the fonr roots of the biquadratic 
are real. If either contingency fail the four roots are imaginary. 

Conditions of Stability. 

286. It has been shewn that the determination of the oscilla- 
tion of a system can be reduced to the solution of a certain 
determinantal equation, which has been represented in Art. 262, 
by A=/(8)=*0. In many cases it is impracticable to solve this 
equation and therefore the motion cannot be properly found. If 
however we only wish to ascertain whether the position of equili- 
brium or the steady motion about which the system is in oscillation 
is stable or unstable we may proceed without solving the equation. 

It is clear from Art. 282 that the conditions of stability are 
that the real roots and the real parts of the imaginary roots should 
all be negative. It is now proposed to investigate a method to 
decide whether the roots are of this character or not. 

287. Taking first the case of a biquadratic ; let the equation 
to be considered be 

f{z)=az* + bz'' + cz' + dz + e^O, 

where we have written z for S. Let us form that symmetrical 
function of the roots which is the product of the sums of the roots 
taken two and two. If this be called X/a*, we find* 



X = bed — ad^ — eb^=^ 



2a b c 
b d 
c d 2e 



* This value of X may be found in several ways more or less elementary. If 
we substitute z=Ej=Z in the given biquadratic and equate to zero the even and 
odd powers of Z, we have 

aZ*+{QaE^ + BbE + c)Z^ + aE^-^hE^+cE^+dE + e=:0) 
(4aE + 6)Z» + (4aE» + 36£«+2c-E + d)Z=o} * 

Bejecting the root Z=0 and eliminating Z we have 

64a3E«+.'..... + 6cd-ad3_e&i=0, 
where only the first and last terms of the equation are retained, the others not 
being required for our present purpose. Since z=E^Z it is clear that each value 
of E is the arithmetic mean of two values of z. We have an equation of the sixth 
degree to find E because there are six ways of combining the four roots of the 
biquadratic two and two. The product of the roots of the equation in E may be 
deduced in the usual manner from the first and last terms, and thence the value 
of X is seen to be that given in the text. 

If we eliminated E we should obtain an equation in Z whose roots are the 
arithmetic means of the differences of the roots of the given equation taken two 
and two. If we put 4Z2=f, we obtain by an easy process the equation whose roots 
are the squares of the differences of the roots of the given equation /(z=0). 
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It will be convenient to consider first the case in which X is 
finite. Suppose we know the roots to be imaginary, say a + pj— 1, 
and P±q J^. Then 

X/a' = 4^2/3 {(a + ^)' + (;> + qY} {(a + /3)' + (p - qY}. 

Thus, aff always takes the sign of X/a, and a +13 always takes the 
sign of — b/a. The signs of both a and )8 can therefore be deter- 
mined; and if a, b, X have the same sign, the real parts of the 
roots are all negative. 

Suppose, next, that two of the roots are real and two imagi- 
nary. Writing q' J—1 for q, so that the roots are a±p J-^l and 
/9 ± g^, we find 

XI a' = 4^/3 {[(a + PY + / - j'7 + 4j)V}. 

Just as before, otyS takes the sign of X/a, and a + ^ takes the sign 
of — bja. Also, fi^ — q'^ takes the sign of the last term eja of the 
biquadratic. This determines whether )8 is numerically greater or 
less than q\ If, then, a, J, e, and X have the same sign, the real 
roots and the real parts of the imaginary roots are all negative. 

Lastly, suppose the roots to be all real. Then, if all the 
coefficients are positive, we know, by Descartes' rule, that the 
roots must be all negative, and the coefficients cannot be all posi- 
tive unless all the roots are negative. In this case, since X is the 
product of the sums of the roots taken two and two, it is clear that 
X/a will be positive. 

Whatever the nature of the roots may be, yet if the real roots 
and the real parts of the imaginary roots are negative, the biquad- 
ratic must be the product of quadratic factors all whose terms are 
positive. It is therefore necessary for stability that every coeffi- 
cient of the biquadratic should have the same sign. It is also 
clear that no coefficient of the equation can be zero unless either 
some real root is zero or two of the imaginary roots are equal and 
opposite. 

Summing up the several results which have just been proved, 
we conclude that if X and e are finite^ the necessary and sufficient 
condition's that the real roots and the real parts of the imaginary 
roots should be negative are that every coefficient of the biquadratic 
and also X slumld have the same sign, 

288. The case in which X = does not present any difficulty. 
It follows from the definition of X, that if X vanishes two of the 
roots must be equal with opposite signs, and conversely if two 
roots are equal with opposite signs X must vanish. Writing 
— z for z in the biquadratic and subtracting the result thus 
obtained from the original equation we find b2^ + dz = 0. The 

equal and opposite roots are therefore given hy z= ± J—dJb. If 
b and d have opposite signs these roots are real, one being positive 
and one negative. If b and d have the same sign, they are a pair 
of imaginary roots with the real parts zero. 
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The sum of the other two roots is equal to — &/a and their 
product is hejad. We therefore conclude that t^ X = 0, ^Ae real 
roots and the real parts of the imaginary roots will he negative 
or zero if every coefficient of the Inquadratic is finite and has the 
same sign, 

289. If either a or ^ vanishes, the biquadratic reduces to a 
cubic, see note to Art. 105. Putting e zero, we have 

X/a'd^bc — ad. 

If the coefficients have all the same sign it is easy to see that 
it is necessary for stability that be — ad should be positive or zero. 

If a and e be not zero and one of the two ft, d vanish, the other 
must vanish also, for otherwise X could not have the same sign as 
a. In this case X vanishes, and the biquadratic reduces to the 
quadratic az* + cjs^ + e = 0. 

As this equation admits of an easy solution, no difficulty can 
aiise in practice from this case. It is necessary for stability that 
the roots of the quadratic should be real and negative. The con- 
ditions for this B,re, firstly the coefficients a, c, e must all have the 
same sign, secondly that c^ > 4a6. 

290. Equation of the nth degree. When the degree of 
the equation is higher than a biquadratic the conditions of stabiKty 
become more numerous. A very simple rule will now be proved 
by which these conditions can be calculated as quickly as they can 
be written down. Besides this we propose to give an extension of 
this rule by which we may determine how many roots there are, 
real or imaginary, which have iheir real parts positive. If there 
be no such roots the conditions of stability are supposed to be 
satisfied. The number of roots with their real parts equal to zero 
is also found. 

§ 

291. To discover this rule we have recourse to a theorem of Cauchy. Let 
z=x+y hj^^ he any root, and let us regard x and y as co-ordinates of a point 
referred to rectangular axes. Suhstitute for z and let 

Let any point whose co-ordinates are such that P and Q hoth vanish he called a 
radical point. Descrihe any contour, and let a point move round this contour in the 
positive direction, and notice how often P/Q passes through the value zero and 
changes its sign. Suppose it changes a times from + to - and p times from - to 
+ . Then Cauchy asserts that the number of radical points within the contour is 
) (a- ^). It is however necessary that no radical point should lie on the contour. 

Let us choose as our contour the infinite semicircle which hounds space on the 
positive side of the axis of y. Let us first travel from y=-Qo toy=+ao along 

the circumference. If 

/(2)=i>o2*+l>i«*~^ + .-+2>» (l)f 

we have changing to polar co-ordinates 

/ (^) =i'o^* (cos n$ + sin n0 J- 1) + . . . 
Hence P ^Pot^ cos nO +i?ir'*-i cos (» - 1) tf + . . . | .^. 

Q =?©»•" sin n^+Pir»»-i sin (»-l)^+...) ^ '' 
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In the limit sinoe r is infinite P/Q=:Cot nd. 
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P/Q vanishes when ^=±- -, ±--, ±- - (A). 
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P/Q is infinite when tf =0, ±- « . ±- « (B). 

The valaes of ^ in series (B), it will be noticed, separate those in series (A). 

When is small and very little greater than zero, P/Q is positive and therefore 
changes sign from + to - at every one of the values of ^ in series (A). If there*^ 
fore n be even there will be n changes of sign. 

If n be odd there will be n ~ 1 changes of sign ezclnding ^= zt Jt, in this case 
P/Q is positive when tf is a little less than ^ir and negative when ^ is a little greater 
than ^T, bat this result will not be wanted in the sequel. 

Let ns now travel along the axis of y^ still in the positive direction round the 
contour, viz. from y=+co to y^-ao. Substituting z=x+y aJ-1 in (1) and 
remembering that a;=0 along the axis of y, we have, when n is even. 






/»-!-. «_«H-8j_ (*}• 



« r \^r 

Q=Pn-iy'-Pf^y*+"' -(-i)*i>iy' 

Let e be the excess of the number of changes of sign from - to + over that 
from + to - in this expression as we travel from y= + (D toy=-ao, then by 
Cauchy*8 theorem the whole number of radical points on the positive side of the 
axis of y is i{n + e). This of course expresses the numb^ of roots which have 
their real parts positive. 

292. To count these changes of sign we use Sturm's theorem. Taking 

/2(y)=i'iy"^'-i>8y*-'+...J ^' 

we perform the process of finding the greatest common measure of /^ (y) and/, (y), 
changing the sign of each remainder as it is obtained. Let the series of modified 
remainders thus obtained be/, (y), /4(y), Ac. Then, as in Sturm's theorem, we 
may show that when any one of these functions vanishes the two on each side have 
opposite signs. It also follows that no two successive functions can vanish unless 
fi {y) and/, (y) have a common factor. This exception will be considered presently. 

Taking then the functions /^ {y)tf2{y)i <^m using them, as in Sturm's theorem, 
we see that no change of sign can be lost or gained except at one end of the series. 
Now the last is a constant and cannot change sign, hence changes of sign can be 
gained or lost only by the vanishing of the function /^ (y) at the beginning of the 
series. 

Consider now the beginning of the series of functions /^ (y), /, {y), <feo., and 
using them in Sturm's manner let y proceed from + oo to - oo . We see that a 
change of sign is lost when the first two change from unlike to like signs, i.a when 
the ratio of /^ (y) to /, (j/) changes from - to + . In the same way a change of 
sign is gained when the ratio changes from + to -. Hence e is equal to the 
number of variations or changes of sign lost in the series as we travel from y = + oo 
toy=-ao. 

293. When y=:L(x> we xi%ed only consider the coefficients of the highest 
powers in the series of functions /^ (y),/, (y), &c. Let these coefficients when y is 
positive be called Pot JPn ^s* 94> ^* 
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When y is negatiye the signs, sinoe n is evoi, will he indicated b; 

Pti "Pi* 9f«» -gf4»*<'- 
Then we have just proved that e is equal to the number of yariations or changes of 

sign lost as we proceed from the first series to the second. 

294. If eyery term of the series l>oi JPi » 9s» <^<3* ^^^ the same sign, it is evident 
that n changes of sign will be gained and therefore e=-n; and e cannot = — n 
unless all these terms have the same sign. In this case there will be no radical 
point on the positive side of the axis of y. We therefore infer the following 
theorem. The necessary and sufficient conditions that the real part of every root 
of the equation f{z)=0 should be negative are that all tlie coefficients of the 
highest powers in the series /j {y), /, (y), &c, should have the same sign, 

295. Suppose next that these coefiScients do not all have the same sign. The 
degree of the equation being n, there are n + 1 functions in the series /^ {y), f^ {y), <&c. , 
and therefore on the whole there are n variations and permanencies. Let there be 
k variations and n-k permanencies of sign. Now every permanency in the series 
2^= +00 changes into a variation in the series y= -oo, and every variation into 
a permanency. It follows that there will he n-k variations and k permanencies 
in this second series. Hence the number e of variations lost in proceeding from 
the first to the second series is 2k - n. But the number of radical points on the 
positive side of the axis of y has been proved to be =i(n+«); substituting for e', 
this becomes equal to k. We therefore infer the following theorem. If we form 
the series of coefficients of the highest powers of the functions f^ (y), /, (y), Ac, every 
variation of sign implies one radical point within the positive contour^ emd there* 
fore one root with its real part positive, 

296. We require some rule to construct the series of coefficients with facility. 
If we perform the process of Greatest Common Measure on the functions /^ (y), 
f^iy) changing the signs of the remainders, we find that the first three functions are 

/i (y) =i>oy* -i>ay*~" +P4f^* - Ac., 
fi (y) =i>iy''~^ -P^lT^ +i>6y*~'' - Ac, 

/^ tyX^^PlPt-VoPz yn-l^MiZPoPp yn-4 + &0. 

' Pi Pi 

Thus the eotsfieients off^y) may be obtained from those of f^ (^) and f^ {y) by a 
simple cro$s-w,ultiplicationj and may therefore be written down by inspection. The 
eoeffidents of /^ iy) may be derived from those of /^ {y) and /, {y) by a similar cross- 
multiplication and so on. These successive functions may be called the subsidiary 
functions, 

297. First £t»in of tlie Rule. Summing up the preceding arguments, we have 
the following rule. The equation being 

/ («) =JPo2** +l>iz*~^ +i7a2*-> + . . . 
arrange the coefficients in two rows thus 

PQi Pit Pi, &o. 

l^i» Pz* PSf *c* 
Form a new row by cross-multiplication in the following manner 

PiPfi-PoPs P1P 4-P0P6 ^^ 

Pi ' Pi ' 

Form a fourth row by operating on these two last rows by a similar cross- 
multiplication. Proceeding thus the number of t^hns in each row will gradually 
decrease, and we stop only when no term is left. Then in order that there may be 
no roots whose real parts are positive it is necessary and sufficient that the terms iti 
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the first column sTiould be all of one sign. If tliey he not all of one sign, the number 
of variations of sign is equal to the number of roots with their real parts j^ositive. 

The terms which constitute the first column may he called the test functions. 

As in forming these rows we only want their signs, we may multiply or divide 
any one hy any positive quantity which may be convenient. We may thus often 
avoid complicated fractions. 

298. XSquatlons oT an odd degree. In order to simplify the argument we have 
supposed the degree of the equation to be even. If n be odd, let as before 

We may regard this equation as the Umit of 

Po^*"^^ +I?i2* + . . . +i>„2 + pji = 0. 

If h be positive and indefinitely small the additional root of this equation is real 
and negative, and ultimately equal to - h. Those roots also of the two equations 
which lie within the positive contour are ultimately the same. 

Since n + 1 is even we may apply to this equation the preceding rule. The two 
first rows are ^o» 1>2 ^c-. Pn-i» JP»*i 

We easily see by calculating a few rows that none of the coefficients in the sub- 
sequent rows contain A as a factor except the extreme coefficients on the right-hand 
side. Hence in the general case all the test functions, except the two last, remain 
finite when h is put equal to zero; and therefore have the same sign as if the rows 
had been calculated before the addition of the final term pjk. The last two co- 
efficients in the first column, when only the principal power of h is retained, are p^ 
and pJk, But since h is positive there can be no variation of sign lathis sequence. 
We may therefore omit this final term pjt altogether as giving nothing to the 
number of variations of sign. The result is that the rule to calculate the number 
of roots whose real parts are positive is the same whether the degree of the equation is 
even or odd. 

299. Mmplifleatloii oT the rule wlieii teste or etaUlity only are required. 

In a dynamical point of view it is generally more important to determine the condi- 
tions of stability than to count how many times those conditions are broken. If 
we only want to discover these conditions we may in formi'ng the successive sub- 
sidiary functions by the rule of cross-multiplication omit the divisor at every sta^e 
provided p^ be m>ade positive to begin with, for this divisor being one^ of the test 
functions must in every case be positive. 

Supposing the conditions of stability to be satisfied we see by reference to Art. 
292 that the proper number of variations cannot be lost at the beginning of the 
series unless the roots of the equation fi {y) are all real and the roots of f^ (^) separate 
the roots of f-^ (y) and therefore are all real also. Then because when a subsidiary 
function vanishes the two on each side have opposite signs it follows that the roots 
off^ (y) o,^^ Teal and separate those of f^ (y) and so on. 

Supposing the roots of the equation f{z)=0 to have their real parts negative, 
the real quadratic factors made up of those roots must have their terms positive. 
Thus every term of the equation /(z)=0 must be positive. It follows from the 
definition of the functions /j (y) and /g (2/) in Art. 292 that the signs of their terms 
are alternately positive and negative, and since their roots are real every one of 
those roots is positive. Hence all the subsequent auxiliary functions f^{y)i f^iy), 
&o. have their roots real and positive. The signs therefore of all their terms are 
alternately positive and negative, and by Art. 297 the coefficient of the highest 
power is in every case positive. 
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In this way we are led to an extension of the theozem in Art. 297. Snpposing 
Pq to haye been made positive, we see by the preceding reasoning that though it is 
necessary and sufficient that all the terms in the first colmnn should be positive, 
yet it is alto true that the tenru in every column miut be positive. Hence as we per- 
form the process indicated in that article we may stop as soon as we find any negative 
term, and oondnde at once that/(z) has some roots with their real parts negative. 

SOO. Ex. 1. Express the condition that the real roots and the real parts of 
the imaginary roots of the onbio 3?-hPiZ*+p^'\-pt=0 should be aU negative. 
By Art. 296 /i (y ) = y* - Pf3ff 

Using the method of cross-multiplication given in Art. 297 and omitting the 
divisors as shown in Art. 299 we have 

/4(y)=(i'iPa-l'a)l'8- 
The necessary conditions are that p^, p^p^ ~Pv ^^^ Ps should be all positive. 

We have retained the powers of ^ in order to separate the terms, and also the 
negative signs in the second column, but both these are unnecessary and in accord- 
ance with Art. 297 might have been omitted. In both this and the next example all 
the numerical calculations are shown. 

Ex. 2. Express the corresponding conditions for the biquadratic 

Z^ +i>l«' +p^* -{-p^ + P4 = 0, 

/2(!/)=i>i2/" -i^» 

/8(y)=(i>ii>j-i>8)y' -PiP4» 

/4 (y) = {(Pii'a -jPs) Ps -PiPi) y» 

/s (y) = { (PiPa -Ps) Pz - Pi'p4 } PlP4- 
The conditions are that p^, PiP^-p^ iPiP^-PziPfPiP^ a^d p^ should be all 
positive. These are evidently equivalent to the conditions given in Art. 287. 

801. Baeond Form of the mla. When the degree of the equation is very 
considerable there is some labour in the application of the rule given in Art. 297. 
The objection is that we only want the terms in the first column and to obtain these 
we have to write down all the other columns. We shall now investigate a method 
of obtaining each term in the first column from the one above it without the necessity 
of writing down any expression except the one required. 

We notice that each function is obtained from the one above it by the same 
process. Now the three first functions are written down in Art. 297. The first 
and second lines will be changed into the second and third by writing for 

Pffi Pv P2* Ps* *®* 



} 



the yaluea ft, p,-^,p„ i**-^. &a ^ ^^^' 

We therefore infer the following rule. To form the test functions of Art, 297 we 
write down the first, viz, p^; the second m/iy be obtained from the first and the third 
from the second and so on by changing each letter as indicated in the schedule A just 
above. 

In these changes we always increase the suffix, hence we may write zero for any 
letter as soon as its suffix becomes greater than the degree of the equation. 

We thus form the test functions, each from the preceding, and we stop as soon 
as we have obtained the proper number, viz. (counting p^ as one test function) one 
more than the degree of the equation. 
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802. Example. Express the test functions for the quintic 

f {z) =Pq!^ +i>,z* +pgZ^ -vp^ +1'42 H-Ps = ^^ 
Here we notice that p^^ pj, &c. are all zero, so that any term which has the factor p, 
will become zero in the next test function. Following the rule the six test functions 

are i>o» Pv P2-^^* 

p PiiPiP^-Po Ps) _PoPp {PiPi-PoPzYPs 

P1P2-P0P3 ' Pi PlPs{PlPi-PoPs)-Pl^(PlP4'PoP5y 

and lastly, p^. 

If we regard z as of one dimension in space it is clear that the dimensions of the 
several coefficients Pq, Pi, &c, are indicated by their suffixes. Hence we may test the 
correctness of our arithmetical processes by counting the dimensions of the several 
terms in each of the test functions. 

303. When any test function vanishes this process causes an infinite term to 
appear in the next function. In such a case we may replace the vanishing function 
by an infinitely small quantity a and then proceed as before. Thus suppose ^1=0, 
writing a forjpithe six functions become Po, a, -PoPja, p^j p^-p^slp^+PoPs^lPz^t 
JP5. Consider the first four of these functions; the signs ofpQ andp, bping given, it 
is easy to see by trial that there will be the same number of variations of sign 
whether we regard a as positive or negative. Thus if Pq and p^ have the same sign, 
the middle terms have always opposite signs and there will be just two variations ; 
it Pq andpj have opposite signs, the middle terms are both positive or both negative 
and there will be just one variation. 

304. Vanlsblng of a 0iilMddiary function. In the preceding theory two 
reservations have been made. 

1. In applying Cauchy's theorem it has been assumed that there were no 
radical points on the axis of y. 

2. It has been assumed that P and Q have no common factor. In this case as 
we continue the process of finding the gieatest common measure in order to con- 
struct the subsidiary functions f^{y)t <&c. we arrive at a function which is this 
greatest common measure and the next function is absolutely zero. Thus we are 
warned of the presence of common factors by the absolute vanishing of one of the 

^ subsidiary functions. 

It is clear that if / (2) = have two roots which are equal and opposite, the even 
and odd powers of z must separately vanish. It follows from the definition in Art. 
292 that fl iy) and /, {y) will have these roots common to each. The greatest 
common measure of fi (y) and /s (2/) must therefore contain as factors all the 
roots of f{z) which are equal and opposite. Conversely, the greatest common 
measure of fi{y) and /<} (y) is necessarily a function of y which contains only even 
powers of y*t and if it be equated to zero, its roots are necessarily equal and 
opposite. These roots must obviously satisfy / (z) = 0. 

Now if any radical, point lie on the axis of y, f{z) must have roots of the form 
db k\/ - 1 and therefore equal and opposite. The two reserved cases therefore are 
included in the one case in which /^ (y) and/2 [y) have common factors. 



* If Pn=0, we have an additional root, viz. z=0, which is not included in this 
remark. But this root may be either divided out of the equation f{z) =0, or it may 
be included in the following reasoning as a part of the function </>(z)* 
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805. Let the greatest oommon measure of S\ (y) <uad /, (jf) be ^ (y*). If then we 
put /(«)= ^ ( - «') («)f the function {z) is such that no two of its roots are equal 
and opposite, and to this function we may therefore apply Cauchy's theorem without 
fear of failure. By Art. 295, the number of roots of 0(2) which have their real 
parts positive is equal to the number of variations of sign in the coefficients of the 
highest powers of the subsidiary functions of (z). But, since ^ ( - 2^) is real when 
we write i=ysl - 1, the subsidiary functions of 4> (z) become, when each is multiplied 
by rff{y*), the subsidiary functions of /(z). The presence of this common factor will 
not affect the number of variations of signs in the series. Suppose then we agree to 
omit the consideration of the factors of ^ (-z'), we may test the positions of the 
remaining radical points by discussing either of the functions /(z) or ^(z). 

We may therefore make the following addition to the rule given in Art. 297. 
If we apply that rule, using only the tubsidiary functions which do not wholly vanish, 
we obtain the number of roots which have their real parts positive, but excluding 
those roots which are in pairs equal and opposite to each other. 

These omitted roots are of course given by equating to zero, the last subsidiary 

function which does not wholly vanish. Putting y J — l^z we may deduce the 
corresponding roots of the original equation. 

It will be seen that for every pair of imaginary roots of y there will be one 
value of z which has its real part positive, and for every pair of real roots of y there 

will be two values of z of the form ^hj - 1. The former indicate an unstable, the 
latter a stable motion according to the rule of Art. 283. 

806. Usually we may best find the nature of these roots by solving the equation 
formed by equating to zero the last subsidiary function. But if this be troublesome 
we may conveniently use Sturm's theorem. Since the powers of y in any subsidiary 
function decrease two at a time we may effect Sturm's process of finding the 
greatest common measure exactly as desciibed in Art. 297. We may also show by 
the same kind of reasoning as in Art. 295, that for every variation of sign when 
^= +00 in Sturm's functions there will be a pair of imaginary values of y. We 
may thus make a second addition to the rule given in Art. 297. 

In forming the successive subsidiary functions as soon a>s we arrive at one which 
wholly vanishes f we write instead of it the differential coefficient of the last which does 
not vanish and proceed to form the succeeding functions by the same rule as before. 
Every variation of sign in the first column will then indicate one root with its real 
part positive. The remaining roots mil have their real parts negative or zero, 

807. Bqual Boots. We know by Art. 283 that whether a single root of the 
form a + b'^-1 indicate stability or instability, several equal roots will indicate the 
same, except when a = 0. In this latter case while solitary roots of the form db b\/ - 1 
imply stability, several equal roots radicate instability. It is therefore generally 
important to determine if the roots of the latter form are repeated or not. 

When the equal roots are of the first form and there happen to be no others 
equal and opposite to them, their number is fully counted in using Cauchy's theorem. 
When the equal roots are of the second form, i.e. ±6>/- 1, they appear in the com- 
mon factor ^(-z'). If we can solve the equation ^(-z*)=0, we know at once 
whether the repeated roots are of the first or second forms. If we analyse the 
equation by Sturm's theorem (Art. 306) and stop as usual at the first Sturmian 
function which does not vanish, we must remember that these equal roots will be 
counted as if they were one root. The last Sturmian function which does not 
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vanish gives by its factors the sets of eqnal roots with a loss of one root in each set. 
If we differentiate this function and continue the process described in Art. 297, we 
are really applying Sturm's theorem anew to this function, and wiU arrive at another 
Sturmian function containiug the sets of equal roots with a loss of two of each set. 
Thus by continuiag the process the number of repetitions may be counted. 



Determine how many roots of the equation 

have their real parts positive. 

Forming the first two rows by the rule of Art. 297 we have 

y'' 1, -1, 1, 1, -1, 1, 

y' h -2, 3, -2, 1, 

where we have written on the left-hand side the highest power of each subsidiary 
function, and have omitted the negative signs given in the second, fourth and sixth 
columns of Art. 292. We may notice that the presence of negative terms shows that 
the equation indicates an unstable motion (Art. 299). Hence if we merely wish to 
determine the question of stability or instability the process terminates at the first 
negative sign. 

Operating by the rule of Art. 297 we have 

y^ 1, -2, 3, -2, 1. 

These are the same as the figures in the last line, hence the next subsidiary 
function will wholly vanish. Therefore rpi-z^^z^- 2z^ + Bz^ _ 2z^ + 1. By Art. 306 
we replace the next function by the differential coefficient 

8, -12, 12, -4, divide by 4, 

2, — 3, 3, T 1, 
-h h -h 1, multiply by 2, 
-1, 3, -3, 2, 

3, -3, 3, divide by 3, 

1, -1, 1, 

- 2, 2, divide by 2, 

~1, 1. 

Here again the next function vanishes. There are therefore equal roots given 

by 2*-;z^ + l=0. The nature of these roots may be found by solving this equation. 

Disregarding this, we may (Art. 307) replace the next function by the differential 

coefficient 

-2, divide by 2, 

-1, 
2, after multiplication by 2, 



y 
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I 2, 
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«» 


2. 



Looking at the first column, we see that there are four changes of sign. Hence 
there are four roots whose real parts are positive. We verify this by remarking 
that the given equation may be written in the form {z* - «* + 1)* («' + «+!)= 0. 
In this example we have exhibited all the numerical calculations. 

Ex. 2. Show that the roots of the equations 

;j;4_,. 223 + ^3+ 1 = 0, 

z^ + 2z7+4.z^ + 4z^+ez*+6z^ + 7z^ + 4^ + 2 = 0, 
do not satisfy the conditions of stability. 
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Ez« Show that the roots of the equations 

««+«'+6«*+5«»+11jb*+6jb + 6=0, 
do satisfy the eonditions of stability. 

The oonditions of stability given in this section are taken from the third chapter 
of the anther's essay on Stability of Motion. Other methods of testing the roots of 
the equation/ (f) =0 are given in the second chapter of that essay. The oonditions 
for a biquadratic were read before the Mathematical Society in 1874* 



CHAPTER VII 



FREE AND FORCED OSCILLATIONS. 



Free Oscillations, 

308. The difference betwe^i free and forced vibrations will be explained in the 
next section of this chapter. The following rough distinction will be sufficient for 
our present purpose. When the forces which act on a system depend only on the 
deviations of the several particles from their undisturbed motion, eveiy term in 
the equations of motion, as explained in Art. 257, will contain the first powers of 
the co-ordinates. The equations of motion will then take the form given to them in 
Art. 310 of this chapter. The oscillations of such a system are called its free oscil- 
lations. 

Besides these forces we may have others due to external causes which may be 
functions of the time, and may not vanish when the system is placed in its undis- 
turbed position. Such forces are usually written on the right hand side of the 
equations of motion, to intimate that their effects must be calculated by different 
rules from the former forces. The oscillations produced by these forces are called 
forced osciUations. 

c 

309. Zntrodnotory mumnary. The propositions in this section are con* 
structed for the purpose of examining the small oscillations of a system which 
depends on many co-ordinates. But as they are of general application they are 
here presented In a form which is purely mathematical. No reference is made to 
any dynamical principle and when dynamical terms are used it is only for the sake 
of explanation. 

We begin by taking the equations of the second order with n dependent variables 
in their most general forms, though such general forms do not occur in dynamics. 
Two typical equations are then deduced, and from these, the chief propositions in the 
section are derived. 

The first step usually taken in solving simultaneous equations is to form a cer- 
tain determinant (Art. 262). The general form of the solution and the stability of 
the resulting motion depend on the roots of this determinant. If as explained in 
Art. 282 the real parts of the roots are positive the motion is unstable. Two 
propositions are shown to follow immediately from the typical equations. If three 
functions here called ud, B, C be one-signed it is shown (1) however general the 
equations may be the real roots of the determinant cannot be positive, (2) if the 
equations be of that simpler character which occurs in dynamics the real part of 
every imaginary root is negative. 

R. D. IL 12 
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When we apply our eqaations to the case of a flystem oscillating about a pod- 
tion of eqnilibriiun we see that the fimction A ooiresponds to half the iris viya, B to 
the dissipation fonetion, and C to the potential of the forces of restitntion. 

The first of these propositions has been established by Lagrange and Sir W. 
Thomson when the equations represent the oscillations of a system about a position 
of equilibrium. The second is to be found in the author's essay on the Stability of 
Motion but expressed in a different form. It is also given in the last edition of 
Thomson and Tait*s Natural Philosophy, The reader is also referred to a paper by 
the author read in April 1883 before the Mathematical Society of London. 

310. The roots of the flindamental determinant Let 

there be any number of dependent variables x, y, z, &c., to be 
found in terms of t, by means of as many differential equations of 
the second order with constant coefficients. Whatever these 
equations may be, they may be very conveniently written in 
the form 

where the symbol S represents differentiation with regard to t, and 
the order of suffixes is immaterial, so that A^=A^^, and so on. 

We see here two sets of terms, (1) those which depend on the 
letters Ay B, C, and which by themselves constitute a symmetrical 
determinant ; (2) those which depend on the letters D, E, F, and 
which by themselves constitute a skew determinant. 

* yd 311. For the reasons given in Chap. ix. of Vol. i., we may 
t^^^" call the terms which depend on the letter A the efective forces, 
those which depend on the letter B the forces of resistance , those 
on C the forces of restitution . It will generally happen that 
the terms which depend on the letters D and F are absent. The 
terms which depend on the letter F will occur when we consider 
the oscillations about a state of motion, Chap, in., Art. 112. These 
we shall call the centrifugal force s. 

If we write A, B, U for the three functions 

A = iA^y+A,^xy'{'iA^y'+ , 

B==hB,,x' + B,^xy + }^B^+ , 

C=^^C,,a? + C,,xy + iC^f+ , 

the terms in the several equations which arise from A^ B, G may 
be written 

^.dA^^dB dG ^,dA ^ ^dB dG « 

ax ax ax ay ay ay 

Hence A^ B,G may be called respectively the potentials of the 
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effective forces, the forces of resistance, and the forces o^ resti- 
tution. 

S12. When we compare the equations of motion with those 
given by Lagrange for the oscillations about a position of equi- 
librium (Chap. II.), we see that the function A cannot be otherwise 
than positive. So also these oscillations are stable if the function 
C be always positive. 

Thus, it will frequently occur that the three functions A, B, (7, 
or some of them, are such that they ke^ one sign whatever real 
quantities we write for w, y, e, &c., and do not become zero esccept 
when x^ y, &c. are aU zero. Such functions will be referred to as 
one-signed quadrics, 

313. The method of solving the differential equations in 
Art. 310 has been explained in Chap. vi. Let m^, m^, &c., be 
the roots of the fundamental determinant, which we need not here 
write down. This determinant is the same as that represented 
by the symbol A (S) in Art. 262. Let us suppose that these roots 
are unequal, the case of equal roots being regarded as a limiting 
case of unequal roots. The solution may be written thus : — 

d?=^^e~«*+a?^e"^'+ ...^ dx/dt = x[e'^'* + x^e'^ + ... 

^ «= &c. j &c. = &c. 

Yfhere x[=: x^m^y y[ = y^in^, &c., x'^ = x^m^, &c. 

Here ^^9 y^, z^y &c. contain as a common factor one constant 
of integration, a?,, y,, &c. another constant, and so on. The forms 
of these constants are not wanted here. It is enough that we 
should remember that the coefficients which belong to a real ex- 
ponential are themselves real. On the other hand, if m^, m, be a 
pair of imaginary roots, the coefficients (ay^, a? J, &c., take the form 

314. The first equation. If we substitute the first terms 
of each of these values of x, y, z, &c., in the equations of Art. 310, 
we obtain a set of equations which differs from those only in 
having m^ written for h, and a?^, y^, &c. for ar, y, &c. Multiply 
these respectively by x^,y^, &c., and add the results together; we 
have 

{A^^x,* + 2A^jc^^ + &c.) m/ + {B^,x,' + 2B,^x^y^ + &c.) m, 

+ (C'u^ + 2(7,,aj,y, + &c.) = 0. 

It should be noticed that the terms which depend on the letters 
D, E, F have altogether disappeared from this equation. 

It should also be noticed that the coefficients of the powers of 
m are twice the functions A, B, C with x^, y^, &c. written for 
X, y, &c. 

12—2 
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315, Pbop, L--On real roota. — ^We may immediately de- 
duce the three following theorems : — 

(1) Tjf the potentials A, B, C be either zero or one-signed func- 
tions, ana if ail three have the same sign, the fundamental deter- 
minant cannot have a real positive root 

For if m^ were real, the coefficients x^, y„ &c, would be real. 
We should thus have the sum of three positive quantities equal 
to zero. 

(2) Jf ihere he no forces of resistance, i.e. if the term B be 
absent, and if the potentials A and C be one-signed and have the 
same sign, the fundamental determinant cannot have a real root, 
positive or negative. 

(3) If A.,'R,Cbe one-signed functions, but if the sign of B be 
opposite to that of A and C, the fundamental determinant cannot 
have a negative root. 

These propositions, are true, whether there be any terms in the 
differential equations which depend on the functions D, E, F or not 

We may ako notice that unless the potential G can vanish for 
some real values of the coordinates oiJier than zero, the fundamental 
determinant cannot have a root equal to zero. If, for example, the 
coordinate x is absent from (Art. 98), then G vanishes when the 
other coordinates are zero and x is finite.. In this case m^ can be 
equal to zero. If the forces depending on B are absent also the 
determinant will have two roots equal to zero. 

When two zero roots occur terms such as nt+a must be added to some of the 
expressions for the co-ordinates given in Art. 813. Unless the initial conditions 
are such as to make the constants n and a equal to zero, these tenns should he 
included in the expressions $=f(t)t <f>=F(t), &o,i which as explained in Art. 257, 
give the steady motion. The presence of these terms thus indicate a slight change 
in the steady motion about which the system has been supposed to oscillate. 

316. The two equations. Exactly as in Art. 314, let us 
again substitute the first term of each of the values of x, y, &c. in 
the equations of motion. But let us now multiply these by 
x^, y^, &c., and add the results. We thus obtain 

+ [-Bu^^i^a + &c.] m^ + [G^^x^x^ + &c.] 

+ [^12 (^1^2 - ^Jfx) + &c.] m, + [F^^ (07^, - x^^ + &c.]. 

To bring this equation within bounds, we must use some 
notation to shorten the coefficients. Let us represent the halves 
of these series by their first terms, omitting suffixes to A, B, &c. 
We may therefore write the equation in the form 

A (x^x^) m^ -f B{x^x^ m^+C (x^x^) 

= -0 i^iV,) K + ^ (^12/2) ^1 + ^(^1^2)- 
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In the same way we have 

Also we deduce from these the two equations 

A (as^x^) m^ + B (x^x^) m^ + G {x^x^) = 0| 
A (x^x^ m/ + B (x^x^) m^-\-C {x^x^) = OJ ' 

The first of these is the same as that akeady found in Art 314. 

Here we may notice that the functions A{xx), B[xx)y €(xx) 
are really the same as those we have already more simply denoted 
hy A, B, C. We also Aotice that D {x^y^ = 0, E(x^y^ =0, and 
F(x^y,)^0. 

317. Let us now suppose that there is a pair of imaginary 
roots in the fundamental determinant of the form m^ = r +^ n/—!, 
77ij = r— 2^\/— 1, The values of a?, y, &c., given m Art.. 313, 
become 

a? = (a?j + x^ ^ cos|)i + {x^ - x^ V— l6^ sinjp/ + &C., 
y = (yi + yj) e*^ cos;)^ + (y^ - y,) V^ «•* sin p« + &C.,. 

which may be conveniently abbreviated into 

a? = Xj e'* cos pt + X^^ sin pt -{■ x^ a"*** + . . .' 
y = r^e'*' cos^^ + r, e*^ sin pt + y^e"^ + 
z =&c. 

If X; = rX^ +^X, and X; = -p J^ + rZ„ &c., 

dxidt = XI (Tcospt + X^e'^sinpt + xj 6*^4-...' 
dy/dt=^ r/e'*cosjpe + r,Vsinp^ + y/6"^+ ..• 
&c. = &c. 

318. Returning now to the two first equations of Art. 316, 
let us divide them by m^ and m, respectivelyc If we first add and 
then subtract the results, we have 

A{xT^x^p-C{xj,x^^^^=\D{x^y^)r+E(Xiy^)i'F{x^yi)~p\ -7^. 

By substitution, we find that 

*A {x^x^j = A{^,X,) + A {X,X,)) 

-2jD(a:,yJ7-l = i>(X,r.) T 

with similar results for the other letters. We also infer from these 
equations that U A be a one-signed function, A, {x^ x^ is not only 
real, but has always the same sign as A. Similar remarks apply 
to the functions B and (7« 



• • • 
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« 

If the functions D, E, F he absent, the two first equations of 
this Article reduce to 

il(a?jfl?,)2r + JB(a?j«,) = 1 

^A {x,x;) (r« +!>•) + C7(^,a:.) = or 

except when j) = 0, i.e., except when the roots (which we have 
supposed inxaginary) are reaL 

These equations may be conveniently written 

*^ — * T(J;ZJ +A (X.Z^ » *^ ^P -A {X,X,) +A (X.XJ • 

thus giving r and p when the amplitudes of the oscillations are 
known. 

319. Prop. II. On Imaginary roots. — ^We may immediately 
deduce the following theorem from the equations of Art. 318. 

(1) Let the fundamental determinant be syrmnetrical, t.6., let 
the functions D, E, F be all absent Let the potentials A and B 
be wie-signed and have the sams sign {whether C be a one-signed 
function or not). Then the real part r of every imaginary root 
must be negative and not zero. But if the potential B be absent, 
then the real part of every imaginary root is zero. 

If the potentials A and C be one-signed and have opposite signs, 
there can be no imaginary roots. 

These results follow by simply looking at the two last equations 
of Art. 318. 

(2) If the terms depending on D and F be absent from the 
equations, whether the terins depending on^ be present or nx>t, and 
if the three potential functions A, B, C be all one-signed and have 
the same sign, then the real part r of every imaginaryroot is negative, 
and not zero. But if the forces of resistance, i.e. B, be also absent, 
then the real part of every imaginary root is zero. 

(3) If the terms depending on D and E be absent, but not 
necessarily those depending on F, and if A, B, C be all one-signed 
and have the same sign, then the real part r of every imaginary 
root must be negative, or, if positive, must be less than p. 

820. Ex. 1. If ^ be a one-signed fonotion prove that {A{XiX2J}^ is always less 
than the product A (x^x^^f A (x^x^, 

Ex. 2. If A (m) be the determinant of motion, A^ (m) the minor of its leading 
constituent, jr^y^, &o. the minors of the first row, and m any quantity not neces- 
sarily a root of A.(m), prove the identity 

A(xiX^m^+B (x^x^ m-^-C (xii^ = A (m) A^ (m). 

Ex. 8. If nil, 97I3 be any two quantities not necessarily roots of the determinant 
A (m), prove that 

- ^ (*iya) %" - -B KyJ ^-F {"iv^) * ^' * ^ ^ 
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Ex. 4. If the determinant be synunetrical, and if the potentials A and C be 
one-signed and have opposite signs, then whatever sign the potential B may have^ 
the roots of the determinant are all real. 

Ex. 5. If the terms depending on F and E be absent, but not necessarily those 
depending on P, and if the three potentials ^, ^, C be all one-signed and have the 
same sign, then the real part r of any imaginary root most be negative or if pod- 
live less than p, 

821. BfEtet of fhe floreM of reatotance on oaeUlaUoiui atent a p oat t lon of 
equUiliiriniii. Let a system be oscillating about its position of eqailibriom under 
no forces of resistance, so that the functions B, D, E, F are all zero. We also 
suppose the functions A and C to be one-signed and to have the same sign. 

By referring to the equations of motion in Art. 810 we see at once that the 
determinant of the motion A ($) will contain only even powers of d. This deter- 
minant is of course the same as the Lagrangian determinant discussed in Chap. ii. 
It follows either from Chap. ii. or from Arts. 315 and 319 of this chapter that all 
the roots of the equation A (d) =0 are of the form ^p*^ - 1. Any co-ordinate will 
therefore be represented by a series of the form 

X = Xi<iOB pt + X^ Bin pt+ 

Let now some small forces of resistance act on the system. We therefore intro- 
duce into the equations of motion the terms which depend on the function B, The 
forces thus introduced are supposed to be so small that we may reject the squares 
of the coefficients of the function B. We represent this by supposing every co« 
efficient to contain a factor k whose square can be neglected. It is the effect of 
these additional forces on the former motion which we wish to discover. 

Beferring again to the equations of motion in Art. 310, let A^ (d), A, (d) be the 
determinants of motion before and after the introduction of these forces of resis- 
tance. The determinantal equation therefore becomes 

Aa(a) = Ai(«)+Bu«Jn(3)+&c.=0, 

where the symbol / indicates the minors of the constituents of A^ (S) as explained in 
Chap. VI. 

This equation may be written in the form Ai{5) + K94t{S)=0, where 0(d) con- 
tains only even powers of d. Since p^ - 1 is a root of A^ (d) =0, we let the corre- 
sponding root of this new equation be p^—l + rYrhere r is a small quantity, real 
or imaginary, whose square can be neglected. We find by Taylor's theorem 

Hence since A/ (d) contains only odd powers of 9, it follows that r is necessarily 
real. 

We have thus proved that the correction to any root of the determinantal equa- 
tion when we introduce the resistances is necessarily real. This means that the 
correction to the imaginary part of the root depends on the square of the resistances. 
The addition r to the real part of the root introduces a real exponential factor e^ into 
the amplitude of any oscillation. The addition to the imaginary part alters the 
period of the oscillation (Art. 817). Thus the periods of the oscillations are effected 
only by the squares of small quantities when we introduce the resisting forces, 

322. The series for any co-ordinate will now take the form (Art. 817) 

a? = Zj «•* cos p^ + Jj «•* sin jp^ + . . . 

where p is the same as before and by Art. 819 r is negative. With the same given 
initial values of x^ y, <&c. dxjdt, dy/dt^ Ac. the coefficients Xi, 4kc. will be changed 
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only by tenns whioh oontain the liMtor jr, and bdng themselyes smull, these changes 
niay be neglected. 

The yalne of r may be dedaced from the expressions given at the end of Art. 
818. If the foxoes of resistance were zero, the xeal exponentials would be absent 
and the ratios XJX^^ YJY^ would all be equal. With small forces of resistance 
these ratios differ from each other by quantities whioh contain the small factor k. 
It follows that the ratios B(X^X^IA (X^X-^ and B(X^X^IA (X^X^ are also equal 
when we reject the tquare of the small quantity"* The expression for r therefore 
reduces to the simple form 

^ ^A(X^X^ ^Ay^X^-k-2A^X^Y^+..r 

Translating this formula into English we see by Art 73 that the numerical value 
of r, for any one principal oscillation^ is one half the ratio of the mean value of the 
dissipation function to the mean value of the kinetic energy for that oscillation. 

Forced Oscillations* 

323. We may suppose a system to be moving in a given state 
of motion defined, as explained in Art, 267, by the co-ordinates 
6 = 5^, = 0^, &c. where 6^, (f)^, &c. are known functions of the time. 
This motion we shall call sometimes the undisturbed motion and 
sometimes the steady motion. If the system be now disturbed in 
^ny manner, we write = 6q + x, <f>=^<f>Q + y, &c. where a?, y, &c. are 
so small that we may reject their squares. This disturbance may 
have been made by some small impulse and the system may then 
Jiave been left to oscillate about the undisturbed motion. 

We may also have continuous forces acting on the system 
tending to make it oscillate about the undisturbed motion. As 
,the object of our enquiry is the oscillation of a system, we shall 
suppose that these forces when they exist are periodic. It f{t) 
represents any one we may suppose this function to be expanded 
by the known processes of Trigonometry in a series of multiple 
angles; thus 

f{t) = P6-«< sin {\t + a)+ P'e-"'* sin QCt + 00 + &c. 

Each of these terms is called a disturbing force. The coefficient of 
the trigonometrical factor of any term is called the magnitude or 
amplitude of that term. The angle \^ + a is called sometimes the 
phase and sometimes the argument 

It frequently happens that the real exponentials are absent 
ifrom the expression for the force. This case will therefore be more 
particularly considered in what follows. When we wish to call 
fittention to the absence of the real exponential, the disturbing 
force is often called sl permanent force* When the real exponential 
is present with a negative index, we may call the force evanescent. 

324. The general equations of motion of the second order are 
given in Art. 310, but in Dynamics the terms which depend on 
the functions J9 and i^are in general absent. The mode in which 
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these are formed when the resisting forces are absent is explained 
in Art. 111. Including these resistances we may suppose that the 
equations of motion take the form 

\ + EJ J 

\ - EJ J 

&c. = &c. 

where we have written on the right-hand side only one disturbing 
force in each equation as a specimen. 

For the sake of brevity, it will be foand convenient to distingnish the equation 
in which any disturbing force occurs by some simple phrase. The first equation 
is obtained from Lagrange's equations by differentiating with regard to ^ or jt. 
The second by differentiating with regard to </> or y. The force on the right-hand 
side of the first equation may therefore be said to act directly on the co-ordinate x 
and indirectly on y, z, Ac, So the force on the right-hand side of the second equa- 
tion acts directly on the co-ordinate y and indirectly on x, 2, &c. 

325. Forced and Free OscillationB. It is proved in the 
theory of Differential Equations that the solution of these equa- 
tions leads to an expression for each of the co-ordinates which 
contains two sets of terms. The first set is called a particular 
integral and consists of any solution obtained by any process 
however restricted. The second set is called the complementary 
function and represents the value of the co-ordinate when all the 
disturbing forces on the right-hand side are omitted. The comple- 
mentary function is therefore the same as the solution found and 
discussed in the first section of this chapter. 

The complementary functions in the expressions for the co- 
ordinates ^ive the oscillations of the system about the undisturbed 
motion when not influenced by any disturbing forces. These 
integrals are therefore said to constitute the natural or free vibra- 
tions of the system. The particular integrals in the several co- 
ordinates which indicate the effects of any disturbing force are 
called the forced vibrations or oscillations dtie to that force. 

According to this definition any particular integral may be 
taken to represent the forced vibration. But in practice there is 
one particular integral which is more convenient than any other. 
What this is will be made clear by the next proposition. 

A free oscillation does not necessarily mean a principal oscilla- 
tion though it is sometimes used in that sense (Arts. 53 and 116). 
Any motion represented by any number of terms selected from 
the complementary function will be a free motion. The word 
*' free " is meant to be a contrast to the word "forced." 

The term "Complementary Function" is used in Gregory's Examples, 1841. 
The distinction of Waves into "free" and " forced" may be found in Airy^s Tides 
and Waves, published in the Encyclopaedia Metropolitana, 1842. 
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326. To And the Foroed VibraUon* To find a particular 
integral for any force Pe"** sin {7U + a) we follow the methods 
already explained in Chap. vi. If A (8) be the determinant of 
the motion and J^ (S), /, (S), &c. be the minors of the first, 
second, &c. terms m that row of A (8) which corresponds to the 
equation in which the force occurs, we have 

«=^.gJ-Pe-'^sin(X^ + a), y=^ P6-< sin (X«+ a), i^=&c. 

We shall now prove that these operators will lead to two 
trigonometrical terms in each of the co-ordinates. These two 
terms constitute the forced vibration in that co-ordinate. 

827. To perfoim the operations indicated by these functions of 5, we nse the 

following simple rule. To perform the operation P (5) = -^r^ on Pe-^ "^ (Xt + a) toe 

write 3=-jc+XV-l <*'"* reduce the operator to the form L + MXV-1* The 



Bin 



required reeult ie then Te-** (L + Md) {\t + a). 

To prove this rule, we notice that by Art. 265 F(5)c*=(L+JferV-l)«^ where 
m= - jc+X\/-T. If we now replaoe the imaginary part of the exponential by its 
trigonometrical valne, and equate the real and imaginary parts on each side of the 
equation, the result follows at once. 

828. Ex. If the determinant A (5) have a roots each equal to m, i.e. * ic +X >/ -> 1, 
the result assumes an infinite form. Prove that in this case the operator may be 
replaced by { t*I(3) + at*-'!' (3) + . . . + P(d) }/A«(«), 

where the coefficients follow the binomial law, and A* (d), &c. have been written 
to express the ath differential coefficient of A (d), &o. Every one of these operations 
may now be performed by the rule given in the last article. 

To prove this, we replace the root m by ifi+ A where A is to be afterwards put 
equal to zero. We then find 

^*-={z(«)^+...+£,(/(«,o£}/{a-(».)£}. 

The first a terms of this series though infinite may be absorbed into the 
complementary function. The solution is therefore expressed by the (a + l)th term. 

829. Ex. A particle describes a nearly circular orbit about a centre of force 
whose attraction varies inversely as the square of the distance. It is also acted on 
by two disturbing forces represented by PsinXt and QsinXt acting respectively 
along and perpendicular to the radius vector. If the polar co-ordinates r, $ be given 
\fj rssa+x, $^nt+y, prove tiiat the equations of motion are 

(5« - 3n«) X - 2an«y =P sin Xt ) 
2n5a;+a5»y = QsinXM* 

show that the forced vibrations are given by 

P . X. ^nO ^, 2nP X. . (3n«+X«) . ^, 

^-^J?3x»"^^*-X(J?r5?)<^^* y-aM^i^Tx^^^^-^ aXMn^-X^ ^^^' 

330. Smooth and Tremulous Motion. We have supposed 
the system to be capable of moving in some state of steady 
motion, just as a hoop rolls on the ground in a vertical plane. 
But owing to some small disturbances the system really oscillates 
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on each side of this steady motion, the amount of disturbance 
being always represented for each co-ordinate by the sum of 
the natural and forced oscillations. When the period of one 
of these is small the system rapidly changes from one side to 
the other of its mean or steady motion. This mean motion will 
then appear to the eye to be tremulous. When the periods of all 
the oscillations are very long the changes from one side of the 
mean motion to the other takes place so slowly that it is hardly 
perceived to be an oscillation. The mean motion is thus said 
to be smooth. 

331. Disappearance of the Free VibratioiiB. When a 
system is set in vibration by any continuous permanent disturbing 
force, we have seen that two kinds of vibration are excited in 
the system, viz. the free and the forced vibrations. If there be 
no forces of resistance both these will continue to coexist through- 
out the motion. But the forces of resistance introduce an ex- 
ponential into the free vibration which causes the amplitude 
of the vibration to decrease continually (Art. 319). Finally the 
free vibration becomes insensible. But the amplitude of the 
forced vibration does not decrease. Thus the oscillation of the 
system is ultimately independent of the initial conditions and 
depends only on the forced vibrations. The forced vibration 
produced by a permanent disturbing force is therefore sometimes 
called the permanent vibration, 

332. It is sometimes important to compare the rates at which 
the different free oscillations tend to become extinct under the 
influence of the resisting forces. It is clear that this depends 
on the magnitude of the negative quantity r in the exponential 
factor 6*^ introduced by these resistances. Since this factor is not 
necessarily the same in all the terms, it follows that all the free 
vibrations do not diminish at the same rate. Some may become 
insensible before the magnitudes of others have been much 
impaired. 

When the initial amplitadee of any one principal osoillatioB are known in all 
the co-ordinates, the value of r for that oscillation can be deduced from the equations 
given in Art. 818. But when the system is oscillating about a position of equilibrium 
and the forces of resistance are smaU the expression for r takes the very simple 
form given in Art. 322. If X^, F^, &c. be the amplitudes in the co-ordinates Xy y, 
&c. of any one free principal oscillation, this expression 13 

where the vis viva and twice the dissipation function are given by 

2A=A^ixf^+2Ajj^y'+..., 2B=Bu<iif^+2Bi^y! + „.. 
The Qse of this expression for r wiU be best shown by a few examples. 

8S3. Ex. 1. Let us regard a homogeneous tight chain as constructed of a series 
of equal very smaU particles, each of mass m, connected by very short strings each 
of length { and without mass^ Let x,y,&c.he the displacements of the particles of 
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such a string vibrating^ flay, tnuunraraely. Then the via viya is given by Zmaf^. 
Suppose the resistance of the atmosphere to be represented by a retarding force on 
each particle which varies as its aettuU velocity. Prove that the dissipation func- 
tion B may be represented by 2B='ZKmx'^. Taking jc to be the same for all the 
particles it immediately follows that r= -j^jc. This is the same for all the free 
vibrations. 

Ex. 2. If the particles of the chain vibrate longitudinally instead of transversely 
the effects of the resistance of the air will be less than before while the effects of 
viscosity or imperfect elasticity will be more apparent. Let us suppose that these 
may be represented by a series of forces resisting compression or extension between 
adjacent particles, each force being proportional to the relative velocities of the two 
particles between which it acts and reacts, Vityre that the dissipation function B 
may be represented by 2B = Zicm (a^ - ^)\ 

Speaking in general terms, we infer that r is greatest for that kind of oscillation 
in which the differences of the amplitudes of the oscillations of adjacent particles 
are greatest. Oscillations of this kind wiU disappear the soonest, while those in 
which adjacent particles move nearly together may remain perceptible for a long 
time after. This is sometimes briefly expressed by saying that the effect of viscosity 
is to extinguish the shorter waves before the longer ones. 

Ex. 8. If the co-ordinates be so chosen that the dissipation function and the vis 
viva take the forms 2B=Bjjpif^ + B^'*+ ... 2T=^Ajix'^ + A^'^+ ... 

then the value of r for every principal vibration lies between the greatest and least 
of the fractions BiJ2A^iy •^ss/^-^iif ^* ^^ ^^^ ^ noticed that these limits are inde- 
pendent of the force function and are therefore the same whatever the forces may be. 

Ex. 4. The membrane which forms a drum^head vibrates transversely when 
struck. If the resistance of the air be slight and vary as the actual velocity of each 
particle, show that all the free vibrations have the same real exponential feMitor. 

Ex. 5. When successive notes are sounded on a musical instrument the terminal 
motion of one note is the initial motion of the next. Explain why each note is not 
sensibly affected by the preceding one. 

334. HerschePfl Theorem on the period of the Forced 
Vibratioii. On comparing the terms in Art. 327 which con- 
stitute the forced vibration with that which forms the disturbing 
force, we notice that the period of the forced vibration is the same 
as that of the force to which it is due. Thus if any periodical 
cause of disturbance act on a system of vibrating particles the 
forced vibrations follow the period of tite exciting cause. This 
important theorem is due to Sir J. Herschel, who first enunciated 
it in his Theory of Sound {Encyc. Met. 323). His demonstration 
however is totally dififerent from that given here. 

More generally, the disturbing force and the resulting forced 
vibration have not only the same period, but have the same real 
exponential. also. Thus, when thB iundamental determinant has 
no equal roots the two have the same general form or type. A 
permanent force produces a permanent vibration, an evanescent 
vibration follows only from an evanescent force. 

In the proof of this theorem we have assumed that the system 
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of vibratiDg particles is such that the squares of the displacements 
can be neglected. 

The theorem also only applies to the forced vibrations. If 
therefore we wish to apply Herschel's theorem to the actual 
visible motion, a time sufficient to allow the free vibrations to, 
die away, must have elapsed since the initial motion. See Art. 331. 

835. As an example of this prinoiple we may notice that when a sonnding body 
(such as a drum) excites vibrations in the air, the period or pitch of the sound 
produced in the air and in the ear is the same as that of the sounding body. 

336. As another example we may take one given by Herschel. Let a ray of 
light fall on a refracting substance like glass. The vibrations of the incident light 
must excite vibrations inside the glass. These last as long as the exciting cause 
continues and therefore constitute the forced vibration. The period of the re- 
fracted light is, by Herschers theorem, the same as that of the incident light. 

There are however some exceptions to this result. Thus in the PhiL Tram, for 
1852 Prof. Stokes has pointed out that light beyond the ultraviolet by passing 
through certain substances may have its period so lengthened as to become visible*. 
And Prof. Tyndall by means of the ultra red rays heated a platinum foil to 
incandescence and thus so shortened the periods that the vibrations became visible. 
See his Rede Lecture, 1865. 

337. How a Disturbing Force is Magnified. Let a system 
be acted on by two permanent disturbing forces which we may 
represent by the two terms P sin {Xt + a) and Q sin (jit + /3) both 
placed in the first equation of Art. 324. The corresponding 
forced vibrations in the co-ordinate x are given by 

'^ = ^^P^^^i^ + «) + ^Q^(f^ + 0). 

where I{S) is the minor of the x term in the first line of the 
determinant A (S). These coefficients contain the operator 8 and 
their magnitudes will therefore depend on \ and fi. We therefore 
infer that the effects of different permanent disturbing forces acting 
under similar conditions on the same co-ordinate are not simply 
proportional to their respective magnitudes but depend on their 
periods. 

* To understand the cause of these exceptions we must remember that the 
forces of restitution have been taken proportional to the first power of the displace- 
ments, i.e. only the first powers of x^ y, &q, have been retained. Now the molecules 
of a body may be compounded of smaller atoms closely packed together. When the 
oscillations under consideration are such that only the molecules move amongst 
each other these displacements may be so small compared with the distances of the 
molecules from each other that the force of restitution /(^), due to a displacement ^ 
of any molecule, may be replaced by the first power which occurs in M^Laurin's ex- 
pansion. But when the oscillations are such that the closely packed atoms of each 
molecule move amongst each other, the force of restitution may no longer vary as 
the first power of the displacement. Thus the equations of Art. 324 may apply to the 
former but not to the latter kind of motion. The reader is referred to Prof. Stokes* 
paper. 
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838. Without however restricting ourselves to permanent 
disturbing forces, let us consider the forced vibration produced by 
the disturbing force Pe-^'sinX^. Writing as before (Art. 327) 
m = — ir + XV — If the resulting forced vibration is the co- 
efficient of iv^— 1 in J (5) p^ p I(i^) - 

A(S) A (m) 

If m be nearly equal to a root of A (S) the denominator of tliis 
expression is very smalL But the t3rpes of the free vibrations 
are given by A(m) « as shown in Art 262. We therefore infer 
that a disturbing force whose period and real exponential are 
nearly the same as those of any one free vibration will produce a 
large forced vibration. 

339. Usually the disturbing forces are of the permanent 
t]rpe P sin (X^ + a). If there be any free permanent oscillation 
of the form A sin {pt + /S) where p and X are nearly equal, v^e 
have just seen that this force will produce a magnified oscillation. 
But if any resisting forces, which vary as the velocities, act on 
the system, these resistances will introduce a real exponential 
into the free oscillation (Art. 319). Thus the type of the dis- 
turbing force will be no longer the same as that of the free 
particles. We conclude that one effect of the resistances on a dis- 
turbing force which would otherwise produce a magnified forced 
oscillation is to modify that oscillation and keep it within bounds. 

840. As a siinple example of thiB dynamioal principle, let ns consider how 
easily a hea^y swing can be set into violent oscillation by a series of little pushes 
and polls if properly timed. If we pnsh when the swing is receding and pull when 
it is approaching us, the swing is continually accelerated and the arc of oscillation 
will be greater and greater at eadi saoceeding swing. Such a series of alternations 
of posh and poU is practically what we have called a permanent distorbing force 
whose period is the same as that of the free vibration of the swmg. Bat if the 
period be very onequal to that of the free vibration thoogh a few poshes and pnlls 
may increase the arc of vibration yet a time comes when the effect is reversed. The 
force acts opposite to the motion of the swing and the oscillations will decrease just 
as they before increased. 

341. We may take a second example from the rolling of ships at sea. The 
ship has its own natural vibration together with that forced one which follows the 
oscillation of the waves. If the periods of these synchronise the rolling of the 
ship may become very great. Mr White in his Manual of Naval Architecture men- 
tions several interesting examples of this. After noticing how some vessels are 
made to roU heavily by an almost imperceptible sweU, he mentions the case of the 
Achilles, a vessel of great reputation for steadiness, which rolled more heavily off 
Portland in an almost dead calm than it did off the coast of Ireland in very heavy 
weather. Again in the cruise of the combined squadrons in 1871 , though the 
Monarch far surpassed most of the vessels present in steadiness when the weather 
was heavy, there was one occasion (possibly owing to a near agreement between the 
natural period of this ship and the period of the waves) when the ship rolled more 
heavily in a long swell than some of the most notorious heavy rollers. 
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342. A good use of this principle was made by Oapt. Eater in his experi- 
ments to determine the length of the seconds' pendnlnm. It was important to 
determine if the support of his pendulum was perfectly firm. He had recourse 
to a delicate and simple instrument invented by Mr Hardy a clookmaker, the 
sensibility of which is such that had the slightest motion taken place in the support 
it must have been instantly detected* The instrument consists of a steel wire, 
the lower part of which is inserted in the piece of brass which forms its support, 
and is flattened so as to form a delicate spring. On the wire a small weight slides 
by means of which it may be made to vibrate in the same time as the pendulum 
to which it is to be applied as a test. When thus adjusted it is placed on the 
material to which the pendulum is attached, and should this not be perfectly firm, 
the motion will be communicated to the wire, which in a little time will accompany 
the pendulum on its vibrations. This ingenious contrivance appeared fully adequate 
to the purpose for which it was employed, and afforded a satisfactory proof of the 
stability of the point of suspension. See PhiL Trans, 1818. 

343. It has been shown in Art. 838 that a disturbing force may produce a large 
vibration in as if its period be such that the denominator A (d) is small. But this 
result is affected by the operator I {d) which occurs in the numerator. If for 
instance the result of the operation of the minor I (5) be zero, the forced vibration 
disappears. 

Now these minors are just the operators used in finding the free vibrations. 
Thus in Art. 262, we have « = I (5) [type]. 

If then any one of the free vibrations be absent from one of the co-ordinates 
though present in the others, then a disturbing force of nearly the same period will 
not produce a large forced vibration in that co-ordinate. We infer that a disturbing 
force can produce a large forced vibration in any co-ordinate only if there be in that 
co-ordinate a free vibration of nearly the same period and containing nearly the same 
real exponential, 

344. If the force be nearly equal to Pe "* ** sin (Xf + a) , it may occur that the deter- 
minant A {S) has a roots equal to —Ki-\\J-1, while the minor I {5) has none of 
them. In this case the forced vibration wiU be divided a times by a small quantity 
and is said to be magnified a times. But if the minor J (5) has /3 of these roots, the 
forced vibration will be magnified a-p times. By reference to Art. 272 we see that 
the co-ordinate x has in this case powers of t up to the (a - /3 - 1)*'^ in the coefi&cients 
of its free vibration. We infer that the forced vibration in any co-ordinate will be 
magnified once more than the highest power of t which occurs in that co-ordinate in 
connexion with the free vibrations of nearly the same period, 

345. As an example let us consider the case of a planet describing a circle about 
the sun considered as fixed in the centre. If slightly disturbed the change in the 
radius vector and longitude will be small and these changes may be represented by 
what we have called x and y. From the theory of elliptic motion we know these 
will be approximately x=a-a£ cos {nt + o), 

y = 5f + c + 2« sin (nt + a), 

where a, b, c are small quantities and 27r/n is the period of the planet. These are 
of course the free vibrations. Comparing these with the type sin (\t + a) we see that 
two free vibrations occur in aj, viz. X=:n and X=0. There are three free vibrations 
in the expression for y, viz. X^n and two equal values of X each zero. These equal 
values introduce the terms with powers of t as explained in Art. 266. 
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We infer that any small permanent periodical loroe will produce a magniJUd 
diMturbanee both in the radios vector and longitude of a planet, if its period is 
nearly equal to 'that of the planet -or is very long. Since there are two eqoal free 
periods in the longitude whose type is X=0 and only one in the radius vector, those 
small disturbing forces whose periods are very long will be twice magnified in their 
effects on the longitude and once magnified in the radius vector. If any sudi forces 
as these act on the planet it will be neoessaxy to eiamine into their effects. Small 
disturbing forces, whose magnitudes are less than the standard of small quantities 
to be retained, may be disregarded only if their periods are different from those 
just indicated. 

These rules are used in the Lunar and Planetary Theories to assist us in estimat- 
ing the values of the disturbing forces. They enable us to separate from the crowd 
of small forces those which can produce sensible effects on the motions of the 
planets. 

346. How a disturbing force is diminished. Let us resume 
the expression ^ven in Art. 326 for the forced vibration due to 
a continuous disturbing force. We remark in the first place that 
the denominator of the coefficient contains higher powers of \ 
than the numerator. To show this it may be sufficient to notice 
that the determinant of the motion A (S) has two powers of B more 
than any of its minors. We therefore infer that, in the limit, 
when X is very great, ie. when the period of the disturbing force is 
much smaller than that of any free oscillation, the forced vibration 
produced is in general insignificant 

347. When the type of a continuous disturbing force f(t) 
which acts directly on the co-ordinate x is such that it satisfies 
the diflTerential equation Ii(S)f(t)=^0, we remark in the second 
place that the forced oscillation in the co-ordinate x wholly 
vanishes. Now /j(S) = is the determinantal equation whose 
roots give the free vibration when the co-ordinate x is constrained 
to be zero. We infer that when the type of a disturbing force 
which acts directly on any co-ordinate x is nearly the same as any 
one of the modes of free vibration when x is constrained to be zero, 
then the forced vibration in x tvill be very small. 

848. Ex. A tight string, whose extremities A and B are fixed, is acted on trans- 
versely at any point C by a permanent disturbing force. ' If the period of the force 
be equal to any one of the periods of a string stretched with the same tension but 
whose length is either ^C or CB, show that the forced vibration wiU not disturb the 
point C, If the strings AC, CB have no free period in common, show that one 
string will not be moved by the forced vibration. 

We may also deduce this result from some elementary considerations. Let the 
string be held at rest at C and let the part AC be set in motion, CB being at rest. 
The pressure at C when resolved perpendicular to the string will represent a per- 
manent disturbing force whose period is equal to that of any one of the free vibra- 
tions of AC, Replacing the pressure by the disturbing force we have AC in 
vibration and CB at rest. 

349. How an Impulse is diminished. When a system of 
machinery is moving in some state of steady stable motion it may 
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be liable to disturbance from any sudden jerks whose effects it 
may be important to diminish as much as possible. Let us con- 
sider briefly what means we have to abate an impulse. 

When the jerk has completed its work and has ceased to act, 
the system is displaced from its proper state of motion. It now 
begins to oscillate about this state. Thus the effect of the jerk 
is to introduce a new set of " free oscillations.*' If there be any 
forces of resistance these free vibrations will begin to fade away 
and the system will tend to assume a state of steady motion. 
One method of correcting the effects of a disturbing impulse is there- 
fore to increase the resisting forces. 

These resistances, which are thus intentionally introduced into 
the machinery should be properly arranged. They should be such 
as not to affect the steady motion, but to begin to act only when 
the machine deviates from its intended course. An example of 
this has been given in Art. 105, where the motion of the Governor 
was discussed. 

350. The aotoal effect of a jerk X on any oo-ordinate sneh as x is easily deduced 
from the equations of Art. 118. If A be the discriminant of the quadric A where 
2A=:Aj^x^ + 2Aj2xy+ and I^ the minor of the constituent J^^, we have 

If then it is important to lessen the effects of the impulse J, we may make 
some addition to the machine or modify the arrangement of its parts so as to in- 
crease the discriminant A as compared with / as much as possible. 

If the function Abe a positive one-signed function, its discriminant A is positive. 
We may then show, as in the next article, that the ratio of /^ to A is in general 
decreased by the addition of the square of any linear function of x, y, &o, to the 
function A, Now the quadric function A with accented co-ordinates is part of the 
expression for the vis viva (Art. Ill) and is always, a positive function. Hence if 
any addition be made to the vis viva the corresponding addition to this function is 
also positive and may be expressed as the sum of a number of squares of linear 
functions. We may therefore in general weaken the direct effects of jerks on a 
system by increasing the expression for the vis viva. 

The usual method of effecting this is to attach a fly-wheel to the machine. The 
vis viva of a rotating body is Mk^ta^, where Mk^ is the moment of inertia of the 
body about the axis and ia is the angular velocity. The advantage of using a wheel 
is that with a given quantity of additional matter, the additional terms may be in- 
creased to any extent by increasing the radius of gyration. 

351. Ex. 1. If the co-ordinates be so chosen that the square factor added to 
the quadric 2A is of the form iiy^t where y is any co-ordinate other than as, show 
that the ratio J^j/A becomes (Jii + Ma)/(^+/^^ta)*' where Ag is the second minor 
formed by omitting the two first rows and columns, and the suffix of each I indi- 
cates as usual the constituent of which that I is the minor. Show also that the 
second ratio is less than the first by Ii2^filA(A-\-fiI^, Show also that this 
difference is positive or zero and ha^ a finite limit when fi is infinite, 

Ex. 2. If the square factor added to the quadric 2 A be /A(aaj-f 6y + cz4-...)*, 
show that the direct effect of an impulse represented by X on the co-ordinate x will 
not be altered by this addition to the inertia if a^I^^^ + 2abIiiIi2-\- b^In^ + ... s»0. 

R. D. II. 13 
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352. The intenral at which any phase of effect follows 
the same phase of cause. Any disturbing force tends alter- 
nately to increase and decrease the deviation of the system from 
its undisturbed position, but it is not true that this deviation 
actually increases when the force urges an increase or decreases 
when the force urges a decrease. To examine into this point we 
notice that by Art. 327 the forced vibration produced by a disturb- 
ing force Pe-** sin(Xi + a) is 

Pe-^IL sin (Xe + a) + JIf cos (X/ -h a)} 

In this transformation it is clear that if the square root in the 
coefficient be regarded as positive, the angle added to the phase 
must be such that its sine has the same sign as M and its cosine 
the same sign as L. The consequence is that all the possible 
values of the change of phase differ by multiples of 27r. 

Comparing the expression for the forced vibration with that 
for the disturbing force we see that their maxima do not occur 
simultaneously. The maximum of the oscillation occurs later than 
the maximum of the force by an interval equal to — (1/X) tan~* (M/Iy). 
In the same way every phase of the oscillation follows the corre- 
sponding phase in the force after the same interval. 

The change of phase in any co-ordinate thus depends on the 
values of L and M for that co-ordinate. These are easily found 
by the rule given in Art. 327, where it is shown that if we write 
B^ — K + X V— 1 in the operator /(S)/A (S) for that co-ordinate the 

result is Z + Mj— 1. 

853. If the disturbing force be permanent, Le. be of the form P8in(\f+a), 
and if the forces of resistance be neglected, the determinant A (8) contains only 
eyen powers of 8 and is therefore real after the snbstitntion d=\ »J -1, We infer 
therefore that if the minor 1(8) be also real when the same substitution is effected, 
the phase of the forced oscillation is the same as that of the force or is greater by 
T accord ing a s I>=I($)/A(5) is positiye or negative. If the minor I [8) is of the 
form hJ-1, the phase of the oscillation is greater than that of the force by +^7 
or - \Tr according as I(8)l8&k(8) is positive or negative. 

If we consider the direct effect of a force on any co-ordinate the minor I (8) 
contains only even powers of 5, as weU as the determinant A ($). If the centrifugal 
forces are absent as when the system oscillates about a position of equilibrium, 
every minor contains only even powers of 5. In all these cases the forced vibra- 
tion is simply a multiple positive or negative of the disturbing foroe without 
farther ehange of phase. 

354. Ex. A particle describes a nearly circular orbit about a centre of force 
which attracts according to the Newtonian law, and is acted on by a permanent 
disturbing force along the radius vector. Show that the particle at any moment is 
inside the mean circular orbit when the foroe acts outwards and outside when the 
force acts inwards, provided the period of the force is less than that of the particle 
in its undisturbed orbit round the centre of the foroe. But the reverse of this is the 
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case if the period of the distarbing fbircd is gteater than that of the parti<de. Would 
there be a similar distinction of oases if the oMitre of force attraotcd according td 
some inverse power greater than 3 f 



Second approaimations* 

355. When we try to find the oscillations of a dynamical 
system we generally proceed by continued approximations. We 
first reject all the squares of the small quantities and thus obtain 
a set of linear differential equations. Solving these we substitute 
the results in the terms of the second order and treat these 
functions of ^ as disturbing forces. Their corresponding forced 
vibrations are then found. The operation may be repeated for a 
third approximation and so on. 

It has been shown in Art. 337 that when the forces of resistance 
are small, a permanent disturbing force whose period is neatly 
equal to that of any one of the free vibrations produces a magnified 
forced vibration. It follows that a small force of propel* period 
which would appear in the differential equations only when we 
include terms of (say) the third order may produce oscillations in 
the co-ordinates which are of the second or first order. 

If therefore we wish to have our results oorreot to any given 
order it will be necessary to retain, for examination, those periodic 
terms in the differential equoMons of higher orders whose periods 
are nearly equal to any of the free vibrations. 

We also see the importance of proceeding to higher approxima- 
tion. These small terms which produce such large forced vibra- 
tions may not make their appearance until the terms of the higher 
orders are examined. Thus some important oscillations may be 
missed if we stopped at a first approximation. 

S56. When we snbstitnte our first approximation in the terms of the higher 
orders it sometimes happens that permanent disturbing forces make their appear- 
ance whose periods are exactly the same as those of some of the free vibrations 
included in the first approximation. When this occurs, it has been shown in 
Art. 32d that the forced vibration changes its character. The solution now con- 
tains terms with powers of t as factors. These terms (not being balanced by the 
proper exponential factors, Art. 283) will become large, so that the system will 
depart widely from the state indicated by the approximate solution. 

This is another way of saying that what we have taken as cor first approx- 
imation is not sufficiently near to the truth to serve as an approximation. In 
most dynamical problems the disturbing forces are given as functions of the co- 
ordinates and then by the approximate solution expressed as functions of the time. 
Thus the expressions for the forces themselves are only approximations. It may 
therefore happen that if we can obtain a more correct first approximation to the 
motion the small terms which indicate such a large departure from the first 
approximation may not make their appearance. 

To find a sufficiently correct first apprommation to the motion it may not be 
enough to take the solution of the differential equations when all the terms of the 

13—2 
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higher ordsn are neglected. We mutt include in these differenHdl equatiom aU 
thoee email terme of the higher orden which $o materially affect the motiann The 
iolution of theee modified equatione (if one can he found) i$ tohe taken at our first 
approximation. 

Let OS repeat the ugoment in a slightlj different form. The first approximation 
oomprites all the largest terms in the expressions for the coordinates and may 
generally he taken to represent the visible motion of the systenL If now a disturb- 
ing force, snoh as that we haye just described, act on the system, it greatly modifies 
the visible motion and in tarn its own period is modified by the change of motion. 
Thns the system takes np some new state of steady motion with oscillations about 
that steady motion. This obliges ns to abandon the former first approximation 
in order to use one which may be a permanent representation of the new visible 
motion. 

When we examine this new first approximation, as in the following examples, 
we find that it sometimes has the same general character as the former, bnt with 
the important exception that the free vibration whose period was the same as that 
of the force has been greatly modified. We therefore infer that when a tmaU 
ditturbing force it wholly or in part a function of the co-ordinatet and hat the tame 
period at a free otciUation of the tyttem, it may have the effect of removing that type 
of free otdUation from the tyttem and replacing it by tome other type of a different 
period. 

857. Before proceeding to the general theory we shall illustrate the method of 
proceeding by a simple example. 

A particle otciUatet in a ttraight line about a centre offeree whote attraction at a 
dittance x it repretented by p*x+pa^. Find the time of a sma^ll otcillation. 
The equation of motion is clearly 

dfi+P'^=-/3^ W- 

As a first approximation we reject the term on the right-hand side as being of the 
third order of small qnantities. We then find 

x=Msm(pt + a) (2). 

Proceeding to a second approximation we substitute this in the term previously 
rejected. We have 

d^x 

dt^ 

The first trigonometrical term on the right-hand side has the same period as the 
oscillation which represents the first approximation and will therefore modify 
considerably that approximation (Art. 856). To include its effects we must cJter 
equation (2). This modified solution when substituted in the differential equation 
must make the left-hand side, not equal to zero as before, but equal to a very small 
quantity, viz. the small disturbing force. As a trial solution we shall therefore 
retain the same general form. The letters M and a being undetermined will still 
serve for general symbols, but we shall replace p hj p+fi where fi is some small 
quantity to be determined by the disturbing force. We shall therefore write the 
first approximation in the form 

x=MBm{{p+fi)t + a} (4). 

Proceeding to a second approximation we have 

-^^+p^x=-.-^mBm{(p + f,)t + a)]. 



+p*x=-^M*{BBia{pt + a)-8mB{pt + a)\ (3). 
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If our correction be saccesBfal, this equation must be satisfied by our amended first 
approximation. Substituting we find the equation is satisfied provided 

Q 

.*. /*=f ~ M^ nearly. 
P 

Thus the oscillations of the particle about the centre of force are yery nearly 
represented by equation (4). The effect of the disturbing force -/Sx* is to shorten 
the time of oscillation by a quantity which depends on the square of the arc. 

358. If the force of attraction had been p^x+pidxjdt)^ instead of that given 
above, we may show that this process would have failed. 

Taking the first approximation as before and substituting in the differential 

equation we obtain 

d^x 8 

^+l>«a?=-jJJf3{3cos(i>« + o) + cos3(i)« + o)}. 

Neglecting the second trigonometrical term as before, let us try to include the other 
in our first approximation. Taking the amended form (4) and substituting we find 
that we should have 

But this equation cannot be satisfied by any constant value of fi. The effect of this 
disturbing force is therefore not merely to alter the time of oscillation. 

359. Ex. A particle describes a nearly circular orbit about a centre of force 
whose attraction at a distance r is represented by fi (u^+/3u") where u is the re- 
ciprocal of r. If p be very small show that the path is nearly represented by 

tt= a {1 + e COS {c$ - a)}, 
where <r=l-i/3o"-»(n-2){l + i(n-3)(ii-4)«a+Ao.}, 

provided the square of /3 can be neglected. This example is a modification of a case 
which occurs in the Lunar Theory. 

360. OeiMoraa Theory- Having illustrated the method of treating the terms of 
the higher orders by several examples, we shall now consider the subject more 
generally. Our object is to so modify the first approximate solution as to include 
in it (when such a thing is possible) the effects of small forces whose periods are the 
same as those of the free vibrations (Art. 356). The general result arrived at will 
be given in the summary at the end of the argument. 

We shall suppose the left-hand sides of the differential equations to contain 
all the first powers of the small coordinates x^ y, z, &c. These therefore take the 
form given in Art. 324 or more generally Art. 262. The disturbing forces are placed 
on the right hand sides and contain powers and products higher than the first of 
the co-ordinates x, y, <&c., and their differential coefficients. Thus all these dis- 
turbing forces would be neglected if we took into account only the terms of the 
first order. We shall also suppose that these disturbing forces are not explicit 
functions of the time. If this condition be not satisfied, the following analysis 
must be slightly modified. 

361. To avoid a complication of symbols let us resume the exponential values 
of the sine and cosine. Let then the first approximation obtained by neglecting in 
the differential equation all terms beyond the first order be 

x=:Mie^^^+M^^+ ...) 

y^^N^e^^^ + N^"^^-^...]: (1)» 

(fee. = Sto, / 
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where Mi, 94, ^ are tiie roote ml or imagimay of thedetenninftot A (9) (Art. 262). 
On prooeeding to • eeoond ftpprozimaiioii we sabetitnto theee mdaes of «, y, Ae, in 
the eereral small terms whieh were before neglected. Taldng some term which 
contains the products and powers of the yariables the resnlt of the sabstitation 
produces disturbing forces of the form 

SP^/»h +«'«««+•..)* (2), 

where the order of the term is /+p+ ... If these qnantities /, 0, Arc are snob that 
any number of relations hold of the form 

/wii+ijwij+...=iiii (3), 

there will be just so many of these disturbing forces which take the type Pe*^^* 
The forced yibrations derived from these are obtained by using the operator I(9)/A {8) 
and are eyidently infinite. To include these in the first approximation we replace 
the equatiomi (I) by -r=3f,.«»*+3f^*^+ ...| 

y=A'i«»»*+^,eV+...> (4)' 

Ac.s^« ) 

where the M*b JiTs, Ae. are not necessarily the same as before, aad each n only 
differs slightly from the corresponding m. Substituting as before we of course 
obtain a disturbing force of the form (2) but with n*s written for the m's. If we 
assume the same relations to hold as before between the exponents^ yiz. 

yni+|^+...=ni (5), 

this force will take the type Pe^^K There may also be other relations similar to (5) 
but with n, or n,, <fec. written for 14 on the right-hand side and these will introduce 
other disturbing forces whose effects have also to be included in the new first 
approximation. 

Including these forces we may write the differential equations in the form 

/ii {«) «+/i2 W y + ... -i'i«***+ JPi«'^+ ...1 

where the functional symbols /^i {8) Ac. have been used f(V the sake of bre'vity. If 
we have been successful in including the effects of these disturbing forces in our 
new first approximation, these differential equations must be satisfied by the Tftlnes 
of Xf y <ftc. giyen in (4). Substituting we have 

/2iK)^i+/a2WJ^i+... = Qi > (7). 

<fec. =<&c.J 

with similar equations for each of the other disturbing forces. 

In these equations the ikTs are to be regarded as arbitrary, their values being 

reserved to satisfy the initial conditions of the motion. Our object is to find the 

values of the remaining coefficients, viz., the ^'s and also the values of the n's in 

terms of the 3f 's. These values of the Xi's must also satisfy the relations (5). 

Supposing this test to he satisfied we have found values of the co-ordinates which 

satisfy the differential equations to the first order, and include the disturbing forces 

whi<^ appeared to threaten the stability of the system. 

862. The forces P, Q, <fec. may each consist of several terms of different orders 
of smallness. But the lowest is supposed to be of a higher order than the coefficients 
M, N &c. Taking only the lowest powers which occur in P, Q Stc,, we may easily 
find a first approximation to the values of n^, n, <fec. Solving the equations (7) we 
find Ml A (fij) = Pj 111 (ni) + Q^I^ (uj) + Ac, 
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where Ju (n) ^. are as nsnal the minors of ihe detennimuii A (n). Let n^ am^ + f/^^ 
ft3=m,+/i3 <fto. Sinee all the terms on tide right-hand gide are smaller than Mi we 
may in these terms write ni=mi, n^=:m2 &o, Bemembering that A (i%) :^0, we have 

J»^i^^^Mi=PiIiiK) + Ci/ai(%) + Ac (8). 

In the same way we have 

The forces P^ &c, are functions of Jf^, N^ &c., M^i N^ Ao. Bat looking at equa- 
tions (7) we see that the ratios of Mi, Ni <ftc., differ from the ratios of the minors 
-^11 ("h)' ^12 (^ <^* ^7 quantities of the order P/M, We may therefore in calca- 
lating the values of P^ <&o., substitute for Ni &e,, N^ &c, by the help of these ratios. 
Thus the right-hand sides of the equations (8) are all known functions of the 
arbitrary 3f 's and of the roots of the determinantal equation A (8) = 0. 

The quantities /, g <fec. are usually positive integers. In this case the orders of 
the quantities P <fec. are not less than f+g + Ac It follows that the corrections 
/iif fUg &Q, are of the order f-¥g + <&o. - 1 at least. 

363. gnininary of rasolts. We may embody the results of equations (8) in a 
rule. 

Taking the first approximation viz. x=Mie^^^+Ao, found by rejecting all terms 
of the higher orders in the differential equations, we proceed to a second approxi- 
mation. Suppose that in consequence of some relations such as 

fmi+gm2+&o.=mi, 

we arrive at disturbing forces PjC^^'^ P^e"^ &o. These would produce infinite 
terms in the co-ordinate x, if we employed l^e operators I(d)/A($), <fec. as usual 
(Art. 326). Instead of these let ns employ the operators I(d)/A'(d), &c. simply 

replacing A {$) by A'(«). Let the result be x=He^^^+Ke^^+&o„ where JET and JT 
contain powers of Mi, M^ <&c. above the first. Then the effects of these disturbing 
forces may be taken account of to the next approximation by replacing the first 

approximation by x=Mie^'^^'^*^'^* + M^e^'^'^f^^ where /*i=H/JJfi, fi^^KIM^ Ac, 
provided these new indices satisfy the relations /a*i+P/:^ + Ac =fii, &c. 

Supposing this condition to be satisfied, we see that a disturbing force of the 
Bame type and period as a free vibration has the effect of removing that type from 
the system and replacing it by some other type of vibration which is more and more 
remote from the original type the greater the amplitude of the vibration. 

364. fiacamplea. A pendulum swings in a very rare medium, resisting partly as 
the velocity and partly as the square of the velocity, to find the motion. 

Let $ be the angle the straight line joining the point of support to the centre 
of gravity G of the pendulum makes with the vertical. Theft the equation oi 

motionis _ + |sm^=-2ic^ 

where I is the length of the simple equivalent pendulum, 2k and /i ^^ coeflicients 
of the resistance divided by the moment of inertia of the pendulum about the 
axis of suspension. Let g=iln\ Since $ is small we may write the equation in the 

form d?+''^=-^'Tt^^[dt) +'* 6-- 

Since k and 6 are very small, we might at first suppose that it would be 
sufficient as a first approximation to reject all the terms on the right-hand side. 
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This givM 0»a9hxfU, the origin of meaitixement of t being so ehoaen that < and 
yanish together. If we Bubstitate this in the small terms we get 

■-r-- + n'tf=-2im . a eos nt + 4 n'a' sin nt+<fec., 

which gives tf = a sin nt — irat sin nt + ^ naH oos nt + &c. 

These additional terms contain t as a factor, and show that our first approximation 
was not sufficiently near the truth to represent the motion except for a short 
time. To obtain a sufficiently near first approximation we must include in it the 
small term 2k d$ldt (Art. 856). We have therefore 

d'd dS 

This gives = a« ~ "^ . sin mt, where for the sake of brevity we have put n*-i^= in*. 

In our second approximation we shall reject all terms of the order a* or a^x 
unless they are such that after integration they rise in importance in the manner 
explained in Art. 844. We thus get 

^| + 2c^+n»^=-'^^«-2«<(l + oos2mO+~a>i^(3sinm<-8in3m/) 

- /ia*Ke'~^ ( - I + |co8 2aiU+m sin 2nUj, 

where all the terms on the right-hand side after the first are of the third order, and 
are to be rejected unless they rise in importance. To solve this, let us first consider 
the general case 

^+2ic^H-n»tf=e'"P*'. {Amnrmt + BcoBrmt), 
Put = e^^ (L sin rmt + M oos rmt). Substituting we get 

M{(p-l)*i^+m*{l-f*)}'2(p-l)KrmL=Bl ' 
Now K is very small. If then r be not equal to unity, we have 1.= — rzi^r^ > 

B —B A 

•M^=— 5Ti — 5^ nearly; but if r=l, we have L=t— -^ — , M^^r-t T{ — nearly. 

m^{l-r^) "^ ' 2(i>-l)«TO 2(p-l)irt» 

The case of psl does not occur in our problem. It appears that those terms only 

in the differential equation which have r=l give rise to terms in the value of x 

which have the small quantity k in the denominator. Hence in the differential 

equation the only term of the third order which should be retained is the first. 

We thus find, putting successively r=0, r=2, r=l, 

^=06"** sinmt - — e"^*^^ «~^^cos 2mt + ^tA" ^"^^ cos 'w** 

49 o oAictn 

This equation determines the motion only during any one swing of the pendu- 
lum ; when the pendulum turns to go back n changes sign. Let us suppose the 
pendulum to be moving from left to right, and let us find the lengths of the arcs of 
descent and ascent. To do this, we must put defdl = 0. Let the equation be written 
in the form $=f{t), then if we neglect all the small terms, d0ldt vanishes when 
mf = ife Jr. Put then mt= -^t-^x where a; is a small quantity, we have 



Now 



/'w=-^'(-§s)+-^"(-^)s=°- 



/' (t) = o«~«< (m 008 wit - ic sin m<) - ^% - **<^ - 2ic + y COS 2m« + ^ sin 2TOt ^ 



m3m8 q . 

-- — «"*'* (- m sin m« - 3<c oos mt). 
32ifm - ' 
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A STifficiently near approximation to the value of /'' (t) may be found by differ- 

entiating the first term of the value off (t). We thus find a; = ^ 5S — » 

mom oZKm 

the second of these terms being smaller than the other two might be neglected. 

We also find as the arc of descent 

JOT tar r *' o « '*"' 

''=/(-ii)-/'(-^)£=-p"^n'»"^-H'"-Bir:'''^|]- 



Similarly to find the arc of ascent we put mt=--\-y. This gives y= 



2 " ° ^ m 32/c7» 

and the arc of ascent is 

In these expressions for the arcs of descent and ascent the terms containing x 
and y are very small, and assuming k not to be extremely small, these terms will be 
neglected *. 

Now a is different for every swing of the pendulum, we must therefore eliminate 
a. Let u^ and w^^j be two successive arcs of descent and ascent, and let \= e~'^^^i 
BO that X is a little less than unity. Then we have 

eliminating a we have very nearly 1-- = — (— +-), 

, 3 1-X2 3«T , 

where c = h- ^—-^^ = -. — nearly. 

2fi 1 + X* 4/A7II 

The successive arcs are, therefore, such that IJu^ + l/c is the general term of a 

geometrical series whose ratio is e^''^'"'^. The ratio of any arc u^ to the following arc 

KU Kir 

which continually decreases with the arc. In any series of oscillations the ratio is 
at first greater and afterwards less than its mean value. This result seems to agree 
with experiment. 

To find the time of oscillation. Let f^* ^a be the times at which the pendulum is 
at the extreme left and right of its arc of oscillation. Then 

T K n^a? * _' "^ ****** 

The time of oscillation from one extreme position to the other is <2 - ^i which is 
equal to vjm. This result is independent of the arc, so that the time of oscillation 
remains constant throughout the motion. The time is however not exactly the 
same as in vacuo, but is a little longer ; the difference depending on the square of 
the small quantity k. See Art. 321. 

Ex. 2. A rigid body is suspended by two equal and parallel threads attached 
to it at two points symmetrically situated with respect to a principal axis through 
the centre of gravity which is vertical, and being turned round that axis through a 
small angle is left to perform small ^ntto oscillations. Investigate the reduction to 
infinitely small oscillations. [Smith's Prize.] 

* If these terms are not neglected the equation connecting the successive arcs of 
descent and ascent becomes = - ^ u (1 + X') + „^r ^^^ — . Now 1 - X*= — 

^n «iM-l 3 ' 32/CTO X TO 

nearly, so that this additional term is very small compared with that retained. 



CHAPTER VIIL 

DETERMINATION OP THE CONSTANTS OF INTEGRATION IN TERMS 

OF THE INITIAL CONDITIONS. 

Method of Isolaiion, 

365. Our object in this chapter may be very briefly stated. 
Given any number of simultaneous diflferential equations with 
constant coefficients, it is known that the dependent variables 
w, y, jg, &c. can be expressed in terms of the independent variable t, 
by means of a series of exponentials real or imaginary. Let one 
of these exponentials be a? = Me'*, then if is a function of the 
initial values of the variables w, y, &c. and of their diflferential 
coefficients. It is here proposed to exhibit this function. Thus, 
without solving the equations, any one term of the solution, if its 
exponent be known, can be separated from the others and its 
value written down, Without finding those other terms. 

When the diflTerential equations are not of a high order we 
can generally solve the determinantal equation and find all the 
possible values of m. In such a case it is merely a question of 
algebra to find the constants in terms of the initial values of the 
variables. We may, however, eflfect this more briefly and simply 
by using the rule here given. Sometimes it is impossible to 
solve the determinantal equation. We may find one or more 
roots, but the rest remain unknown. In such a case we could 
not proceed by the processes of common algebra, for the equations 
cannot be written down. Our object is to find the constants which 
accompany these known terms without ilie knowledge of the re- 
maininq ones, 

Thk method is veiy simple and easy of application when the 
exponential to be separated from the others is connected with a 
solitary root of the fundamental determinant. But it may be 
used even though the root is repeated several times. The com- 
plication arises from the fact that the exponential is then accom- 
panied by as many constants as there are equal roots. Each of 
these requires a separate operation to find its value. 

The method is generally applicable whatever be the order of 
the equations, but there is considerable simplification when the 
order is not higher than the second. This is of course the most 
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interesting case, as the equations may then be such as occur in 
Dynamics. 

In some cases the rule can be put into another form, which 
may possibly be thought simpler. In these cases it takes the 
form of the Method of Multipliers. When the number of de- 
pendent variables is infinite, we have an example in Fourier's rule 
to expand any function in a series of sines or cosines. 

366. The Determinant of Isolation. Besuming the no- 
tation of Art. 262, we let the n equations to find x, y, z, &c. be 
written in the form 

/u(«)^+A(S)y+/,s(8)^+... = o 

where 8 as before stands for d/dt. In dynamical applications 
these functions of 8 are all of the second degree, but at present we 
make no restriction of that kind. 

To solve these we proceed as explained in Art. 262 and 
form the determinant 



A(S) = 






If we equate this determinant to zero, we have an- equation to 
find 8. Let its roots be m, m^, &c. omitting the suffix of the first 
for the sake of brevity. Then we know that 

It is our present object to find any one of these coefficients, say M, 
without finding any of the others. 

To eflFect this we deduce from the determinant A (8) another 
determinant, which we write 



n(m) 






We form this determinant by the following rule. Erase any 
column of the determinant A (8), say ike first column. To replace 
it we divide the first eqtiation by B — m, and ryecting the remainder 
place the quotient in the first row of the erased column. We divide 
the second equation hyo — m and place the quotient in the second 
row, and so on. Finally we put 8=m in the remaining columns. 

If we erase the second column of the determinant A (8) or 
A (m) we obtain a slightly different determinant, which we may 
write Il^{m)y the suffix indicating which column of A(m) we erase* 
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The determinant 11 (m) is evidently a function of the co-ordi- 
nates Xy y, &c. and their differential co-ordinates with regard to t 
up to the (n — l)th. For all these we write their given initial 
values. We then have 

U(m) 

\vhere A'(m) means as usual the differential coefficient of A (772) 
with regard to m. In the same way if Nt^ be the corresponding 

term in the value of y, we have N^ -^j)-~ , and so on. 

^ A (m) 

867. flTBiniplf Before proceeding to the demonstration of this theorem let 
us consider some examples. 



Ex.1. Taking the e,u.Uo.a(f,;«)-g:;)j:2[. 



the second determinant, yiz. 



we see that the fundamental determinant 

A (m) = m* - 4m, - (m - 1) I «m* - 6jfi'+ 6m*+ 5m - 6. 
111+6 m'-ml 

Equating this to zero, we find that one value of m is m= - 1. Let us find the 
coeflSoient of e"* in the yalne of x. 

Dividing the equations hy d + 1 and rejecting the remainders, we form at onoe 

(a-6)x-y, 2 
x + (S-2)y, 2 

the second column being obtained by putting m^- 1 in the second column of A (m). 
Expanding, and noticing that A' (in) = - 24 when i»=- 1, we find 

- 123£= &r - ay - 6a; +y, 
where M is the required coefficient. Here x, y, &b, 8y are supposed to have their 
known initial values. 

We may show in the same way that there is a term M'^ in the value of x 
where - BM'= 2Sx +dy-Sx-y, 

Ex. 2. Let us take another example, in which the differential coefficients rise 

to a higher order, but let us stiU restrict ourselves to two dependent variables to 

save space. Taking the equations 

(««+282 + 5 + l)aj+(«» + 2« + l)y = 0) 

(«a + 25 + 2)a5 + (5*+ « + 2) 

we see by inspection that the determinantal equation is satisfied by m=l. Thus 

gb^Me^ is a part of the solution. Let it be required to find M when the initial 

values of Sx, 5*x, 8y, 8*y, S^y are aU zero, and the initial values of x and y unity. 

Constructing the function 11 by dividing each equation by 5-1, and putting 5=0 

, , n(m)= 4x+3y, 4 =ifA'(m). 

as we proceed, we have ^ ' „ « . 
^ 3aj+2y, 4 

But, differentiating the determinant without expanding it, and putting m=l, we 

have A'(m)«16. Hence, putting x and y each equal to unity, we immediately find 

368. We now proceed to the proof of the rule given in Art. 
366. 

Let p be some quantity which we shall write for m in the 
definition of the determinant 11 (m) in order to call attention to 
the fact that p is not necessarily a root of A (S) = 0. 



y=op 
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Taking the general expression for the determinant 11 (p) given 
in Art. 366, we may resolve it into the difference of two determi- 
nants, the first rows of each of which may be written as follows. 

^jzr^ /ii(;>)^+/ia(p)y+&c., ^(p), &c. 

Consider the first determinant, the first column is occupied by the 
functions which form the differential equations. Hence this deter- 
minant vanishes whenever x, y, &c. have values which satisfy the 
differential equations. 

Consider the second determinant, it may be made into the 
sum of as many determinants as there are terms in the leading 
constituent. All these determinants have two columns the same 
except the first determinant. This first determinant is clearly 
A{p)x. 

It immediately follows that 

(8^p)U(p)^--A(p)x. 
Solving this linear differential equation in the usual way, we have 

n(p) + A{p)eP^jyp^xdt= Ce^ ...(1). 

Here p is any quantity at our disposal and a?, y, &c. have any 
values which satisfy the differential equations. 

To find the value of the constant t7, we put ^ = 0. The second 
term on the left-hand side is then zero because the limits coincide. 
It follows that G is the value of 11 (p) when we write for a?, y, &c., 
hx, hy^ &c. their initial values. 

Since p is arbitrary we may differentiate the equation partially 
with respect to p. Differentiating and putting p = my where m is 
a solitary root of the equation A(p) = 0, we find 

^5^) + A' {70)6^516-^ xdt = CU^ + r^'^' 

Let us now substitute x = Me'^^ + M^^ + &c. with the corre- 
sponding values of y, Zy &c. in the left-hand side of this equation 
and let us search for terms of the form t&^. The operator 
d\Hm)ldm is a linear function of x, y, &c., hx, &c., and can 
clearly give rise to no term of the required form. The re- 
maining portion of the left-hand side gives only the single term 
A'{fn)Mte'^ of the required form. Equating this to the corre- 
sponding term on the right-hand side we have A'(m) M—C, Since 
G is the initial value of 11 (jj), this equation is exactly equivalent 
to that given in Art. 366. 

869. On Bapeated Boots. When the root p =m is a repeated root of the eqaa- 
tion A (i')=0, the demonstration just given no longer applies. Since p is arbitrary 
we may differentiate the equation (1) as often as we please, and after each differen- 
tiation we may write 2>=m. Since A (wi)=0, A'(m)=0, Ac. the successiye Iqft-hand 
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sides rednoe to n (m), da {m)ldm, ^to. On ihe soooessiYe xight*haiid sides we liAYe 
ODly tenns whioh contain the exponential «"*. 

It follows that if A (p) =0 have a roots each eqnal to m, the operators 

dU produce zero when ice iuhetitute for x, j, c^c. any eolutions of the differential 
equatunu vhich do not contain the exponential e^. 

Thus it appears that if we calculate the resnlts of these operationB by snbstitiit- 
ing the particular parts of the yaloes of x, y, &o» which depend on the root m of 
the equation A (9) =0, the resnlts will be general* i.e., will be the same as if we had 
substituted the complete values of x^ y, Ac, 

Without using any further rule, therefore, we may find the a constants which 
depend on the repeated root p=iii by substituting in these a operators the particular 
terms in ac, y, &c» which contain the exponential «*^. Thus we obtain a expressions 
for the operators which contain the a constants. At the same time the values of 
the operators themselves may be found by giving the variables x^ y, Ae. their initial 
values. 

This, however, requires that we should use aU the co-ordinates, but if we wish to 
find the values of the constants which occur in one co-ordinate only, we may nae 
the results of the following theorem. 

870. It ia required to find in temu of the initial eonditione the valuee of the 
eonttants whieh enter into the expression for any one of the co-ordinates when the 
fundamental determinant A (p) ha^ a roots each equal to m. 

In this case the value of x wiU contain powers of t, but how many will depend 
on whether the minors of the determinant A(d) are zero or not. Since, however 
the highest power of t cannot exceed a - 1 we may take as the general value of x 

x^(M^+M^t + ... +^El) **"'^) «"'+2^«'<^. 

where the terms included in the 2) stand for those portions of the value of x which 
do not depend on the root m and Ii (a-l) = l .2 . 8... (a-1). There will he 
similar expressions for y, £, Ac. also containing powers of t not higher than the 
(a - 1)***, but it will be unnecessaiy to write these down. 

We now proceed to differentiate equation (1) of Art. 368 r times with regard 
to p, and after substitution for «, y, <ftc., we will search for the terms containing 
fx^mt ^here r and k are any integers we may find convenient to use. The r^ differ- 
ential coefficient is clearly 

^'-«^-^<'" m. 

where P-e^ jl «"** a«ft. 

We notice that the first of the two terms on the left-hand side is a linear 
function of x, y, &c. and their differential coefficients with regard to t. Hence no 
term of the form searched for can enter unless with powers of t less than a. If 
then we restrict ourselves to values of k greater than a- 1, we may pi^ no further 
attention to this term. 

The second term on the left-hand side of (11) may by Leibnitz^s theorem be 

written A'-(„)P+rA-l(|»|+...H._^^^^A-(p)pf. 

In this series all the differential coefficients of A (p) below the a^ have been omitted 
because the equation A (j)) >=0 has been supposed to have a roots each equal to m. 
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If we subBtitnte in the expression for P any ench term ae Nl^e^ we find after 
integration only one term which is free from the exponential ««*, and this one term 
is of the form H^, Hence d'Pjdp' contains no power of t higher than the t^. 
In this series therefore, when we put pssm and search for the terms of the 
form t* c"*, if we restrict ourselves to values of k greater than r - a, we may pay no 
further attention to such terms as Nt^e^, 

We have next to find the value of dTldp* when we substitute for x any term of 

the form jjj^ZTi) t*~^ «**• Now whatever x may be we have 

d'P d' 1 U ^ -»^i/ ^ V 

dp* djpF h-p {^-pY^^ ^ ' 

where L« = l . 2 . 3 ...« as usual. Substituting for x and writing p=m, we may 
effect the integrations represented by d~' without difficulty. The exponential 

d'P Zts X 

disappears and we find at once -j— = ^-r r Jf. , t*'''' «**. 

No correction is necessary to the integration since this vanishes with t. 

Supposing then k to be greater than both a - 1 and r - a we find for the coeffi- 
cient of t* e^ on the left-hand side of the equation (U) 

On the right-hand side we find the coefficient of t*«"»* to be ^ ^ J — ; . . 

X/cL(r-ic) d^r-K 

Equating these two we have 

A^(m)^ ^A^-l(m),_ ^ ^A*(m) __ 1 d^-^C 

Tjt X(r-l) Za I.(r-ic) ^/^r-jt 

The letter C stands for the initial value of 11 (m), it will therefore be more conve- 
nient to replace it by the latter symbol, with the understanding that all the eo^ 
ordinates have their initial values. 

Since k must be greater than a-1 and ^^=0, the only useful value of k is 
K=a, Since k must be greater than r-a, the only possible values of r are r=a, 
a + 1) ... 2a - 1. Writing these in succession for r, we obtain 

A* 
^ilfa-l=n{m), 

^*"*'^ mr , . ^"""^^ »T _.A*„ 1 d»n(m) 



L(a-l-2) • *'I.(a + l) " ""I,a^"~*""1.2 dm« ' 

<j^c.>=<!ko. 

I,(2a-1) i(a + l) * La " Ii(tt-l) dm*"^ 

We have here just the right number of equations to find the a arbitrary con- 
stants which occur in the value of x without requiring the corresponding values of 
the other co-ordinates. 

If all the first minors of the determinant A (IS) have /3 roots equal to m, the first 
p operators on the right-hand side vanish whatever x^ y^ &o, may be. In this case 
therefore the coefficients Ma-i-.^M^-p are aU zero. Thus the expression for x 
(as already explained in Art. 272) loses p of its highest powers of t. 

In the same way we may find the constants which occur in j^ by using the 
operator called II, in Art. 366 instead of II. 
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371. Anothar form of the detenninant. There is another 
form in which the operator 11 (m) can be written and which is 
particularly useful when the differential equations are of the 
second order. Returning to the proof given in Art. 368, we see 
that the determinant Tl{p) may be written as the difference 
between two determinants, the second of which is zero when 
A (p) 3=^0. Looking at the first determinant, we may divide all 
the constituents of the first column by any power of S we please, 
provided we finally multiply the determinant by the same power 
of & But these constituents are the functions which form the 
differential equations. We may therefore modify the rule given 
in Art. 366 as follows. First divide the equations by any power of 
8 we please. Then form U (m) from these modified equations by 
the sams rule as before and finally multiply the consHtuents of 
the first column by the sams power of & If this modified operator 
be called n'(^), we see that n(?/i) and 11' (m) differ by some 
multiple of A(m). If A(S) = have a roots each equal to m, 
it follows that all the differentia^ coefficients of 11 (m) and Tl'{m) 
up to the (a — l)th are equal each to each. 

372. Thus let the equations be 

(A J* + BJ + C„) X + (4..S* + BJ + C7J y = ) 

( J„S« + BJ + CJx + {A„S' + BJ + CJy = j" 

taking only two variables to shorten the results. We divide each 
equation by S, then to form 11 (m) we divide by S — m and reject 
the remainders. Finally we multiply again by & We thus have 



n(m) = 



A,,Bx + AJy-^^^^^±^, A,,m' + B,,m + 0, 



m " « n 



AJx + AJy -^!^±^ . A„fh* + B„m + (7, 



m, - ». « « 



In this form the constituents of the first column (when the equa- 
tions are of the second degree) may be written down by copying 
them from the equation. 

The advantage of this form is that the forces of resistance 
which depend on the potential B (Art. 311) have disappeared 
from the symbol 11 (m). It also leads to the method of multipliers 
to be explained in the next section. 

873. Ex. 1. Let the equations be 

(82-35 + 2) a; + (8-l)y=0i 
-(«-l)aj + (««-6« + 4)y = 0i ' 
The fundamental detenninant is 



A(w) = 



= (m - 1)9 (m - 3)*. 



m*-3m + 2 m-1 
— (wi-l) m2-5m+4 
The equation A (m) =0 has therefore two roots each equal to 3 and the corresponding 
terms in the value of x will be a: = (Mf^ + M-^t) c". 
It is required to find if^ and M^ in terms of the initial values of the co-ordinates. 
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^We form the operator 11 (m) by the rale given in Art. 872, copying the. columns 
from the equations given above 

= (w-l)|(m-4)5«-«y-.-^I- «+yL 



n{m) = 



TO 



This gives when TO =8, II{«i) = - 2 {&e+5y-«-y}, SiLW -ix-Sy-x+y. 

Also when m = 3 we have A (w) = 0, A' (m) = 0, A" (m) = 8, A'" (m) = 2 1. Hence by the 
rtae given in Art 370 ^ ^tf iTJ f ^^ + '^ * " *^l . 
i^liere the quantities on the right-hand side have their initial values. 



Ex. 2. Let the equations be .^^ - , ~ ^ A . 

^ (2d-l)x+S^=0) 



Find the constants in a;= {Mq +Mit + i M^t^) e*. 

The result is 2M^=ix+dy+x+y, 2M^ + M2=^2dX'X+y, 2Af^+ifi=«a; + x. 

374. The following examples illustrate the application of the preceding theorems 
wlien the differential equation has but one dependent variable. 

Ex. 1. The differential equation (3'-25>-d + 2)a;=0 is satisfied by x=Me*. 
If the initial values of x, dx, 6*x are a, a', a", prove that 2M=c2a + o' -a". 

Ex. 2. Let the differential equation he f(d)x=0 and let /(d) contain only even 
powers of 5. If the terms of the solution depending on the pair of solitary roots 
7n=Jkl\/-l of /(m)=0 be x=FcoAkt-k-GBmIcl, prove that 

Ffjm) /(8) Gr(m)_f{d) dc 

2 m ""58 + ** 2 m "S^+k^k' 

Ex. 3. Let AJS^x +...+A-Jix+Ai^=0'be& differential equation. Representing 
this by/ (5) a=0, let m be a real solitary root of /(5)=0, and let Me^ be the corre- 
sponding term in the value of x. Prove that a superior limit to the value of 
Mf'{m) is the sum of those terms in the series AJS^~'^x-\- ...^-Ajkc^-A-^^ which have 
the same sign as f (m). Here of course x, 3x, &q, are all supposed to have their 
known initial values. 

875. The following examples indicate another method of investigating the 
theorems of this section. 

Ex. 1. Let the first minors of the determinant A (5) be represented by the 
letter J, the suffix indicating the constituent of which it is the minor. If q be any 
root of A (9)=: we know that a solution of the differential equations is 

x=GI^^(q)e^, y^OI^^(q)^, «=<fco., 
where (r is an arbitrary constant. Let us however suppose that q is unrestricted 
in value and is not necessarily a root of A(d)=0. Prove that the result of the 
substitution of these values of x, y^ &g, in n (p) is 

n(^)^g,.,A(g)i„(p)^A(p)Jn(g)^ 

where p also is unrestricted in valae. 

This result may be proved by resolving 11 (p) into the difference between two 
determinants as in Art. 368, and then substituting in each. 

Ex. 2. Deduce from the last example that if p and q be unequal solitary roots 
of A (d) =0, then 11 (p) =0. But if p and q be the same solitary root then 

n(p) = GJii(p)A(p)€'*. 

R. D. n. 14 
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Ex. 8. If the eqoaiion A (9)80 haye fi roots each eqnal to q, the fonn of the 
solution is indieated hy x^G^I^ (g) «^ -*-... + Qfi-l {djdqf''^ {In (e)«^, 
witti similar expressions for the other oo-ordinates. If the equation A (9)=0 have 
also a roots each equal to p, prove that the result ojE the substitution of these 
values of the co-ordinates in any one of the determinants 11 (p), (d/dp)n(p)... 

{d/dp)*'^ n (p) is zero if p and q he unequal. If p and q be equal, we obtain the 
results given in Art. 866. 

This may be proved by using Leibnitz's theorem to differentiate the equation of 
Ex. 1, i times with regard to p, and j times with regard to q, where i is less than a 
and J than p. 

Ex. 4. When all the first minors of A (6) vanish for any particular value of d, 
the solution depends on a double type (, ij so that x=Ji^ (3) ^» 2^=<7u (8) iy <^e. where 
J^(^) is the second minor of A (5) formed by omitting the first two rows and 
columns as in Art. 273. Prove that if we write ^=Ge^\ 7i=sHt^, where G and 
II are two arbitrary constants which run through all the values of the other co< 
ordinates, then 

Herep and q are unrestricted in value and do not necessarily satisfy A (5) =0. 

Ex. 5. Deduce from the result of Ex. 4, that if A (3) have two roots each equal 
to III one of which makes all the first minors zero, so that x=M€r*, y=Ner* are 
parts of the solution where M, Ntae independent constants, then 

where It, is obtained from A (m) by erasing the second column instead of the first 
(see Art. 366). Here the co-ordinates on the right-hand side are supposed to have 
their initial values. 

Ex. 6. Let the equation A (5) =0 have a roots each equal to m, and let all the 
first minors have p roots also equal to nw Let us form from U (m) a new determi- 
nant 11' (m) by omitting any row we please and any column except the first. Prove 
that if we substitute in the determinants {dldm)TV(fn)j <fec. {dldrnf^^U'^m) any 
values of the co-ordinates which satisfy the differential equations and which do not 
involve the exponential e*^, the results are all zero. 



Method of Multipliers. 

376. In the last section we showed how the constant belonging 
to any one oscillation could be determined when the diflFerential 
equations were of any order. We now propose to consider what 
simplifications can be made in the rule when the differential 
equations are of the second order and of that simpler kind which 
usually occurs in dynamics. 

Referring to Art. 310, we find the equations of the second 
order written at length. But forms so general as these seldom 
make their appearance. The two most important problems which 
occur in dynamics are those in which we have — 

(1) Oscillations about a position of equilibrium, whether with 
forces of resistance or not. 
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(2) Oscillations about a state of steady motion. 

In the first of these cases the terms depending on 2>, E, F are 
absent from the equations so that the fundamental determinant is 
therefore symmetrical. In the second the terms depending on 
Z> and F are absent, but those depending on the centrifugal forces 
E are present. In this case the forces of resistance B are generally 
absent. 

377. We may therefore simplify these equations of motion 
and write them in the form 

{A J' + BJ + CJ X + (^«^ + §»^+ ^») y + &c. = 0, 

&c. +&c. +&C. = 0. 

The solution of these equations has been already expressed in 
Arts. 313 and 317 in the following forms. If m^, m,, &c. be 
real roots of the fundamental determinant, we have 

X = x^f^^* + x^?^ 4- &c. \ dxjdt = aj/e^' + a?/e^ 4- &c. 

y = y^el^i^ + y^e^i* + &c. > dy/dt = y/e**i* + y^ei^ + &c. 

&c. = &c. J &c. = &c. 

Here w^, y., z^, &c., a?/, y/, &c. contain as a common factor one 
constant of integration, a?,, y^, &c., a?/, y,', &c. another constant and 
so on. Also x^' = x^m^, y/ = yiWi and so on. 

378. If there be a pair of imaginary roots in the fundamental 
determinant of the form m^^r -hp \/— 1, m, = r — p \/— 1, the 
preceding solution takes the form 

X = X^e^ cos jp< 4- X^e"^ sin pt + x^e^* + &c.' 
y = Y/^ cos pt + Y/* mypt + yje"*** + &c. 
&c. = &c. 
dxjdi, = Z/e^ cos pt + X.'e'* sin^^ + <6«^ + &c; 
dyfdt = F/e*** cosp^ 4- F/e^ sin p< 4- yl€^ 4- &c. 
&c. = &c. 

where X=a?j4-a?,, X,= (a:j-aj,)\/- 1 and X^ — fX^^rpX^ 
Z/ = — pAj4-rX,. There are of course similar expressions for 
the F's, &c. Here we notice that all the coefficients in the first 
two columns are linear functions of two constants of integration, 
the coefficients of the third column are multiples of a third 
constant and so on. 

379. If we examine the form of the solution given in the 
last article we see that the columns are arranged according. to 
the root« of the fundamental determinant. Each column contains 

14—2 
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one or two arbitrary oonstants which have to be determined firom 
the initial values of x, y^ &c. If the whole solution be known 
we may therefore find the constants by common algebra, though 
if there be many unknown constants the process may be very 
long. But if the whole solution be not known the processes of 
common algebra fail. 

380. Thus suppose we have found only one root of the funda- 
mental determinant, then we know the terms which occur in one 
column only. The other columns depend on the other roots 
which have not yet been investigated. We may yet wish to find 
the value of the constant which occurs in this column in terms of 
the initial values of the variables. We should then be able to 
find the magnitude of any one oscillation without finding the others. 

To effect this we use the method of multipliers, our object is to 
find some multipliers for the equations which express the values 
of a?, y, &c., dxjdt, dyjdt, &c. such that on adding together the 
products all the columns will disappear except the one we wish 
to retain. Supposing this done we have one equation containing 
the constant to be found and the initial values of /r, y, &c. This 
equation will be sufficient to determine the value of the constant. 

There is this point of difiference hetween the method of isolation and that of 
multipliers. In the former we find the constant connected with any one term in 

t 

any column without caring for the other terms in that or any other column. In 
the latter we require to use aU the terms in that column to find the one constant. 
In the former method we isolate any one term, in the latter we isolate any one 
column. 

881. The proper multipliers may be deduced from the determinant 11 (m). 
Taking the form given in Art. 371 as the best adapted for equations of the second 
order, we have by expansion 

n(m)=Pa5 + gy + &c. + P'&i;+<2'ay + &c., 
where P, Q, &o. stand for the coefficients in the expanded determinant. Now it has 
been proved in Art. 369 that 11 (m) is zero when we write for or, y^ &c., the terms of 
any column of the solution in Art. 377 depending on a root other than m. It 
follows at once that the proper multipliers to separate the column depending on the 
root m from the other columns are P, Q, Ac, P', Q\ &c. 

These multipliers are really determinants, and when there are many co-ordinates 
it may be very troublesome to calculate their values. The coefficients of the 
column which is to be separated from the others are also determinants. Both these 
sets of determinants are connected with the minors of the fundamental determi- 
nant ; the former with the minors of some column, the latter with the minors of 
some row. When the differential equations are of the simpler kind which occurs 
in dynamics, (Art. 877) the fundamental determinant has a certain symmetry 
about the leading diagonal. In this case the twa sets of determinants are con- 
nected together so that the required multipliers can be expressed as some simple 
function of the coefficients of the column we wish to separate. 

Instead of making the transformation from one set of determinants to the other, 
it will be simpler to adopt an independent mode of proof. The required multipliers 
follow at once from the two equations which have been made the foundation of the 
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theorems in the first section of Chap. yii. (see Art. 816). As the eijnaiions now 
under consideration are simpler than those treated of Iq the section just referred 
to, the proofs of these two theorems will be briefly summed up in the next article. 
The definitions of the functions A, B, C (Art. 311) wiU also be adapted to the 
special use which we now intend to make of them. 

382, If we substitute the terms in the first column of the 
expressions for a?, ?/, &c. given in Art. 377 in the diflferential 
equations we obtain a set of equations which dififers from the 
differential equations only in having m^ written for h and 0?^, 
2/j, &c. for x^y, &c. First multiply these respectively by ajj, y^, &c. 
and add the results together, the sum may be briefly written, 

A {x^x^ m^ + B (x^Xj) m^-k-C (x^x^) = 0. 

Next, multiply these respectively by a;,, y,, &c. and add the results 
together. The sum may be briefly written 

A (x^x^) m^ + B {x^x^ m^ + G {x^x^ = E {x^ yj m,. 

The functional symbols Ay Jff, G when not followed by the 
subject of the functions all represent functions of the co-ordinates 
Xy y, Zj &c. which have been defined in Art. 311. Thus 

A^^^A^^x"" + A^^xy + ^A^'' + ... , 

B=\B,,a? + B,,xy + i^B^f+,.,^ 

C = hG,,a^ + G,,xy + ^C^y' + .... 

When the differential equations are given the following rule 
to find A, B, G will be useful: — Multiply the equations by x, 
y, z, etc. and add the products, treating the operator S as an al- 
gebraic factor. The halves of the coefficients of the powers of B are 
the functions A, B, C. 

When we wish to substitute for the variables x, y, z, &c. any 
quantities we aflSx as usual those quantities to the functional 
symbol and write 

with similar expressions for B{x^x^) and G{x^x^, 

We then generalize these expressions and for the sake of brevity 
write 

388. Prop. A. — To determine the multipliers when the funda- 
mental determinant is symmetrical and the forces of resistance not 
abseid. 

Let m^m^ be any two roots of this determinant. Then, by 
Art. (382), since the terms depending on E are absent, 

A (x^x^) m^ + B {x^x^ m^-\-C {x^x^ = 0| . 

A{x^x^m^'\-B{x^x^m^'\-C{x^x;)^0] ^ ^' 
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Eliminating B and C in turn from these equations, we have 

^(a?,a?,)m,fii3= C{x^x^) ) ^^^^ 

-A{aj^x^)(fn^ + m^ = B(x^x^} 

except when m. and m, are the same root. 

Either of tnese equations may be used to find the required 
multipliers. We thus find two sets of muUipliers. We shall 
choose the first equation, as giving the simpler results. 

If there be a pair of imaginary roots i n the fundamental de- 
terminant, say m^ = r + p J^l, m=r — p J — 1, and if m^ be any 
other root, the first of equations (2) gives 

A(x^x;j{r+p J'^)m^=^C(x^x;)) ^g^^ 

A (a?,a?,)(r-p V-l)m, = (7(a?,a?3)) 

Remembering that A and C are linear functions, we see that 
these give by addition and subtraction 

A{x,'x;)m,=c{x,x,)j •;•• '^ 

where X^X^\ X,X,' have the meaning given to them in Art. 378. 
The function A{x^x^ may obviously be deduced from the 
potential A (x^x^ by the process 

o . , V dA (x.x.) , dA (x^Xi) 
2A{x,x;)^x,—^+y,—^+.-^, 

where of course A {x,x,) (Art. 382) represents the value of ^ (a?a?), 
or A when x^, y^, &c. have been written for x, y, &c. The functions 
B and C may be treated in a similar manner. 

We may now immediately deduce the proper multipliers. 

Taking the solutions written down in Art. 377, let us multiply 
the expressions for a?, y, &c. by - dC/dXy -dC/dy, &c., after writing 
x„ y^, &c. in these multipliers for x, v, &c.; also let us multiply 
the expressions for dx/dty &c. by dA/dx, &c., after writing a;/, 
y/, &c., for X, y, &c., in these multipliers. Finally, let us add 
the products ; then, by virtue of the first of equations (2), the sum 
of every column except the first is zero. 

If we have imaginary roots in the fundamental determinant, 
we take the solution given in Art. 378. Treating it in the sanae 
way, we see by equations (4) that all the columns disappear except 
the two first. Repeating the process for the second column, we 
again find that all the columns except the two first disappear. 

384. The rule may be summed up as follows : — 
Let the fundamental determinant be symmetrical, and the 
forces of resistance not absent. Let it be required to separate 
by the method of multipliers any given column from the others. 
The proper multipliers for the co-ordinates are the values of dC/dx, 
dC/dy, cfcc, after we have substituted for x, y, cfcc, in these muU 
tipliers the coiTesponding coeffiments in the column we wish to 
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preserve. The proper multipliers for the velocities are the values of 
— dA/dx, — dA/dy, (fee, after we have substituted for x, y, <fec. in 
these multipliers the corresponding coefficients in the column of 
velocities we wish to preserve. Finally, we add ilie products 
together. 

In this way we can find an equation connecting the initial 
values of the co-ordinates with the constant which accompanies 
any one column. Since these initial values are arbitrary, neither 
side of this equation can wholly vanish unless all the multipliers 
themselves vanish. Hence the coefficient of the exponential on 
the right-hand side cannot be zero, except in this one case. 

The multipliers cannot all vanish unless the quadric functions 
G and A also vanish for some finite values of the co-ordinates. In 
dynamics the function A is such a function of the co-ordinates as 
the vis viva is of the velocities. It is therefore impossible that A 
could vanish for any finite values of the co-ordinates, 

385. Bzampl6. Let as consider the equations 

(52+a+l)a5 + i(5-^)y=0| 
i(«-*)a; + (5''-»+J)y=0r 
It is easily seen that the determinant of the solution reduces to m^-^^0. 
We therefore have, if m now stand for J >^5, 

« = jBi e** + a^ e""* + Xg cos wit + -^4 sin mtl 
y=yi«"*+yj«~"*+rjCosTOt+ Y^sinwitJ ' 
dxldt = ma^ «"* — mx^ €~"^ + mX^ cos mt - mX^ sin mt\ 
dyjdt = myi «"* - my^ e~^ + mY^ cos mt-mY^ sin mt\ ' 
Also multiplying the equations by x and y, and taking the halves of the coefficients 
of the powers of 5, we have 

Suppose we wish to find the coefficients x^, yi in terms of the initial conditions. 
Following the rule, we multiply x and y by the differential coefficients of C after we 
have written x^, y^ for Xj y ia the multipliers. We multiply the yelooities by minus 
the differential coefficients of A, writing in the multipliers mx^ and my-^ iot x and y. 
Finally, we add the results. Thus we have 

Putting f =0, and giving x^ y and their velocities their known initial values, we 
have one equation to find the constants x^, y^. Their ratio, 

yi m' + m + l 



m 



=jy5, 



being known from the first equation, we easily find both a^ and y^. 

If we wish to find the coefficients of the trigonometrical terms, we use two sets 
of multipliers, because the two imaginary exponentials have become mixed up to- 
gether in the trigonometrical term ; or we may replace them by their imaginary 
exponentials, and find the coefficients of either by one set of multipliers. Taking 
the first alternative, one set of multipliers will be respectively 

The other set will be 

^4-i>^4» -i^4+ll'4, H-mXg, -^mY^. 
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386. Prop. B. — To determine the multipliers when the fanda- 
mervtal determinant is symmetrical and the forces of resistance 
absent. 

This proposition is really included in the last. But as the 
absence of the function B introduces great simplification, it is 
worth while to consider this case separately. 

Since the forces of resistance are absent, none but even powers 
of h enter into the equations. Hence for every root of the funda- 
mental determinant there is another equal in magnitude but con- 
trary in sign. If A and G are one-signed functions, and have the 
same sign, these roots are of the form +pV~l- Choosing this 
as the type, we may write the equations of Art. 378 in the form 

a? = Xj cos pt + X, sin pt + x^e^ -f . . . 
&c. = &c., 

^-^ _ dxjdt = X/ cos pt + X/ mipt + x^e'"^ + . . . 

&c. = &c. 

Here, unl^ there, be equal roots, we have 

because the ratios of the coeScients of any exponential are ex- 
pressed by the minors of the fundamental determinant, and these, 
containing only even powers of m, ar^he same when the exponents 
are equal in magnitude but contrary rn^jgn. 

Here H will stand for the constant it the second column on 
the right-hand side of the equations, the constant in the first 
column being included as a factor in Xj, Fj,^c., X,', F,', &c. 

Since the function B is zero, the equations (2) of Art. 383 
reduce to A {x^x^ = 0, G (x^x^) = 0, 

except when m^ = ±m^. For a pair of imaginary roots such as 
Wj = r + J9 7— 1> ^i = r — i> V — 1> combined with a third root m^, 
we have (exactly as in that article) 

^(X,^3) = 01 G(X,x,)=^) 

A(X^,) = 0]' G{X,x;) = or 

387. We may use either the function A or the funtfJAA.^0 
supply the proper multipliers. We thus find two sets of multipk^S- . 
Which we should choose depends on the forms of A and G. ^ 

If either of these functions contain only the squares of the 
co-ordinates, i.e. if it be of the form 

a7? + 6^ + C2^ + . . . , 

it is clear that its differential coefficients will be much simpler 
than if the terms containing the products of the co-ordinates 1 
were also present. The multipliers are indicated by these dif- 
ferential coefficients, and will therefore also be simpler. That 
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function is therefore to be chosen "which has the fewest terms 

containing the products of the co-ordinates. 

Choosing the function A, we have the following rule to find 

the njultipliers. Let it be required to separate from the others 

any particular oscillation — say the two columns containing the 

phase pt The proper multipliers for the co-ordinates x, y, &c. are 

dA dA 
the values of -r- 9 -r- , &c., after we have substituted for x, y, &c. 

in these multipliers the coefficients of either of the columns contain- 
ing the phase pt. Adding these products, we have one equation 
from which all the oscillations except the one to be preserved have 
disappeared. The sa/me multipliers may now he used for the velo- 
cities, and thus hy a second addition we obtain another equation of 
the same kind. 

The two equations thus obtained may be written thus : — * 

^^^^'^^ + &c. = 2A (X,Z,) [ao^pt + H^inpt], 

Tt ^i~^ + &c. = 2A (X,Z,) {Ep cos pt-'p sin pt}. 

Putting ^ = either before or after using the multipliers, we 
have two equations to determine H and the other constant in- 
cluded in Xj, Fj, &c. 

388. A rule to find the functions A and G when the differential 
equations are known has already been given in Art. 382. But 
in using Lagrange's method it is sometimes more convenient to 
refer to the expression for the Vis Viva and the Force Function 
from which these equations have been derived. Referring to 
Vol. I. we see that the Vis Viva is 

Thus the function A is derived from T by merely dropping the 
accents from the co-ordinates. The function G is of course the 
same as the function J7p — ?7 as defined in Vol. I. 

389. Prop. C. — To determine the multipliers when the forces of 
resistance are absent but the determinant is skewed by the centrifugal 
forces. 

Referring to the equations of motion in Art. 377, we form the 
determinant which we have called the fundamental determinant. 
It is unnecessary to write this determinant, as its form is evident 
from the merest inspection of the equations. It is also given at 
length in Art. 112. 

If in this determinant we write — S for S, the rows of the new 
determinant are the same as the columns of the old, so that the 
determinant is unaltered. When expanded, the determinant will 
contain only ev^n powers of B, and therefore its roots enter in 
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pairs. We shall therefore take as our standard form of solution, 
instead of that in Art. 378, the expressions 

a? = Xj cos pt + X, sin pt + x/^*^ + ..A 

y^Y^cospt+Y^smpt + y/"^-^...} (1); 

&c. = &c. J 

(h;/dt = X/cos pt +X,'sin pt + x^'e'"**^ . . .\ 

dy/dt = Y^ COB pt + Y^siapt 4- ^.'6*"'*+ . . . [ (2) ; 

&c. = &c. J 

Here the first two columns represent the most common form 
of a principal oscillation, and the third column represents any 
other form. When the centrifugal forces (i.e. the terms depending 
on E) are present, the minors of the fundamental determinant do 
not contain only even powers of S. It follows that the coefficients 
in the second column do not necessarily bear a uniform ratio to 
those in the first column. 

Since the function B is absent, we have by Art 382, the equa- 
tions A {x^co^m^ + C{x^x^ — = -^ {^%y^ 



m^ 



,(3). 



(6). 



1 

A {x^x^m^ + C{x^x^ — = - ^{o'xyd 

Adding these to eliminate the functional symbol E, we find 

A{x^x^)m^m^+C(x^x^)=^0 (4), 

except when wi^ = — m,. 

We notice also, that by Art. 382, 

A(x^x;)m,''\-C(x^x;) = G 

We might also eliminate the function A otC from the equations 
(3) instead of the function E, and in each case we may deduce a 
rule to find the multipliers; but the simplest rule is found by 
eliminating the function E. 

The formula (4) resembles that used in Art. 383, and there 
called (2), except in the sign of A, Proceeding therefore exactl}'^ 
as in that article, we shall deduce the corresponding rule for the 
multipliers. 

Instead of equations (3) of Art. 383, we now have (since r = 0) 

A (x^x^) pJ—lm^+C (XjX^) = 0' 

'-A(x^x^)pj^m^ + C(x^x^) = 0, "* 

Remembering that A and G are linear functions of the letters of 
any one suffix, these give by addition and subtraction 

^(Z>.)m. + C7(X^.) = 0j ^'>' 

whereasbeforeX=a?,4-a?j,Xa=(a7j— a?2)s/^^ X/=jjXj, X/==— /?X,. 



.(6). 
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Also writing m^—pj- 1, m^^—pj—l in equations (5), we 
find by subtraction 

A(X:X,') + OiX,X;) = (8). 

390. From these formulae we now deduce the following rule 
to find the multipliers. 

Let the forces of resistance be absent, and let the fundamental 
determinant be skewed by the centrifugal forces only. Let it be 
required to separate any principal oscillation from the others. 
Selecting one of the two columns which form the oscillation, the 
proper mvltipliers for the co-ordincUes x, y, &c. are the values of 

dC dC 

J— > -r- > &c-> after we have svbstituted for x, y, &c. in these multi- 
pliers the corresponding coefficients in the colwmn selected. The 

dA dA 
proper multipliers f<yr the velocities are the values ^ j~" ' T~ » ^^•' 

after we have substituted for x, y, &c. in these multipliers tlie co- 
efficients corresponding to these velocities in the column selected. 
Finalir/y we add all these products together. We then repeat the 
process with the coefficients of the other of the two columns which 
form the oscillation. 

By virtue of equations (5) and (8) it will be found that in each 
of these processes every column except one will disappear from the 
final summation. But we may notice a curious difference between 
the columns which contain real exponentials and those which con- 
tain trigonometrical expressions. If we operate with the coeffi- 
cients of one of the former introduced into the multipliers, it is 
the companion column which does not disappear; but if we operate 
with the coefficients of one of the latter, it is the columin whose 
coeffi/dents we have used which does not disappear, 

391. BzampU. Let ns consider the equations 

(5a-8)fl5 + V6«y=0) 

-\/6«a;+(5« + 2)y = 0J * 

It is easily seen that the fundamental determinant reduces to m^~16=?0. Hence 

we have x —X^ cos 2t + X, sin 2t + a^ e^ + x^ e~* ) 

y=riC082t+r2sin2t+y3«*+y4e"2«j» 

rfa;/rf< = 2Xa0O8 2«-2XiSin2t + 2a:3 6»-2a'4e-2') ^ 

where 2x^= ^^y^ Y^^-^J^X^) 

Also multiplying the equations (Art. 882) by a;, y, adding and taking the halves of 
the coefficients of the powers of 5, 

^=J(flJ« + y»), C=J(-8x3+2y2). 
The proper multipliers are indicated (Art. 390) by the formula 

dC dC dx dA dy dA 
^dx'^'^dy^didx^dtdy' 

T,, dC ^ dG ^ dA dA 

Now ^ = -80=, ^=2y. ^=«. ^ = 2,. 
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Having chosen the colmnn whose coefficients are to be used in the moltiplierB, we 
see by Art 890 that the proper multiplier for the first equation is minus eight times 
the coefficient of the column in that equation ; the proper multiplier for the second 
equation is twice the coefficient in that equation; the proper multipliers for the 
third and fourth equations are the coefficients themselves in those equations. 

Suppose first we wish to find x^ and y^, then, because the fourth column con- 
tains a real exponential, we operate with the coefficients of the companion column. 
The multipliers are therefore 

dC . dC ^ dA ^ dA ^ 

di^-^ dy^^y^^ s=^^ i^^^y^' 

dx dti 

Hence we find -8a!^+2y,y + 2aJi^ + 2y,^ = 16y,.y4«-*; 

substituting for x^ in terms of y^ and putting t=0, we find 

-4V6a; + 2y+V6^+ 2^ = 16^4. 

which determines y^ in terms of the initial values of the co-ordinates and their 
velocities. 

Suppose next we wish to find JIT^, X^, Taking the coefficients of the first 

column, the multipliers are t- = - 8^i» j- = 2 Fj, ^ = 2X3, ^ = 2 Fj. 

Since these columns contain trigonometrical expressions, we know that when we 
operate with the coefficients of either column in the multipliers, the other column 
disappears. Hence, paying no attention to any column except the first, we have 

- SXiX + 2 Fiy + 2^2 dxjdt + 2Y^ dyjdt = 16 {X^ + X^) cos 2t ; 
substituting for Y^ and Y^ and putting «=0, we find 

- %XtX - 2 VeZjjy + 2X2 dxjdt + 2 V6X1 dyjdt = 16 {X^ + X^). 
Operating in the same way with the coefficients of the second column, we have 

- ^X^-\-2Y^y -2X^dxldt-2Y^dyldt=lQ (X^ + X^ sin 2« ; 
substituting as before, we have 

- BX^ + 2 \/^X^y - 2Zi dxfdt + 2 V6X5 dyJdt = 0. 
These equations determine X^ and X^ in terms of the initial values of x, y, and 
their differential coefficients. 

392. Prop. D. — To consider the effect of equal roots on the 
rvles already given. 

When there are equal roots in the fundamental determinant, 
we require only some slight modification of our rules. Beferring 
to the general solution exhibited in Art. 377, let us suppose, for 
example, that there are three roots equal to m^, Regardiug these 
as the limits of the unequal roots, m^, m^-\- h, m, + k^ we may write 
that solution in the form 



&c. = &c., 
dt ^ ^ dm, ^'^^^ '' ' dm 



t = -/«""' + ;^ (-.'O + ^i<e-^*)+^:e-U ... 



&c. = &c. ; 



1 
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where x^^x^m^, x^^xjn^y &c., and G, H are the two constants 
in addition to the one included in x^,y^, &c. 

Two questions now present themselves : — (1) When we use 
certain multipliers to separate a column which depends on a 
solitary root such as m^^ will the columns which depend on other 
equal roots such as m, (and therefore contain powers of ^ as 
factors) still disappear ? 

(2) What multipliers must we use to separate the three 
columns which depend on the three equal roots from the re- 
maining columns ? 

893. Taking the first of these questions, suppose we wish 
to separate the fourth column of the equations of Art. 392 from 
the others. Let us use the same multipliers as if there were 
no equal roots. It is obvious that, since the three first columns 
disappear in the general case in which A and k have any values, 
these columns must also disappear when h and k are indefinitely 
small. We therefore infer that any column which depends on a 
solitary root Tnay be separated by the same rules as before. 

As an example, take the rule given in Prop. A, Art. 383. To 
separate the fourth column, we multiply the equations by 

dC {x^x^)/dx^, &c., —dA {x^x^)/dx^, &c., 

and add the products. Since the three first columns must dis- 
appear, we have C (x^xj — A {x/x^) = 

■ ''fe'-)-^(£<)=« 



^&?')-^m'H 



The last two of these equations also follow from the first by an 
evident process. 

394. Taking the second question, we wish to find what 
multipliers will separate the three first columns from the others. 
But these are supplied by the equations just written down. 
Since m^ is any other root, and 

we have merely to use the multipliers indicated by the coeflScients 
of ^4, y*, &c. in these equations. The rule may be enunciated as 
follows : — 

Multiply the equations by the proper factors for the first column, 
treating x^, y^, &c,, x/, y/, &c, as the coefficients^ and add the 
products. We thus have one of the three required equations. Mul- 
tiply the equations by the proper factors for the second column as if 

dx dv dx ' 

r^- , -v-^ > <i^c.y J— ^ , (be. were the coefficients, and add the 
dm^ dm, dm/ -" 
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praduda. We thus obtain the second equation. Lazily, multiply 
the equation by the proper factors for the third column as if 

-5 — 4> ^^'9 A"^* ^^'> ^^^ ^^ coefficients, and add the products. 

We thus have, on (he whole, three equations to find the three 
constants which enter into the three first columns. 

The proper factors just mentioned are those calculated from 
the coefficients by the rules of Prop. A or Prop. C. 

395. In some cases of equal roots it is known that some of 
the terms with ^ as a factor fail to introduce themselves into the 
solution. The number of constants is then made up by a greater 
indeterminateness in the coefficients which accompany the ex- 
ponential. Regarding these equal roots as the limits of unequal 
roots, as in Art. 393, it follows that we can still use the same rules 
to find the multipliers. We arrange our solution in columns 
with one constant in each column. Then using the proper mul- 
tipliers, as described above, we can separate any solitary root 
at once. To determine the constants which accompany the equal 
roots, we shall require as many sets of multipliers as there are 
columns with that root or its companion root. 

896. BTumpla. Let us consider the equations 

It is easily seen that the fundamental determinant reduces to (m'-2)'(}ii3+l) = 0. 
Putting a=V2> we write the solution in the form 

x= £«•* +G«"*«' +£'Bin«+IrCOS 

where E, F, Gy JET, £*, Ir are the six constants to be determined. 

Looking at the equations to be solved, we see that the potential functions A and 
C are given by 

2(7= 'X^-y^~z^+2iicy+2yz + 2zx) 

2^= a^+y^+z^ )' 

Following the rule indicated in Art. 387, we choose the function A to operate with, 
because this function will supply the simplest multipliers. The proper multipliers 
will therefore be dAldx=x, dAldy=y, dAjdz^^z, 

where we write for ar, y, z the coefficients of the column under consideration. The 
proper multipliers are therefore the coefficients of the columns in succession. 

Suppose we wish to find K and L. The coefficients in either of these two 
columns are all equal. The multipliers are therefore equal. We therefore obtain, 
by adding the equations and putting t=0, 

Treating the differential coefficients in the same way (Art. 887), we have 

If we wish to find the four constants E, F, G, JET which are all connected with 
the companion roots ± a, we must find four equations. According to the rule, the 



1 
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V 
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multipliers are the coefficients of the several colnmns. We thus obtain, when t=0, 

Ex + 0y-Ez=E(2E + 2G+F+E)) 
0x + Fy-Fz=F(E + G + 2F+2H))' 
Edx + 0dy-Edz=Ea(2E-2G + F-If)). 
fidx + F5y - FSz=Fa {E - G + 2F-2H)) ' 
This simple and obvious example sufficiently illustrates the method of proceed- 
ing when the proper multipliers could not be otherwise found. 

397. Ex. If the differential equations are such that the fundamental deter- 
minant is symmetrical about the leading diagonal whether the forces of resistance 
be priBsent or not, we have by Art. 262, ajj/Ju (nii) =yJI-^^(mi)=&c, = G, where G is 
an arbitrary constant. There will be sinular equations for the otiier roots of the 
fundamental determinant. Thence show that the operator II (m) on expansion 
takes the form 

___ , . dA IxjXi) - dA (a^aJi) » . . 1 dC lx.x.) 1 dC (x.x^ 

^ ' dxi dy-^ ^ nil dx^ Wj dy^ " 

Thence deduce the forms of the multipliers given in Prop. A, Art. 383. 



Fourie7*'8 Btde. 

398. Of the two important problems which occur in dynamics 
(Art 376) the most common is that in which the system is oscil- 
lating about a position of equilibrium free from any forces of 
resistance. This of course is Lagrange's problem and the solution 
has been discussed in Chapter ii. 

It often happens that the co-ordinates chosen are such that 
the vis viva 2rcan be written in the form 

without any terms containing the products of the velocities. In 
other cases when the vis viva contains products, it may happen 
that the force fimction U can be written in the form 

2Z7=a;'^+y+... 

without any terms containing the products of the co-ordinates. 

In either of these two cases if we follow the same line of argu- 
ment as in Art. 386 we arrive at a simple rule. Taking the first 
case, Lagrange's equations are 

S'y + C,,x-\-C^y + ... = 0\ (1). 

&c. = Oj 
As in Art. 386 the solutions of these may be written in the form 
a? = Xj cos pt + Xj sin pt + X^ cos qt + X^ sin qt + &c.| . . 
t/ = Fj cos j?< + Fj sin pt -p Fg cos qt + F^ sin qt + &c.j * ' '^ ^^ 
&c. = &c. 

Since the equations (1) are analytically satisfied by the values of 
X, y, &c. expressed by any one column, let us substitute for on, y, &c. 
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the terms in the first column and multiply the resulting equations 
by -3r,, F,, &c. respectively. Adding these results we find after 
division by cos|>^, 

p\x,x,+ r,r.+...)=c,.z.x.+o„(x,r.+x.F,)+&a 

Since the right-hand side is a symmetrical function of the co- 
efficients of the first and third columns, we have 

i,» (Z,X. + &c.) = ?» (X.X, + &C.). 

It immediately follows that unless |> = + ; we must have 

X,X,+ F,F. + &c. = 0.. (3). 

An exactly similar proof applies in the case in which the products 
are absent from the force function. 

In either of these cases any column, say the first, may be 
separated by using as multipliers the coefficients X^, Y^, &c. of 
that column. Thus we have, giving the co-ordinates x, y, &c. their 
initial values, 

a;X,4yF,+ &c. = X,» + 7," + &c. 

gx. + gr.+&c.=pW+iV+&c.> 

These equations lead to a rule to find the coefficient which 
when applied to some problems in heat or sound is usually called 
Fourier 8 Rule, This may be stated as follows. Multiply each 
co-ordinate by the coefficient of the cosine in the column we wish to 
separate and add the results together. All the other columns will 
disappear from, this sum, leaving one equation to find the constant 
of integration which accompanies that cosine. 

To find the constant of integration which accompanies the sine 
which occurs in any column, we differentiate the co-ordinates and 
thus turn sines into cosines. Repeating the same process as before 
we have an equation to find the constant. These rules are simple 
corollaries from that given in Art. 387. 

399. It sometimes happens that the vis viva 2 T can be written 
in the form 

2T=m^x'^ + m^y''+.„ 

where m^, «i,, &c.are the constants connected with the co-ordinates 
Xy y, &c. In such a case the rule requires only a slight modifica- 
tion. By the same reasoning as before, we show that 

m^X^X^ + wijFj Fg + . . . = 0. 

Thus the multipliers necessary to separate the first column of the 
values of x, y, &c. from the other columns are m^X^, m^F^, &c. 
It will often happen that the coefficients m^, m^, &c. are the masses 
of some particles connected with the co-ordinates a?, y, &c. Using 
this phraseology we have the following rule. To separate any 
column we multiply the co-ordinates of the several parUdes as before 
by the coefficients in that column and by the masses of the several 
particles. We then add these results and proceed as before. 
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400. The investigation we have here given of Fourier's rule 
is purely analytical. All we have assumed is that the values of 
0?, y, &c. satisfy certain differential equations. But we may also 
give a physical meaning to the process and show that we have 
really been using the principle of Virtual Velocities. 

It has been shown in the first volume that that general prin- 
ciple may be analytically represented by the equation 

(d dT dU\ ^ fd dT dU\ , 

where f , 97, &c. are any small arbitrary variations of the co-ordinates 
X, y, &c. consistent with the geometrical conditions. 

Let us suppose the system to be performing any principal 
oscillation, say the one represented by the first column in the 
values of x, y, &c. Let us take as the arbitrary variation of the 
co-ordinates, a displacement along any other principal oscillation, 
say the one represented by the third column in the expressions 
for Xy y, &c. This variation is consistent with the geometrical 
conditions since the two oscillations might coexist in the same 
motion. 

In this case f, 97, &c. are proportional to Xg, F,, &c. After 
substituting for a?, y, &c. their values as given by the terms in the 
first column and dividing by cos^^, the equation becomes 

- / {x,x, + r; r. + . . .) = c,,x,x, + c,-ix, r, +x, y.) + &c. 

Since the right-hand side is a symmetrical function of the co- 
efficients of the first and third columns, we immediately have, as 
before, X.X^^ Y^Y^-^ ... = 0, 

except when p and q are numerically equal. 

Lagrange shows how to find the constants of integration in certain cases in 
Sect. VI. of the second part of his Mieanique Analytique, Poisson devotes 
Chapters vii. and vin. of his TMorie de la Chdleur to an explanation of the method 
of expressing arbitrary functions in a series of sines and cosines. Another treat- 
ment of Fourier's role is given in Arts. 93 and 94 of Lord Bayleigh's Theory of 
Sound, 

The reader may consult two papers by the author on the several subjects dis- 
cussed in this Chapter. The first is in No. 75 of the Quarterly Journal of Pure and 
Applied MathematicSy 1883. The second may be found in the Proceedings of the 
London Mathematical Society for the same year. The solutions also of many of 
the examples given in this Chapter may be found in these two papers. 
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CHAPTER IX. 



APPLICATIONS OF THE CALCULUS OF FINITE DIFFERENCES. 



Solution of Problems. 

401. In the first section of this chapter we propose, by the 
consideration of some examples, to show how the Calculus of Finite 
Diiferences may be applied to the solution of dynamical problems. 
In the second section we shall examine a few remarkable points 
in the theory of such oscillations. 

The calculus of finite diflferences may be used when the system 
contains a great many oscillatory bodies arranged in some order. 
Perhaps there are so many that to write down all their equations 
of motion individually would be impossible. If however there be 
a sufficient amount of similarity between the motions of successive 
bodies taken in order, it may be possible by writing down a few 
equations of differences to include all the equations of motion. 
To show how this can be done we shall begin with the following 
problem. 

402. Ex. A stHng of length (n + 1) 1, and insensible mass, 
stretched between two fixed points with a force T, is loaded at 
internals 1 mth n equal masses m not under the influence of gravity 
and is slightly disturbed ; if T/lm =; c', prove that the periodic times 
of the simple transversal vibrations which in general coeodst are 
given by the formula ('rr/c) cosec i7r/2 (n + 1) on putting in succession 
i = l, 2, 3...n. 




Let -4, B be the fixed points; j/j, y^^^^-yn the ordinates at time 
t of the n particles. The motion of the particles parallel to AB 
is of the second order, and hence the tensions of all the strings 
must be equal, and in the small terms we may put this tension 
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equal to T. Consider the motion of the particle whose ordinate 
is y^. The equation of motion* is 

""rf? Tr~^^ I ~ ^' 

••• ^*=«'(ym-2y,+y^,) (1). 

Now the motion of each particle is vibratory, we may therefore 
expand y^ in a series of the form 

y^ = Sisin(;>^ + a)) (2), 

where 2 implies summation for all values of 2>. 

As there may be a term of the argument pt in every y, let 
Zj, i,,... be their respective coefficients. Then substituting, we 

have i^,-24+i^. = -|,i, (3). 

To solve this linear equation of diflferences we follow the usual 
rule. Putting i^ = -4a*, where A and a are two constants, we get 
after substitution and reduction a — 2 + 1/a = — (p/c)*, or 

••■^«=*{'-(l)'M^- 

Let these roots be called a and )8, then 

is a solution, and since it contains two arbitrary constants it is the 
general solution. 

The constants A, B, a, fi are the same for all the particles, but 
not necessarily the same for all the trigonometrical terms defined 
by the diflferent values of p. When we wish to discuss the pro- 
perties of any particular A and B we write as a suffix the letter p 
by which they are distinguished. 

* This equation might also be deduced from Lagrange's general equations of 

motion. If Z7 be the force function, the position of equilibrium being the position 

T T T T 

of reference, we have 2 IT = - j y^a ~ j (yg - y^j^ - &c. - y (y,^ - y^i)2 - - y^\ 

The vis viva is evidently my^'* + my 2^ + . . . + my^^^. 

Substituting these in Lagrange's equations of motion we obtain the equations 

represented by (1). 

This problem is discussed by Lagrange in his Micanique Analytique, He 
deduces the solution from his own equations of motion. He also determines the 
oscillations of an ineztensible string charged with any number of weights and 
suspended by both ends or by one only. Though several solutions of these 
problems had been given before his time, he considers that they were aU more or 
less incomplete. 

15—2 
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The term distinguished hj p^O requires some further con- 
sideration. In this term the two values of a viz. a and )3 are 
each equal to unity, and the solution of equation (3) loses one of 
its arbitrary constants. But this defect is easily cured by follow- 
ing the usual rules for treating equations of differences. We 
have in that case Z^ = ^^ + n^k. 

The term distinguished by p = 2c also presents some pecu- 
liaritv. In this term the two values of a are each equal to — 1. 
We have therefore 

Summing up, the solution of equation (1) may be written 
at length 

y, = 4, + 5,4 + (^^ + 5^fe)(-l)*sin(2c<+ft)J 

+ 2(^,a* + 5;8*)8in(p< + a>,) ....(4), 

where the 2 implies summation for all existing values of p. We 
know from the theory of equations of differences that the first 
four terms in this expression are really included in the last as 
the limiting case of the terms distinguished hy p=0 and p = 2c. 
Unless therefore we wish to call attention to these terms, they may 
be omitted in the expression for y^, 

403. The equation (1) represents the motion of every particle 
except the first and last. In order that it may represent these 
also it is necessary to suppose that y^ and y^^ are both zero 
though there are no particles corresponding to the values of k 
equal to and n + 1. With this understanding the solution (4) 
will represent the motion of every particle from k = l to k = n, 

404. Since y =•• when A: = for all values of t every term 
in the series (4) must vanish ; .'. ^^ = 0, Ji^=^0 and A + B^ = 0, 
Also y = when fc = n + 1 for all values of t, .'. -B^^ = 0, -o^ = and 
^^a*"'' + 5^**' = 0. These equations give a"*'=)8"^\ If p be 

freater than 2c the ratio of a to )8 is real and different from unity, 
lence we must have p less than 2c Let then 

p/2c = sin 0, .'. a = cos 20 ± sin 20 V— 1. 

Hence by what has been proved before 

(cos 20 + sin 20 V- 1)"'' = (cos 20 - sin 20 V-l)"*' ; 
.-. sin 2(71 + 1)0=0; .'.0 = i7r/2 (n + 1), 

and the complete period of any term is P = 27r/p = Trc/sin 0. The 
letter t indicates any integer, but since p = 2c sin 0, we see it 
is necessary to consider only the integers from i = 1 to i = n. 

405. In forming the differential equation (1) we have sup- 
posed the distance I between any two successive particles to be 
unaltered. This will practically be the case if y» — y^_i be small 
compared with the distance I, This limitation however does not 
prevent us from enquiring what would be the effect of reducing 
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the masses of all the particles and placing them proportionally 
closer, so that the total mass per unit of length is unaltered. 
The restriction is that the inclinations of the strings must still 
be sufficiently small. The interest of this change is that the 
closer the particles are placed the more nearly does the system 
approach to that of a uniform string stretched between the two 
fixed points A and B, 

Let us represent by p the mass per unit of length, then 
c'i' = lY/m = Tjp, Put a = cZ, then a is equal to the square root 
of the ratio of the tension to the mass of a unit of length. Thus 
a is unaltered by any of these changes of the particles. 

If the length of the string AB be i we have Z=(n+l)i. 
If n be very great we find ^ = 2c sin ^ = a tV/Z very nearly. 

Thus the notes sounded by a string loaded with small particles 
at short intervals are such that their periods are given by 
P = 2L/ai. The note given by i = 1 is called the fundamental 
note, those given by the higher integer values of i are called the 
harmonics. 

406. Patwrmlnatlmi of Constanta. If we express a and p in terms of and 

sabstitute these in equation (4) we find the typical equation 

yt=iZEiam2kecos{2ctBme) + 2FiBm2keBm(2etane) (5), 

where E^ and Fi have been written for 2A, sin w, ^ - 1 and 2A, QOBta,y/-l, As be- 
fore ^=iir/2 (n+ 1) and the symbol 2 implies summation for all values of i from t =1 
to i=n. This equation has n terms and thus we have 2n arbitrary constants, viz. 
E^y E^...E^ and F,, F^...F^. These have to be determined from the known initial 
values of the n co-ordinates yi, y^...y^ and of their initial velocities y{j y^.-.y^- 

Since h may have any value from ft = 1 to I;=n the typical equation (5) represents 
as many equations as there are particles. We may imagine these to be written 
down one under another exactly as described in Chap. viii. Art. S79. To find the 
constant Ei which runs through all the terms in any one column we nse the 
multiplier to separate that column from the others. To find this multiplier we 
write down the vis viva of the system which in our case is 2T='2myi,^, According 
to the rule given in Chap. viii. Art. 387 or Art. 399, the proper multiplier for 
the equation giving yjt is found by differentiating T with regard to y^ and substitut- 
ing for yif the coefficient of the oscillation we wish to separate. The differentiation 
in our case is mj//* The proper multipliers to separate the two columns dis- 
tinguished by any value of i are therefore m£( sin 2k$ and mFi sin 2k$, Thus we 
find after division by common factors 

i:{y,Bm2ke}=iEi{n + l) ) 

2 {yt'Bm2he} =iFi (n + 1) 2c sin ^i * 
Here we have written on the right hand side for 2 (sin 2k$y its value i (n+ 1) which 
is easily found by ordinary trigonometrical processes. 

These equations determine the values of Ei and Ft for any particular value of i. 
On the left hand side the co-ordinates ^j, y^ &o. and the velocities yi, y^^ &c. are 
8 apposed to have their initial values, and the symbol 2 implies summation for all 
values of k from ft=l to ft=n, the value of i included in d being given. 

407. Ex. 1. A string of length 2 (n+1) Hs stretched between two fixed points 
A and B as before and loaded with 2n+l particles at distances apart each equal 
to I, Taking the origin at the middle particle, let the particles from ft = -c to 
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!•=+ e be iniUally displaced so that y^a Cein ftr/e. Let all the other particles be in 
their ondiBtarbed positione in the straight line AB, ao that yk=0 for all valaea of k 
not comprised between the limits ±e. Let also the system start from rest. Then 
by proceeding as explained in the last article, we find that the motion is given by 

yt = Z£« sin 2k$ cos (2cf sin 6), 

, A iT „ CcostV sin 2<9 sin r/€ 
wnere "^av ."?*» -^1=0/ — r-n 



2 (»+ 1) • *~ 2 (»+ 1) sin« r/2e - sinM * 

Ex. 2l a string of length (n + 1) Z is stretched between two fixed points A and B 
and loaded with n particles At distances each equal to I. The extremity A defined 
by 2;=0 is -suddenly moved a small space equal to y^ at right angles to the original 
position of the string and is there kept fixed. The motion of the l^ particle is 

given by y*=yo(l-- ^ ) - 2 -^^ cot ^ sin 2W cos (2ct sin ^), 

where $=^iwft (n+l), and the symbol 2 implies summation for all values of i from 
t=lton. 

To prove this we have the following conditions ; (1) for all values of t we have 

y*=yo ^^«^ *=0» ^^^ y*=^ when *=n + 1. These give ^©=^0 *°<i -^o ('» + 1) =-yot 
(2) when t=^0 we have y*=0 for all values of k except k=0, 

408. Agitation of one extremity. When one extremity 
of the string of particles is agitated according to any given law, 
a slight modification of the solution given in Art. 402 will enable 
us to find the motion. Let us suppose that the extremity A, defined 
ly fc = 0, is agitated so that its motion is continuously given by 
yQ = C sin fit it is required to find the motion of the particles. 

We may notice that it is sufficient for our present purpose 
that the law of agitation, however complicated, can be represented 
by a finite series of terms of this form. The resultant motion 
of any particle is then found by compounding together the motions 
due to the several terms of the series. 

The motion of the string of particles may be regarded as made 
up of two separate oscillatory motions. There are (1) the forced 
oscillation whose period is the same as that of agitating force, 
and (2) the free oscillations whose periods are the same as those 
found in Art. 404 when the two extremities of the string were 
fixed. Our present object is to find the former of these. 

Proceeding as before, we have by equation (4) 

Since yt = sin fit when i = we have p=fiyCOj, = in the forced 
vibration. Also unless /a=0 or 2c we have -4^=0, A^ = 0. 
Again, y* = when k = n+l, hence -B^ = 0, B^ = and the forced 
vibration is given by 

where a and /8 are the two values of a given by 
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409. If pi, he greater than 2c, let /* = 2c/sin <^, and all possible 
cases are included if we suppose <f> to lie between and Jtt. 
Making the necessary substitutions we find for the forced 
oscillation 

_ (tan|<^)'^"^^-*>-(cotJ^<^r^--^^-*> , 
^*'' (tanjji)*^''^'^-(coti^y^"^'^ .(-1) Gsin^<...(l). 

If the string be very long we have n infinite, and this ex- 
pression takes the simpler form 

y. = (tan^<^r(-iyCsin/i< (2). 

The first of these two expressions applies to a finite string 
of particles and is clearly made up of two expressions like the 
latter, the coefficients being such that the displacements of A and 
B are respectively Csin/^^ and zero. The motion has therefore 
been analysed as the resultant of two motions each of which is 
represented by equation (2). 

410. If fi be less than 2c, let /x — 2csin^, the forced vibra- 
tion then becomes 



sm 2 (ti + 1 - A:) ^ ^ . . .^. 

l/k = — ^— Vt — rrx ,-^ Csmat (3). 

•^* sm 2 (ti + 1) >^ ^ ^ ^ 



This can be written in the form 

__ Ccos [fjLt - 2 (n +1 -k) yjr ] _ (7 co s [fMt+i{n^^l-k)^|r] 

^* 2sin2(7i + l)>|r 2sin2(n4-l)i|r •••^^^• 

Taking the first of these two terms by itself we see that 
after a time T given hy fiT= 2^^, the term is unaltered if we write 
k — 1 for k. This term therefore represents a wave which travels 
the space between one particle and the next in the time T. In 
the same way the second term represents a wave which travels 
with the same velocity in the opposite direction. 

411. Two kinds of possible motion. Attention should 
be particularly directed to the great diflference between the two 
kinds of oscillatory motions. If the period of the agitating force, 
viz. 27r/fJL be long enough to make fi < 2c, the forced oscillation 
transmitted to the string of particles is formed by the superposition 
of two waves which travel in opposite directions without change 
of magnitude. Thus the particles near the further extremity B 
of the string may be as greatly agitated as those near the point 
of application of the force. Suppose yfr = 7r/2q where q is some 
integer, then by (3) every qth particle counting from the further 
extremity B is permanently at rest and forms a node. The 
strings of particles between these successive nodes form equal 
loops which are alternately on one side and the other of the 
straight line AB, 

Let us now compare this state of motion with that which 
results from the agitating force when its period is so short that 
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/i > 2c. In this case no motion in the nature of a wave is trans- 
mitted along the string. Taking the case of a very lon^ string 
the particles are alternately on opposite sides of AB, while their 
displacements form a series in geometrical progression. Thus 
the displacements of the particles are less and less the more remote 
they are from the agitating force. 

412. The transition from the one kind of motion to the other 
is easily understood by supposing the period of the agitating force 
to grow gradually less and less until it passes the critical value. 
It is clear that sin ^ will increase but it cannot become greater 
than unity. The number of particles, viz. 5 — 1 between two 
Huccessive nodes decreases and finally vanishes when ^ = ^. 
But since no further decrease is possible the motion changes its 
character. 

The expressions (1) and (3) both assume the form 0/0 when 
^ =5 '^ = ^TT. The motion in the transitional state may be deduced 
from either of these expressions by the usual rules in the dif- 
ferential calculus. But we see independently by Art 402 that it 
is given by 

y, = (^ + Bk) (- l)*sin2«e. 

Since y^^CAn2ct when fc=0 and y^^O when i = n+l, we 
easily find y» = {1 - */(w + 1)} (-1)* C sm 2c*. 

413. lUfloeatlniioiis asitatiiis foro*. When the agitation communicated to 
the extremity A is not eontinooas, bat acts for a short time only, the resulting 
motion may be fomid by the method of the superposition of small motions. 

Thus if the extremity A be suddenly moved at the- time t=0 a short distance 
;/o at right angles to AB, the resulting motion has been found in Ex. 2, Art. 407. 
Let us represent this motion by yk=y^f(K 0* Alter a time t^u has elapsed, let 
the extremity A receive another displacement F^, the rest of the string being undis- 
turbed. If we superimpose these two motions we obtain 

y»=y»/(*» + To/ (*> «-«).. 

At the time t^u^ the second fonction and its differential coefficient with regard to t 
both vanish for all values of k from ft = l to I;=n + 1. Thus the initial conditions 
of motion at this time are expressed by the first function. This equation therefore 
represents the motion produced by these two disturbances for all time from t=u to 
t=ao. 

Generalizing this, we see that if the extremity A be moved according to any law 
say ^0=^(0 for a time extending from t=0 to f =7, then the motion of the string 

is given by yn= J ^ B* (u) f {ky t - u) du 

lor all time extending from t=7 to t = ao . 

Since the agitating force ceases to act after the time f =7 it is clear that the 
motion of the string after this time is made up of the free vibrations belonging to 
a string of particles having each end fixed. Accordingly, if we substitute for the 
function /(I;, t-u) its value given in Art. 407, we see that this expression for 1/4 con- 
sists of n oscillations whose periods are the same as those already found in Art. 404. 
Their phases and magnitudes depend on the action of the agitating force. 
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414. Ex. Let the extremity A of the string of partides ahready described be 
moved so that yo=Csinfit for a time extending from t=0 to t=^wlfi. Supposing 
the extremities to remain at rest for all subsequent time, prove that the motion of 
the Jc^ particle is given by 



^ 4(7/i cos $ sin 2kO 

y*=2 — 



sin r 2c sin (? ( « - ^ j I cos I — sin (? I 



n+1 M«-4c*sin«^ ' 

where $=iwl2 (n+1) and the Z implies summation for all integer values of i from 
1 = 1 to n+1. 



415. AnalTsis \xy Wa^ros. There is another method of arranging the solution 
of the equation of motion given in Art. 402 which has the advantage of enabling 
us to analyse the motion by waves instead of by Lagrangian elements, see Art. Bo. 
Writing d for djdt as usual the equation of motion becomes 

yM-i-2y»+y»-i=^y* (i). 

Treating the operator on the right-hand side as a constant, we proceed to solve 
the equation of differences in the manner already explained in Art. 402. The two 
constants A and B are now functions of U Hence if we put 



"•Hi))'- 1 «■ 



we have y»=0»/(t)+0-»F(«) (3). 

This is a symbolical solution of the equation of differences with its two arbitrary 
functions / (t) and F (t\. When the forms of these functions are given, the opera- 
tion represented by O can be performed and a solution of the equations of differences 
will be found. 

416. To obtain one interpretation of this symbolical solution let us suppose the 
functions /(e) and F{t) can be expressed in a series whose general term is 
A co8(2<;Bin^t+6;), where is the parameter whose value distinguishes any term 
of the series from another. All cases are clearly included if we suppose ^ to lie 
between the limits and Jt. 

Since the radical in the operator contains only even powers of d, we obtain the 
result of its operation by writing - (2o sin $)^ for 5^, see Art. 265. We therefore find 

O cos (2c sin 0t+ <a) =cos (2c sin ^t + oi - $). 

Bepeating this process 2k times we have 

y4=S^cos(2csin^« + w-2Jk^) + 2Bcos(2csin^«+« + 2*^). 

If we take by itself any one term of the first series we see that if we write for k, 
A; + 1 and for t, t+T where T is given by c sin ^ r= ^, the term is unaltered. Hence 
(exactly as in Art. 87) any one term represents a wave which travels the space 
between one particle and the next in the time T. In the same way the correspond- 
ing term of the second series represents a wave which travels in the opposite direc- 
tion with the same velocity. 

Each term of either series represents a wave. Each wave travels with a uniform 
velocity but the different waves have different velocities. Consider the wave defined 
by any given value of ^, and let a=cl. If v be the velocity, X the length of the 
wave measured from ridge to ridge, and P the period of oscillation of any one 

_x- T t. sin ^ % tZ o wl 

parijicle, we have v=a-^, X=^, -P=if^i^^- 

Since $ lies between and Jt we see that the velocities of all these waves lie 
between a and 2a/ir; the length of every wave is greater than 21; the period of 
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(McUUtion of every particle is greater than wl/a. The longer the waves are the 
more nearly do they travel with the same velocity. 

If we suppose I to decrease the particles will he closer together, and if each 
particle have proportionally less mass the quantity a will be unchanged. Consider- 
ing then all waves whose lengths have a given inferior limit, we see that the closer 
the particUi are together, the tiuu$ of a unit of length being unchanged^ the more 
nearly do wavet of all lengths travel with the same velocity. 

417. Other interpretations of the symbolical solution (3) given in Art. 415 mny 
be obtained by substituting other forms for the arbitrary functions /(<) and F{t). 
Thus we might have 

y.^a^iCef^^^^+Q^iCe-f*^^^' 

li ft, he greater than 2e we may introduce the subsidiary angle as in Art. 409. 
This expression then reduces to 

y» = ( - 1)* (tan J0)» C cos /tif . 

418. Ex. If we write x^kl and make the interval { between the particles 
indefinitely small, the operation represented by Q^ takes the singular form l"". 
Show by finding the limit in the usual manner that 08»=tf"'(*^*)* and thence deduce 



y-/(-i+')+^G+')- 



419. Ex. 1. A long row of particles, each of mass m, is placed on a smooth 
horiEontal table. Each is connected with the two adjacent ones by similar light 
elastic stretched strings of natural length L They receive small longitudinal dis- 
turbances such that each of them proceeds to perform a harmonic oscillation: 
prove that there will be two waves of vibrations in opposite directions with the 

same velocity, viz. V a /— r - sin - , where V is the average distance between two 

successive particles, q the number of intervals between two particles in the same 
phase, and E is the modulus of elasticity. [Math, Tripos, 1873.] 

Ex. 2. A light elastic string of length nZ and coefficient of elasticity E is loaded 
with n particles each of mass m ranged at intervals I along it, beginning at one 
extremity. If it be suspended by the other prove that the periods of its vertical 

oscillations are given by the formula r kj ^ cosec ^ , where i=0, 1, 2...n - 1 

successively. Hence show that the periods of vertical oscillation of a heavy 

4 /MZi 

elastic string are given by the formula •^. — -- */ -r=r , where L is the length of the 

string, M its mass, and t is zero or any positive integer. [Math, Tripos, 1871,] 

Ex. 3. A railway engine is drawing a train of equal carriages connected by 
spring couplings of strength /k and the driving power is so adjusted that the velocity 
is A-\-Bmiqt, Show that if q^ {(M + Am) h^ -{■ imk^ be nearly equal to 2/liJ* the 
couplings will probably break, M being the mass of a carriage which js supported 
on four equal wheels of mass m, radius h and radius of gyration k. Are there any 
other values of q for which the couplings will probably break? [Coll, Exam, 1880.] 

Ex. 4. Equal uniform rods, n in number, and each of mass m, are smoothly 
hinged together at their ends and are suspended by light elastic strings which are 
fastened to the joints and the free ends. The other extremities of the strings are 
attached to n + 1 points in a horizontal line whose distance apart is equal to the 
length of a rod. The stiings are all of a natural length I and modulus E, except 
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position of equilibrium are -jzr^ jmn 2 + cos — jf where i is zero or any integer. 



the extreme ones whose modulus is ^£7. The system rests in equilibrium under the 
action of gravity and the rods are in a horizontal straight line and aU the strings 
vertical. Show that the periods of the small co-existent oscillations about this 

2«- r ,/^ . _t«-\)* 

the joints and ends being supposed to move approximately in vertical straight lines. 
[Coll, Exam, 1881.] 

420. iretwork of PaztlclM. Let columns of threads in one plane be cut at 
right angles by rows of threads. Lei a particle of mass m be attached to them at 
each intersection. Let the interval between two adjacent columns be I and the 
interval between two adjacent rows be V. Let the tensions of the rows and columns 
be respectively T and T. Let the particles vibrate perpendicularly to the plane of 
the threads, and let the whole system be removed from the action of gravity. 

Ex. 1. If U7 be the displacement of the particle in the U^ column and V^ row 
and Tlml=c^i T'lmV=c^^t prove that the equation of motion is 

cPwjdt^ = c2 (Wa+1 - 2w?» + w^j) + c'« (u?t+i - 2wt + w*.;). 

Ex. 2. Prove that the motion of the particles may be represented by the series 
whose general term is 

tt;=2{a»(ii6»+B6-*)+a-*(i4'6*+B'6-»)}sini)< (1), 

where the 2 implies summation for all values of a and b connected by the equation 

-p»=o.(a-2 +!)+<- (6-2+1). 

Show that if a and b are both real, one at least is negative. Show also that if 
the circumstances of the problem permit b=:^l the corresponding coefficient of 
sm^jf becomes (:izl)^{a^(A+Bk) + cr^(A' + B'k)} (2). 

If a and b are both = :i: 1, the corresponding coefficient is 

{±l^(j.iy{A+Bh+Ck + I>hk) (3). 

What is the general form of the solution, when one of the two a and b is 
imaginary and the other real? When both are imaginaiy with unity for modulus, 

showthat p2=cM2sin(?)«+c'«(2sin^)4 <^>- 

Ex. 3. Show that the solution (4) of the last example represents a wave 
motion. If X be the length of the wave, v its velocity and a the angle the direction 
in which it travels makes with the rows of thread, prove that 

\0 = vlQOBa, X0=irrsino, v^(wl\)^=c^Bin^e + c^eiii*<p, 

Ex. 4. If the network be so constituted that cl=c'Vf prove that there are two 
directions in which a wave of given length will travel with the greatest velocity and 
in these cases the fronts are the diagonals of the openings between the threads. 
The two directions of least velocity are those in which the fronts are along the 
threads. 

Ex. 5. If cl=&V and if the intervals between the threads be very small, prove 
that the network becomes a membrane which is equally stretched in aU directions. 
In this case waves of all finite length and all directions of front travel with the same 
velocity. 

Ex. 6. A network, otherwise infinite, is bounded by a rod which runs along the 
diagonals of the openings. This rod is agitated according to the law w=^PBm.pt, 
Prove that two distinct motions will result according as the period of agitation is 
greater or less than ir/(c*+c'^)*. In the former case waves will travel over the net- 
work, in the latter the motion will resemble that described in Art. 411. 
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421. VctWOTiL Willi QoAdvlUtVAl opwiliigB To bring these particles into 
order we regard them as arranged in rows and oolomns, as in rectangular networks, 
thoogh theie are no longer straight lines. If the network he so stretched that the 
tension of erezy thread is proportional to the length of the thread along which it 
acts, the ratio being equal to c', the equation of motion may be proved to be 

where A operates on h and A' on k. This is exactly the same equation as that 
which determines the motion of a rectangular network when c=c'. Thus the 
motions of the two networks will be the same when the central and boundary condi- 
tions are made to correspond. 

In this way we may deduce the motion of one kind of network from another 
just as in Hydrodynamics we change one fluid motion into another. 

Ex. 1. Show that the geometrical peculiarity of this quadrilateral network is 
that each particle is the centre of gravity of the four adjacent particles to which it 
is connected by strings. 

Ex. 2. If {Xf y) be the Cartesian co-ordinates of the particle (hk), prove that 
X and y both satiny the equation of differences A'x4_i,A+A'^a;jk.*-i=0. Show also 
that the values of x and y may be written in the compendious form 

x-\-yy/'l^'ZAt?^-^^^-\ J (««-«-•)= dbsin/J. 

Other forms of the solution may be deduced as in Art. 420. For example, we 
may have x=A-^Bh+Ck+ Dhk. 

In all these solutions the directions of the threads which form the sides of the 
quadrilateral openings are defined by (1) making h constant and k variable, (2) by 
making k constant and h variable. Thus taking a single exponential, we find 

x=Ae^coB2pk, y=Ae^Bm2pk. These lead to a?+y^=A^e^, y/a;=tan2i3&. 
The quadrilateral openings are therefore formed by concentric circles and radii 
vectores from their centre. 

Ex. S. When the openings of the network are indefinitely small, the result of 
the last example becomes x+yy/-l=f{h + ky/-l), so that that result may be 
regarded as an extension to Finite Differences of the theory of conjugate functions. 

Ex. 4. If in Ex. (2) the values of h and k be not restricted to be integral, 
prove that Aa;»_j.»=±A'y*,»_j, A'jr»,4_j= :FAy»_j.». 

The analogy of these results to some well-known theorems in conjugate functions 
is obvious. 

Ex. 5. The Cartesian co-ordinates of the particles of a triangular network are 
given by 0;=^, y = hk, where h^ k are any integers. The equations to the three fixed 
boundaries are aj=n, t^==0, y=n'x. Following the rule given in Ex. 2, show that 
the quadrilateral openings are formed by radii vectores from the origin and ordi- 
nates parallel to the axis of y. Prove that the period of vibration, viz. 2t/p, is 

given by p7^' = ^^^^ {itrftn) + sin^ {ji^TrjInf), 



Theory of Equations of Differences. 

422. Oeneral Bqnatlons of Motion. Let a series of n particles of masses 
m^, ffig... be arranged in a straight row at intervals equal to l^y l^... and be in 
equilibrium under the action of external forces and their mutual attractions. Let 
these particles be now displaced from their positions of equilibrium either all at 
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rigbt angles to the axis of the row, or all along its length. Let the displacements 
at the time theyi^y^,., y^. Our object is to find these y's as functions of the time. 

The forces which act on the particles are of several kinds. (1) There are the 
external forces of restitution which are functions of the displacements of the 
particle acted on from its position of equilibrium. These must supply terms to the 
forc§ function of the form - iZa^^*^ ; all the higher powers of the displacements 
being rejected. (2) There are the forces of restitution which depend on the action 
of the adjacent particles on each side of the particle under consideration. These 
must supply terms to the force function which contain squares of the y's and pro- 
ducts of y*s with adjacent suffixes. But since ^iyk+i=yt^ + yk+i^-{y^i-ytj\ the 
only additional terms thus introduced into the force function will be of the form 
- |S&A (yk+i - yk)^' (3) There are the forces of restitution which depend on the 
action of the two adjacent particles on each side of the particle under considera- 
tion. These supply terms to the force function containing squares and products of 
y's whose suffixes differ at most by 2. But since 2yA^ik^=(y;^.2-2^t4-i+yi)' + <&c., 
where the &c. indicates squares of y*s and products of y^s whose suffixes differ by 
unity, it is clear that the only additional terms introduced into the force function 
are of the form - JSc* (y^n^ - 2^4+1 + y*)*. 

The forces which depend on the action of the three adjacent particles may be 
treated in the same way. 

Besides these forces there may be some external forces of constraint acting on 
the two extremities of the row. These are functions respectively of yi and y^ and 
therefore supply terms to the force function of the form - iXt^i* and - i/xy,,^. If 
the forces of constraint act on the two last particles at each end we must add to 
these the terms - JXj {y^ - y^)^ and - J/«„_i (y^ - y»_i)*. 

Let U be the force function and let the position of equilibrium be the i)osition of 
reference. To simplify the argument let us in the first instance restrict ourselves 
to the following terms 

2 17 = - Xy^a - /ly^^ - i:a,y,^ - S6» (yn-i - y*)*- 

If 2r be the vis viva, we have 2T=l,mj,yu'^. 

The Lagrangian equations of motion may therefore be written in the typical form 

rttuyt = - ai,yu+[h (y»+i - y*) - ^*-i (y* " yh-{)\ 

= - a*y* + A (6*_i Ayi_i), 
where A has the usual meaning given to it in the calculus of differences. 

423. TlM Boundary Condittonfl. This typical equation represents the motion 
of all the particles except the first and last. It does not include the case /e=1, 
because the term - h^ (y^ - y^)^ is missing from 217 and the term - Xy^^ has not been 
taken account of. If the differential coefficients of these with regard to y, were 
equal, the errors would correct each other. This gives 

Treating the other extremity in the same way, we find 

There are no particles corresponding to the values k=0 and A;=n+1, but the n 
equations of motion corresponding to ft = 1 to A; =n are all truly represented by the 
same equation of differences if we suppose y^ and y,^i to stand for their values as 
given by these two conditions. 

424. In the same way we may show that if we take the more general value for 

U, viz. 2 ^= - \y^^ - Xa (£iy^Y - Mn^n' - ^n-i ( Ayn-i)' 

- Sa^*2 - 26* [^y,f - Sc* (A^J^, 
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the typieal equation of motion beoomes 

iwty*" = - fl*y» + A (6*.i Ay»_i) - A* (<?»., A«y»_a). 
The tenninal conditions at one extremity are 

&o Ayo - A (<?-i A V-i) = hVi ) 

-CoA*yo=Myii' 
There are similar conditions at the other. 

425. Mthod of Bolatloii. To solve the typical equation of motion 

»i*y*" = - a»y» + A (6»_i Ay*_i), 
we follow the method of Lagrange. To find a principal otcillation we put 

y^=Lt Bin {pt + <a). 
We thus have akL^ - A (6»_i AL»_i) ^pHn^Z*. 

This equation can also be written in the form 

6» L44.1 = (a* 4- 6*-i + 6» -p^m^ Lk - &»-i L*-j . 

If we wrote down at length the n equations given by Z;=l, 2 ... n we could by 
successive substitutions express the value of Lk as a linear function of Lq and Z^. 
But since the ratio of Lq to L^ is given by one of the equations at the limits, we can 
find Zrt in the form L,g= C</> {kj p), where C is either Lq or L^ at our pleasure or any 
function of Lq and Lj. See Art. 423. 

If we make a few of the substitutions indicated it will be at once evident that 
{kf p) is an integral rational function of p* of the {k - 1)*^ degree. We must now 
substitute this result in the equation of condition at the other limit. We thus have 
after division by C7 K\^{^ + h P)'-</> ('*» !>) } + /*0 (w, p) =0. 
This equation will be shortly represented by ^(p)=0. We may notice that this 
reasoning is perfectly general, so that no value of L^ not included in this solution 
can satisfy the equation of differences. 

This process is strictly Lagrange*s method of finding the principal oscillations 
and the final equation ^(p)=Ois merely Lagrange's determinantal equation in an 
expanded form. Accordingly we see that it is an equation of the n^ degree to find 
the n values of p\ 

But if n be considerable this method of elimination cannot always be employed. 
The Calculus of Finite Differences sometimes enables us (as in Art. 402) to arrive at 
a solution in a simpler manner. But whatever method be adopted the solution 
obtained, whether partial or complete, must be included in that indicated above. 

426. If the given function b^ be such that &o = 0, 5,^ = and X, /u are also zero, there 
are no conditions at the limits. In this case the equation of differences defined by 
7c = only contains Li and Lj, the term - ftg {y^ - y^) being now absent. This equa- 
tion therefore determines the ratio of L^ to Lq and the argument proceeds as before. 

It is however more convenient to regard this case as included in the former with 
the condition that ^q, y^, y^.^, y^ are not to be infinite. With this proviso the 
terms - 6© (^i - Vo) *"^d 6,^ {yn+i - Vrd cannot become finite. 

427. Tbe correapondlng Differential Equation. The limiting case of this 
equation of differences is peculiarly interesting. Let us make all the intervals 
Ij^, l^ (&o. between the particles equal to each other and each equal to I ; and let us 
write x=H. Then in the limit when I is indefinitely small we have dx=l, and all 
the various functions of k may therefore be regarded as continuous functions of x. 
Writing nijt=mgdx, aj^^a^dx^ and 1^=^x1^ the equation of differences becomes in 

the limit a^^ - — (b^ ^ j =p^m^y:^ 
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This equation is to hold for all values of x between certain limits, say a;=0 to 
x=L, The conditions at the limits are 

In the same way we may find the differential equation which corresponds to the 
equation of differences given in Art. 424. 

In this equation it is not necessary to suppose y to be small, for since the 
equation is linear we may multiply y by any constant quantity we please. It is 
necessary however that all the functions and as many of their differential coeffi- 
cients as enter into the equation should be finite. 

Suppose the function 5,=0 at each limit and that \ and ^ are both zero. The 
conditions at the limit disappear for a' differential equation of the second order. 
We thus have no equation to find j>. But in the following theorems, the condition 
that the solutions chosen for y must be finite between the limits remains in full 
force. In some oases this one condition will limit the values of p, 

428. Ex. If the differential equation ^ " T" j (1 - «') f "^ I = l^V ft»d the limits 

bea;=Otox=l, show that no solution can be finite at both limits unless p' = t (i + 1 ) 
where % is any positive integer. 

429. This equation of differences and its limiting case the differential equation 
are of considerable importance in other besides dynamical investigations. It is 
therefore useful to notice that though the equation presented itself with a dynami- 
cal meaning, yet the results in this section are perfectly general. We may regard 
the equations of motion as simply so many differential equations to find y^, y^, (&c. 
derived, as explained in Chap, vii., from the two auxiliary functions A and C, the 
other auxiliary functions Bj D, E, F being all zero. The functions A and C are 
here called T and - V and the symbol m is here replaced by j^V - 1. 

430. Tbree PropoaiUomi, We immediately infer the following theorems con- 
cerning the values of p. 

Prop. 1. If the function m^ or m. be positive between the limits, the function 
T will be a one-signed positive function. It therefore follows from Art. 319, that 
all the values of p' are real. 

This also follows from the theorem that aU the roots of Lagrange's determinant 
are real*. 

431. Prop. 2. If the functions a^^^ h^^ &c. or a«, h„ <&o. as well as m^ or m, be 
positive between the limits, and if X, /i be also positive, the function C^-U will 



* Another proof that the values of p^ are aU real is given by Poisson in Art. 90 
of his Theorie Math4matiqxie de la Chaleur* He there shows that if p^ could 

have a pair of imaginary values of the form f^g^-l, the integral J m^X^Y^x 

(see Art. 432) could not be zero. The argument is as follows. Since, by Art. 425, 
Lt is a function of p\ it follows that the corresponding values of X, and Y, may be 

written F^^GsJ-l. This leads to the result Pot, (jP* + G*)dx=0, which is an 

impossible equation if m, keep one sign between the limits. Poisson applies his 
argument to the case of a differential equation of the second order, but it may 
evidently be extended to the general case of a differential equation or an equation 
of differences of any order. 
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be a one-signed podiiTe function. It therefore follows from Art. 315, that all the 
vtihieM of p* are poHtive. 

This also follows from the theorem in Yol. i« that when the force fanction U is 
a maTimnm in the position of eqnilibrimn, that position of eqnilibrimn is stable. 

482. Prop. 8. Let p and q be two nnequal possible values of the parameter p, 
and let the corresponding solutions be indicated by the typical equations 

y* = JTik sii^ ptt and y^ s Yt sin qt. 

Then we may tue the method of muUipliere as explained in Chap. yiu. Art. 399, and 

assert that ZtnkXkYM=miXiYi+ ..,-\-m^X^Y^=0. 

In the case of the differential equation this becomes / rngX^Y^dx^O, 



488. 9tunak*u Tbrnonaam, Bestricting ourselyos to the case in which the equa- 
tion of differences has the form ^4^* - A (&]k-iAyfe_i) sp'mfeyjb let us compare the 
different kinds of motion indicated by different values of p*. 

In order to realize the motions of the several particles more easily, let an 
ordinate be drawn perpendicular to the length of the row at the position of each 
particle when in equilibrium. Let the length of this ordinate be equal to the dis- 
placement of that particle at the time t. The curve traced out by the extremities 
of these ordinates will exhibit io the eye the nature of the motion. The intersec- 
tions of this curve with the axis of the row are called nodee, the maxima and 
minima ordinates are called loops. 

Let all the possible values of |> be arranged in ascending order beginning with 
the least. 

In the eotution given by the least value of p, it will be shown that at any one 
moment all these ordinates have the same sign. Thus throughout the motion the 
indicating curve will form an arc with a single loop which oscillates from one side 
to the other of the axis of x. 

In the solvtion given by the next smallest value of p, it will be shown that at any 
instant there is one change of sign among the ordinates, as we travel from one 
extremity of the row to the other. Thus throughout the motion the indicating curve 
will form a double arc with two loops separated by a node. 

In the solution given by the third smallest root there are at any instant two 
changes of sign among the ordinates. Thus the indicating curve forms three loops 
separated by two nodes, and so on through all the values of p. 

In all these cases the nodes which belong to any value of p are separated by or 
lie between the nodes which belong to the next value ofp in the series, 

434. To prove these theorems we require the following lemma. Let p and q 
be two possible values of p, and let the corresponding motions be given by 
yt = Xk sin pt and y^^YiBinqU We have therefore 

fltXfc - A (6»_i AJfc_i) =phnkXj,) 

Eliminating the function a^ we find 

(3» -p2) m*X»7»= 6* (Xj^.iF* - Z*F*+J - 6»_i (X,Y,^, - X^^Y,). 
This gives by summation from k=aix)k^h 

(ga -p«) {MaXaYa + . . . + m^^Yt] = 6* (Xj^i Y, - X^Y,^^) - 6«_i ( XaYa^^ - Xa.i Ya) . 
The right-hand side may also be written 

b, ( r^ A^, -X,A FJ - 6«_i (Fa-i AXa_i - X«_, AF..^). 
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In the limiting case in which the equation of dififeronces becomes the differential 
equation (Art. 427) this lemma takes the form 

,^-^^'«r^.[..(rg-xS)];. 

435. Oor. 1. Consider the full series of values X^, X^...X^ arranged in order. 
We shall have ranges of positive and negative values succeeding each other. Let 
Xa... Xthe one of these ranges in which all the constituents have one sign, while 
those on each side, viz. X^-^ and Xj^^^, have the opposite sign. We shall prove that 
if q>P there is one change of sign at least in the corresponding range o/Y^s extend- 
ing from Yai_i to Yt+j both inclusive. 

For if possible let all these Y's have one sign, then every one of the four terms 
on the right-hand side of the equality in the lemma has the sign opposite to that of 
the product Xj^r^. Hence the lemma could not be true. 

We have made no assumption as to the function a^t, but ht and mie have been 
supposed to have the same sign, and to keep that sign from one limit to the other. 

436. Cor. 2. Consider next a double range of values, say Xa ... X/3 ... Xt, such 
that all the constituents from Xa to X^.^ have one sign, say negative, and X/s to X^ 
have the other sign while (to make the double range complete) X^_i and Xfc+i have 
opposite signs to their adjacent constituents. Then by Cor, 1 1/ q >p Y must change 
sign between Y^_^ and Y/a and also between Y^.j and Yj^.!. We shall now prove 
that a single change of sign between Y^-i and Y§ will not suffice for both these 
requirements. 

For if it did, the products XaYa ... Xj^Y^ would all have the same sign: but every 
one of the four terms on the right-hand side of the equaUty in the. lemma has the 
sign opposite to that of the product X^Yis, Thus again the lemma could not 
be true. 

In the same way if we consider a triple range of values Xa ... X/3 ... Xy ... Xib so 
that X changes sign twice as h varies from one limit to the other, then by Cor. 1, 
Y must change sign between 7^-1 ^^^^d Y^, F^.j and Fy, Fy_i and Ffc^j. But it follows 
exactly as before that two changes of sign will not suffice for all three requirements. 

437. Cor. 8. Consider the range of values Xj, X^ ... X* all of one sign begin- 
ning at one extremity of the complete series and such that X^^^ has the opposite 
sign. We shall prove thai i/ q>p there is one change of sign at least in the cor- 
responding range of Y*« extending from Yj to Yt+j. 

In this case the range begins at one extremity, we have therefore the conditions 
60 (Xj - Xo) =XXi and 60 (^1 ~ ^0) = ^^1 which hold at that extremity. The equality 
in the lemma becomes therefore 

(q^ - JP^) KXiFi + . . .mt^X^Y^i = bu (Xfc+i Yu - X^ Y^^^), 

If then all the F's from F| to Fit-t-i ^^^ the same sign, every term on the left- 
hand side would have the same sign, and the two terms on the right-hand side 
would have the opposite sign, and thus the equality could not exist. 

Similar remarks apply to a range terminating at the other extremity. 

438. Cor. 4. Lastly consider all the n series X^ ... X„, Y^..,Y^ &c., &c., cor- 
responding to the n values of 2>, 9, &o. arranged in order of magnitude beginning at 
the least By the preceding corollaries, each of these series must have at least one 
more change of sign than any series before it. As there are but n terms in each 
series, the last, i. e. the n^^ can have but n - 1 changes of sign. Hence the ftrat 
series has no changes of sign, the second has one change, the third has only two and 

R.D. II, 16 
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$0 on. Also the ehanget of Hgn in each series alternate, in the manner already 
explained^ with the changes of sign in any series next to it. 

439. It flhould be noticed that in Cor. 1 and 2 no use has been made of the 
conditions at the limits. In these propositions therefore p and q are any arbitrary 
quantities except that q most be greater than p. In Cor. 3 the conditions at one 
limit are introduced, so that all three corollaries are true if only XJX^=TJYq at 
one limit. Finally in Cor. 4 the conditions at both limits are supposed to be 
satisfied and therefore p and q must now be different roots of the equation repre- 
sented in Art. 425 by ^ (p) =0. 

440. Let us suppose that the conditions of constraint at one limit are satisfied 
as in Cor. 8. We may therefore write the lemma in the form 

when the summation extends from A = 1 to A=n. Since p and q are now arbitrary 
quantities we may put q*^^+dp\ We therefore have to the first order of small 
quantities dp»2iiiJP= h^ (X^i dX^ - X^dX^^, 

This equation may be written in the form 

But the quantity in brackets is the left-hand side of the equation ^ (p)=0 arrived 
at in Art. 425 as the equation to find all the possible values of p when the condi- 
tions of constraint at both extremities are taken account of. We therefore infer 

It immediately follows from this equation that no value of p can make both 
^{p)=0 and ^ ( J}) =0. The equation ^ (p) =0 cannot therefore have equal roots. 

441. Ex. 1. If n particles of any masses at any intervals be arranged in a 
straight row, as already explained, and oscillate transversely with the motion indi- 
cated by any one value of the parameter p^ prove that the straight line joining 
any two particles cuts the axis of the row in a point which is fixed throughout the 
motion. 

Ex. 2. If yjt=Xjt^mpt represent the principal oscillation corresponding to 
the value p, prove that 

The two first S's imply summation extending from ^=1 to h=n, and the third 
from h=l to ^=n-l. 

Ex. 8. If ajb, his &>i^d m^ be all positive and 2ir/p be the longest period of a 
principal oscillation, prove that j)^ is less than the greatest value of (a^-i- ht+hu-^jmt 
and greater than the least value of aujmk^ 

11 2</>Ip be the shortest period of a principal oscillation, prove that p* is greater 
than the least value of {at^hi+hk_T)lm^ and less than the greatest value of 
{at + 2&A+ 2&ifc-i)/mt. In this example Bq and bf^ are to be taken equal respectively to 
\ and fi» 

Ex. 4. If the function «« and h^ keep one and the same sign or are zero, show 
that no value of p can be zero unless X and /x are both zero. 

Ex. 5. Let yt=Xt Bin ptf y k=Yt Bin qt represent two principal oscillatory 
motions such that q is greater than p. If a range of values be taken, say Za . . . x^, 
which are aJl of one sign and such that X^ is at a loop and that a node lies between 
Za-i and Xa, prove that either a node or a loop lies within the range Y^^^ ... F*. 
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Thence show that either a node or a loop of the shorter-tuned oscillation must 
lie within (or at the boundaries of) the space joining any node to any loop of the 
longer-timed oscillation. 

Ex. 6. In the equation -P jJ+Q j^ + -Ry=l'%. where P, Q, R, S are given 

functions of x, let y=X and y = Y he two solutions corresponding to different 
values of jp, and let fi be the integrating factor of the first two terms on the left- 
hand side. Prove that ffiSXYdx=0 for any limits between which X, Y and their 
differential coefficients are finite provided that at each limit either 

dY/„ dX 



P=0or?V^=7^A. 
ax* ax I 



dx' dx 

The differential equation of the second order mentioned in Art. 427 is discussed 
by C. Sturm in the first volume of Liouville's Journal. He there establishes the 
theorems given in Art. 433 which we have called after his name. The extension of 
these to equations of finite differences will be found in a paper by the author in 
the eleventh volume of the Proceedings of the Mathematical Society^ 1880. The 
theorems on a network of particles are taken from a paper by the author in the 
fifteenth volume of the same Proceedings, 1884. 
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CHAPTER X. 



APPLICATIONS OF THE CALCULUS OF VARIATIONS. 

Principles of Least Action and Varying Action. 

442. Two ftindamental equations. Let (q^, g,, q^, &c.) 
be the co-ordinates of a system of bodies, and let q stand for 
any one of these. Let 2 T be the vis viva of the whole system 
and U the force-function, and let i =r4- fT". As before let accents 
denote differential coefficients with regard to the time. 

Let us imagine the system to be moving in some manner', 
which we will call the actual motion or course. Then q^ g^, 
&c. are all functions of t, and it is generally our object to find the 
form of these functions. Let us suppose the system to move in 
some slightly different manner, i.e. let qi, q», &c. be functions of t 
slightly different from their actual forms. Let us call the motion 
thus represented a neighbouring motion or course. We may pass, 
in our minds, from the actual motion to any neighbouring motion 
by the process called variation in the calculus of that name. By 
the fundamental theorem in that calculus 

where the letter S implies summation for all the co-ordinates 
?i» 9«» ^^- ^^^ ^* ^^ implied by the square brackets that the terms 
outside the integral sign are to be taken between limits. 

The co-ordinates being independent of each other, each sepa- 
rate term under the integral sign vanishes by Lagrange's equations, 
and we have therefore 

./:x*=[(.-.|,).H..f..]: 



= [-S8,+j|8,]^, 



where H is the reciprocal function of L, as explainecj in the first 
volume of this treatise. 

The integral I Ldt has been called by Sir W. R. Hamilton 

J to 

the principal function, and is usually represented by the letter S, 
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If the geometrical equations do not contain the time explicitly, 
T will be a quadratic homogeneous function of the velocities; 
we have therefore t {dTldq) q=^ 2T. In this case H^T-U. The 
equation of vis viva will now hold and therefore T—U^h, where h 
is a constant which represents the energy of the system. The 
Hamiltonian equation just proved now takes the simpler form 

443, Other functions may be used instead of 8. Let us put 



Br=[tBE+t^.Sqy\ 



The function Fis called the characteristic function. 

If the geometrical equations do not contain the time explicitly, 
we have If = h, where A is a constant which may be used to repre- 
sent the whole energy of the system. In this case 

• V=8 + h{t,-t,)^{\T-^U)dt+C\T^U)dt, 

Jta Jta 






Tdt. 



The function V therefore expresses the whole accumulation of the 
vis viva, i.e. the action of the system in passing from its position 
at the time t^ to its position at the time t^. 

For the sake of simplicity it will be generally assumed in this 
section that the geometrical equations do not contain the time 
explicitly. 

445. In the proof of these theorems we have supposed that all the forces are 
conserrative. If in addition to the impressed forces there are any reactions, such 
as rolling friction, which cannot be taken account of by reducing the number of 
independent co-ofdinates, we must use Lagrange's equation in the form 

d dL dL_ p 
dt dq' " dq^ * 
where, as explained in Vol. i., P5q is the virtual moment of these reactions corre- 
sponding to a displacement 5q, In this case the quantity under the integral sign 
will not vanish unless the variations are such that 

Now q being the value of any co-ordinate in the actual motion at the time t, 
q-hSq is its value in a neighbouring motion at the time t+dt. But q'U is the 
change of g in the time dt^ hence q + bq- ^5t is the value of the co-ordinate in the 
neighbouring motion at the time t. The neighbouring motions must therefore be 
such that the virtual moments of the reactions corresponding to a displacement of 
the system from any position in the actual motion into its position in a neighbour- 
ing motion at the same time is zero. With this restriction pn the variations, the 
two equations which express the variations of 5 and V wiU still be true. 
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446. Anotlur 9rooL We may also establish these theorems without tiie use 
of Lagrange's equations. Let x,y,zhe the Cartesian co-ordinates of any particle, 
and let m be the mass of this particle. Let U be such a function that dXJjdx, 
dU/dy, dUldz are the components of the impressed forces on this partide in the 
directions of the axes. We may write mX, mY, mZ as nsnal for these components. 

Then L=T+ r= J2»i(j/»+y^+2^) + U. 

By the fmidamental theorem in the CalotQus of Variations, we have 

where the variations Sx, &o, are connected together by the geometrical relations of 
the system. If we snbstitate for L and remember that T is a homogeneous quad- 
ratic function of x', y*t ^^ this becomes 

Now dx - vllt is the projection on the axis of x oi the displacement of the particle 
m from its position in the actual motion at- the time % to its position in a neigh- 
bouring motion at the »amt time. Hence the part under the integral sign yamshes 
by the principle of virtual velocities. 

The term Znufdx is clearly the virtual moment of the momenta. If the co- 
ordinates be expressed as functions of any independent quantities g^, g^, &c., it has 
been proved in the first volume that this is equal to Z (dT/dq^ dq. Putting 
r- U=If we have as before 

447. Principle of Least Action. Let us call the positions 
of the system at the times t^ and t^ the initial and terminal posi- 
tions. Let tis suppose these fixed so that the actual motion and all 
its neighbouring motions are to have the same initial and terminal 
positions. In this case Sq vanishes at each limit and the two 
fundamental equations giving the values of BS and SF take the 
simpler forms 

^^0 



SV=^2SrTdt = {t,-t,)Bh, 



where it has been supposed that the geometrical equations do not 
contain the time explicitly. 

If the time of transit of the system from its initial to its terminal 
position he also given, we have Bt^ = St^y and therefore 

B Ldt = 0. 



r 

Jto 



If the constant h be given, or which is the same thing, if the 
energy of the system be given, we have Bh = 0, and therefore 



J to 
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448. Since S V= 0, it follows that for the actual motion Fis a 
maximum or minimum, or at least the change it undergoes in 
passing to any neighbouring motion is of the second order of small 
quantities. It cannot be a maximum since by causing the bodies to 
take circuitous paths we may make Fas large as we please. Again, 
since the vis viva cannot be negative there must be some mode 
of motion from one given position to another for which the action 
is the least possible. When therefore the equations supplied by 
the Calculus of Variations lead to but one possible motion that 
motion must make V a minimum. But when there are several 
possible modes of motion,, though none can be a maximum some 
may be neither maxima nor minima. With this understanding 
we may infer the two following theorems. 

44.9. Let any two positions of a dynamical system be given, 
the actual motion is such that jTdt is less than if the system 
were constrained, without violating any geometrical conditions, to 
move in some other manner from the one position to the other 
with the same energy ; these other motions being such that, 
throughout, T is the same function of the co-ordinates and their 
differential coefficients. This particular inference from the general 
equations in Art. 447 is usually called the Principle of Least 
Action. 

In the same way, if the system move in the varied course not 
with the same energy, but in the same time, from the one given 
position to the other, then jLdt is a minimum. 

450. Manpertuis conceived that he conld establish h priori by theological argu- 
ments that all mechanical changes mast take place in the ^orld so as to occasion 
the least possible quantity of cLction, In asserting this it was proposed to measure 
the action by the product of the velocity and space; and this measure being 
adopted, mathematicians though they did not generally assent to Maupertuis' 
reasonings found that his principle expressed a remarkable and useful truth, which 
might be established on known mechanical grounds. Whewell's History of the 
Inductive Sciences^ Vol. ii. p. 119. 

Euler, at the end of his Traits des IsopSrimetrls, 1744, established the truth of the 
principle for isolated particles describing orbits about centres of force. This was 
afterwards extended by Lagrange to the motion of any system of bodies acting in 
any manner on each other. In deducing conversely the equations of motion from 
the principle of Least Action, Lagrange seems to have fallen into some errors which 
were pointed out by Ostrogradsky in his MS moire sur les Squations differentielles 
relatives au probUme des IsopirimHres published in the Memoirs of the Academy of 
Sciences at St Petersburgh in 1860. 

451. Motion deduced from, the Calculus of Variations. 

By making the first variation of either V ox S equal to zero (under 
the given conditions) according to the rules of the Calculus of 
Variations we may conversely find the co-ordinates q^^ q^, &c. 
as functions of t. Amongst these functions of the time we shall 
certainly find the motions giVen by Lagrange's equations because 
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we have just proved that these make the first variations equal to 
zero. But it is possible that there may exist other courses or 
modes of conducting the system from tne initial to the terminal 
positions which (though contrary to mechanical laws) may make 
V or ;S a minimum. It is easy to see that some other courses 
must exist, for the two positions may be so placed that it is 
impossible to project the system from the initial position with a 
given energy so as to pass through the terminal position. Thus 
suppose it is required to project a particle under the action of 
gravity from an initial position with a given velocity so as to pass 
through a position B on the horizontal line through A, but beyond 
the maximum range. We know that this cannot be done with 
real conditions of projection in a real time. Yet some course of 
minimum action from ^ to jS must exist. We shall now show, 
(1) that the ordinary processes of the Calculus of Variation^, 
which are founded on the supposition that the variations of the 
independent co-ordinates may have any sign, lead only to La- 
grange's equations ; (2) that there are certain other modes of 
motion which are so situated that the co-ordinates (along some 
part at least of the course) cannot be made to vary on one side 
without introducing imaginary quantities, and that when these 
impossible variations are omitted such courses may give a maxi- 
mum or minimum. 

452. Contlaiioiui Hottons. Beginning with the first of these two propo^i- 
sitions, let ns make BS and 8V equal to zero according to the rules of the Oalculas 
of Variations. 

Taking ^fLdt=0 where the time of transit is given, we immediately have 

for all yariations. Since the 6g's are all arbitrary and independent, it follows that 
each coefficient under the integral sign must vanish separately. In this manner we 
are led directly to Lagrange's equations of motion. 

453. If the action is to he a minimum some further considerations are 
necessary because the condition that the energy T-XJ should be constant may act as 
a limit to the variations which can be given to the co-ordinates. Let h be this 
constant, then following Lagrange's rule in the Calculus of Yariations we put 

Tr=T+X (r- V-h) and make 5/mit=0, 
without regard to the given condition. Afterwards we choose the arbitrary quantity 
X so that the given condition is satisfied. Then BfWdt being zero for all variations 
of the co-ordinates, it immediately follows that b/Tdt is also zero for aU variations 
which do not violate the given condition. With the same notation as before 
we have 

where the integrals and the quantities in square brackets are to be taken between 
the given limits, which are omittsd for the sake of brevity. 

First, let us consider the part outside the integral sign. The initial and final 
positions being given, each 3<7=0. We therefore have 
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This equation is satisfied by d£=0, but since the time of transit is not to be the 
same in the actual and varied motions this factor is to be rejected. Also T is a 
homogeneous quadratic function of the q% hence S (dTldq')q'=2T, Substituting 
for W its value and using this equation we find {1 +\) T +\ {U + h) =0. But X is 
such that T-U=h, Hence (1 + 2X) T= 0, and therefore X = - J. 

Next, consider the part under the integral sign. By the rules of the Calculus of 
Variations we have (since the 6g's are all arbitrary) the typical equation 

dW d (tW__Q 

dq dt dq' 

Substituting for W and giving X its value just found, we have the typical 
Lagrange's equation. 

454. Ex. If we add to the conditions used in the principle of Least Action the 
condition that the time of transit as well as the energy is to be the same in all the 
varied motions, show that the minimum does not in general lead to Lagrange's 
equations. Following the same notation as in the last article, show that the mini- 
mum for a given time (not necessarily equal to the time of free transit), leads to 
X = - i + J/T, where ^ is a constant to be so chosen that the energy has its given 
value. Show also that when the time of transit is given so that ^1 =0, the minimum 
thus found is the least. 

455. DIfloontliinoiui Mottona. Turning now to the second proposition men- 
tioned in Art. 451, let us investigate if there can be any other modes of motion 
besides those just found, which make the first variation of the action equal to zero. 
In obtaining these equations it is assumed that the dq^s are all independent ; but, if 
the conditions of the question imply any boundary, this may not be true for any 
actual motion which takes the system in the immediate neighbourhood of that 
boundary. Thus, in our case, since T cannot be negative, all positions of the 
system outside the boundaiy U'+^=0 are excluded. In the immediate neighbour- 
hood of this boundary the variations of the co-ordinates may not be susceptible of 
all signs*. It follows that a motion along the boundary may be a course of mini- 
mum action though not given by the ordinary equations of the Calculus of 
Variations. 

It is evident that we cannot make the system travel along the boundaiy whose 
equation is U+h=0 because this requires all the velocities to be zero. But the 
system may travel as near as we please to this boundary with a total " action *' as 
small as we please. The following discontinuous motion may therefore be a course 
of minimum action. First project the system from its given initial position (A) 
with such velocities and directions of motion, but with the given energy, that every 
particle may come simultaneously to rest. Assuming the equations to give real 

* Exceptional cases, similar to these, occur in the theory of maxima and minima 
in the Differential Calculus. When the independent variable is not capable of 
unlimited increase, but is bounded in one or both directions, its value at either 
boundary sometimes corresponds to a maximum or minimum value of the dependent 
variable, though this is not found by making the differential coefficient equal to 
zero. 

In the Calculus of Variations some instances in which the variations at the 
boundaries are not susceptible of every sign are given in Be Morgan's Differential 
Calculus, page 460, &o. These appear to have been rediscovered by Dr Todhunter 
in his " Besearches in the Calculus of Variations" Art. 18. See also Chap. viii. of 
his "Besearches &c." 
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conditions of projection, the system is then situated on the boimdaiy. Let 
this position he called B. Next move the system dose to the honndaiy until it 
reaches such a position (C7) that on being set free without Telocity it passes through 
the given terminal position (D) under the action of the forces represented by U. 
The motions from A to B and C to D are courses of minimum action, while the 
action from B to C may be made as small as we please. 

456. We may show that the action along this discontinuous course is reallj a 
minimum. To prove this, let us take any neighbouring motion beginning at A and 
eniing at D. Let B', C be any positions of the system on the neighbouring course 
near B and C respectively. Since dA=0, the action (Art. 443) along Aff exceeds 

that along AB by hV=\z(dTldq')^qt^» This vanishes at the lower limit since 

both courses begin at A. Since T is a quadratic function of the velocities, dT/dr/ 
contains a velocity in every term and all these velocities vanish in the position 1?, 
i.e. at the upper limit. We therefore have hV—0, We infer that the difference 
of the actions along AB and AB* is of the order of the quantities neglected in 
investigating this expression for bV, Thus the difference of these two actions is of 
the order of the squares and products of bq and hq'. 

Next let if ' be any position on the neighbouring motion B'C so that the change 
of place B'M' is finite. The velocities in every position of the system between B' 
and M' are of the order iq\ and hence the semi vis viva T is of the order (S?')'^* 
But the time of transit from JB' to 3f' varies inversely as the mean velocity, hence 
the JTdtf i. e. the action from B' to M\ is of the first order of small quantities, 
viz. ^\ This action is essentially positive, and we have just proved that it is 
infinitely greater than the difference of actions along AB and AB\ Hence the 
action along AM' is greater than that along AB, 

In the same way if iV' be a position of the system properly chosen on the neigh- 
bouring course nearer C\ we may show that the action along N'D is greater than 
that along CD, The action along M'N' is also greater than that along BC. It 
follows therefore that so long as the separation in space between the positions B 
and C is finite, the action along ABCD is less than that along any neighbouring 
course. 

457. Ex. If we use the principle of least action in the manner explained in 
Art. 453 we virtually remove the restriction on the variation of the co-ordinates. 
Show that in the discontinuous course the first variation of fWdt is zero if we 
regard \ as a discontinuous function which is equal to - ^ along the courses AB, 
CD and equal to zero along the course BC. 

458. Is the Action an actual minimum ? To determine 
whether the integral is a maximum or a minimum or neither, 
we must examine the terms of the second order in the variation 
of the integral to ascertain if their sum keeps one sign or not for 
all variations of the independent variables. This is a veiy trouble- 
some process, but it is unnecessary to discuss it. It will be 
sufficient to remind the reader of some remarks of Jacobi, given 
in the seventeenth volume of CrelWs Joumaly 1837, and trans- 
lated in Dr Todhunter*s History of the Galcuhis of Variations, 
page 250. 

Suppose a dynamical system to start from any given position 
which we shall call A, and to arrive at some position JS. If the 
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time be given, the motion is found by making BjLdt = 0; if the 
energy be given, by making hjTdt = 0. The constants which 
occur in integrating the differential equations supplied by the 
Calculus of Variations are to be determined by means of the 
given limiting values ; but as this involves the solution of equa- 
tions there will in general be several systems of values for the 
arbitrary constants, so that several possible modes of motion from 
AtoB may be found which satisfy the same differential equation 
and the same limiting conditions. Now let one of these modes 
of motion be chosen, and let the position B approach Ay so as to 
be always on this chosen mode of motion. Suppose that when B 
reaches the position C another possible mode of motion from A 
to B is indefinitely near to the chosen motion. Then G determines 
the boundary up to which or beyond which the integration must 
not extend if the integral is to be a minimum*. 

Jacobi illustrates his rule by considering the principle of least 
action in the elliptic motion of a planet. Let 8 be the sun, and 
let the particle start from A towards aphelion to arrive at a point 
B, The path is known to be an ellipse with 8 for focus. Since 
we use the principle of least action, the energy of the motion is 
given: hence the major axis of the ellipse is known, let this be 2a. 



* One part of the argument may be briefly sketched thus. Let the system 
depend on two co-ordinates g^ , q^ and let fWdt be the integral under consideration. 
Bestricting ourselves to such variations as have the limits fixed, the terms of the 
first order may be written f(Mu + Nv)dti where u and v contain the arbitrary 
variations. Since u and v may have any sign, we have along the chosen course 
Jir= 0, ^=0. The second variation of this integral may be written /{SMu + dNv) dt, 
where dM= (dMjdq^ dq^ + (dMjdq^) hq{ + (dMjdq^ Sq^ -»- (dMjdq^) dq^ and dN is ex- 
pressed by a similar equation. 

Let the equations to the chosen course be 

ffi=0 ft ttj, flta. H^ «4)» ?2— ^ (*i ^i» ^a» «8» ^4)' 
where a^^a^j a^, a^ are the four constants of integration. These are of course 
the integrals of the differential equations 1^=0, N=0. The equations to the 
neighbouring course which brings the system from the position A to the position G 
are found by writing a^ + So^, &c. for a^, &c. It therefore follows that Sqi = 1 {d<f>jda) Sa 
I and 8q2='2{d\l/lda)da is a solution of the simultaneous differential equatious 

qC a|'=o, 5M=o. 

This variation from the chosen course must therefore make the terms of the 

, second order vanish. Thus, by Taylor's theorem, dfWdt is now expressed by the 

A terms of the third order. Since 5Jt=0, dM=0 are linear equations to find dqi and 

dq29 they are still satisfied if we change the sign of all the constants da^, &g, at 

once. The terms of the third order may therefore be made to be of any sign. 

Thus dfWdt does not keep one sign for all variations from the chosen course. 

The result is that if the final position B be at C, variations from the chosen 
course can be* found which make dfWdt either positive or negative. If B be beyond 
C the same conclusion follows, for we may conduct the system from A ixt C along 
the neighbouring course and then from C to 1? along the chosen course. 
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The other focus H of the ellipse is the intersection of two circles 
described with centres A and B and radii 2a — S^, 2a — SB re- 
spectively. The two intersections give two solutions which only 
coincide when the circles touch, that is when the line AB passes 
through the focus H, Thus if we draw a chord AG through H 
to cut the ellipse described by the particle in (7, then the terminal 
position B must fall between A and C if the integral which occurs 
in the principle of least action is really to be a minimum for this 
ellipse. If B coincide with C, then the second variation cannot 
become negative, but it can become zero, so that the variation of 
the integral is then of the third order, and may therefore be either 
positive or negative. If ^ be beyond C the second variation 
itself can become negative. 

If the particle start from A towards perihelion, then the ex- 
treme point C is determined by drawing a chord A C through the 
focus S to cut the ellipse in G, For if A and G are the limits we 
can obtain an infinite number of solutions by the revolution of 
the ellipse round AG, If in the last case the second limit B fall 
beyond G, Jacobi considered that there would be a curve of double 
curvature between the two given points for which the action is 
less than it is for the ellipse. But this supposition is unnecessary, 
for the discontinuous course spoken of in Art. 456 supplies the 
minimum for this case. 

459. Bzamples. Ex. 1. A particle, under the action of a centre of force at O 
whose attraction yaries as the distance, is projected from a given point A with a 
given velocity in such a direction as to reach another given point B, If (7 be the 
first point on the elliptic path at which the tangent is perpendicular to the direction 
of projection at A, prove that the '* action *' from ^ to ^ will be or will not be a 
minimum according as B is between A and C or beyond C 

If B lie within a certain ellipse having its centre at O and one focus at A, prove 
that there are two directions in which the particle can be projected from A to reach 
B and that the action is a minimum for one of these and not for the other. If B 
lie outside this bounding ellipse, the particle cannot reach JB. If OA be produced 
to X>, where D is such that the velocity of projection at A is equal to that acquired 
by a particle starting from rest at D and moving to A under the action of the 
central force, prove that the major axis of the bounding ellipse is equal to twice the 
distance 0X>. 

If the point B be without the bounding ellipse, the particle can reach B only if 
properly conducted thither by some curve of constraint. The curve of minimum 
action can be found by the following construction. Produce OA, OB to meet the 
auxiliary circle of the bounding ellipse in E and F. The required path is in- 
definitely near to AEFB. 

To prove these results, let us find the direction of projection from A that the 
particle may pass through B, We notice that if OD=lc, the sum of the squares of 
any two semi-conjugate diameters is k^. Bisect AB m N and let ON=x, 
NA=NB=y. Let the required direction of projection from A cut ON produce 1 
in T, Then from the equation to the ellipse we have a quadratic to find OT, 
showing that there are in gfeneral two elliptic paths which may be described iu 
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passing from A to D. Let the tangents at ^1 to these intersect ON produced in 
T and U; we deduce from the quadratic that OT . OU-k^ and NT . Nl7=y«. 
These equations determine T and U. 

We see at once that the two directions of projection coincide when OTs=kt i.e. 
when the tangents at A and B, viz. AT and BT, are at right angles. 

Describe two circdes with centres and N and radii equal to k and y respectively. 
Describe a third circle on TU as diameter. Since OT . 0V=1^ this third circle 
cuts the circle with centre at right angles. Similarly it cuts the circle with 
centre N at right angles. The tangents from the centre R of this third circle are 
therefore equiU. The centre R is therefore on the radical axis of the circles whose 
centres are and N, This gives an easy geometrical construction to find T and XJ, 

The points T and U will be imaginary unless the radical axis lie outside the 
circles. The circles must therefore not intersect. Hence ON+NA must be less 
than Je, Produce AO to A' so t\iQ.iOA'=OA. Then we see that AB + BA' must be 
less than 2k. Hence unless B lie within an ellipse whose foci are A and A* and 
major axis 2X;, the particle cannot be projected from A to pass through B. 

Ex. 2. A particle is projected from a given point A under the action of gravity 
and AC ia a. focal chord of the parabola described. Prove that the action from A 
to B is not a minimum unless B lie on the parabola between A and C. Ji B lie 
beyond C7, find the path which makes the action a minimum. 

The first result follows at once from Jacobins example. To answer both these 
questions, we notice that there are two directions (if any) in which a particle may 
be projected from one given point A to pass through a second given point B. These 
have their foci S, 8' one above and the other below the chord A B, so that SS' and 
AB bisect each other at right angles. These paths coincide when B is at C, and 
wherever B may be one of these has its focus below AB, This parabola is the 
path required. 

Ex. 3. A particle, projected from a given point A with a given velocity, describes 
a circle about a centre of force on the circumference whose attraction varies in- 
versely as the fifth power of the distance. If B be any other position on this circle 
through which the particle will pass before arriving at the centre of force, prove 
that the action from ^1 to B is a minimum according to Jacobi's condition. 

460. ILagrango** transfmrmation. Lagrange has given a general view of his 
transformation from Cartesian co-ordinates which seems worthy of notice. Let L 
be any function of x, x\ (fee, y^ y\ <&c. and of t, not restricting ourselves to dif- 
ferential coefficients of the first order. Let the variables x, y, &c. be transformed 
to others q^ 93, &c. by "writing for as, y, ^c. any functions of 91, q^ ^c. and of U 
The function L is thus expressed in two ways. By comparing the two values of 
d/Ldtf given by the Calculus of Variations when the time is not varied, we see that 
fh^ fdL d dL ^ \^ J, [h^ fdL d dL ^ \ , ^, 

is equal to the difference of the integrated portions of the two variations. Hence the 
expression under the integral sign must be a perfect differential with regard to t, 
quite independently of the operation 8. But this cannot be unless the expression 
is zero, because it contains only the variations dx, d^, &c. and not the differentifd 
coefficients of these variations. We have therefore the general equation of trans- 
formation 

^[dL d dL ^ \ , ^[dL d dL ^ \ , 

where the 2 implies summation for all the variables a;, y, (fee, g^, g,, <&c. 
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If », y, &o. be Cartesian oo-ordiDAtes and if X be of the nsnal form 'Zma^-\-U^ 
the left-hand Bide of this equality Tanishes by virtual relocitiefl. Hence the right- 
hand Bide most also Tanish. The ^'b being all independent, we are led to Lagrange's 
equationB. 

461. OFBliMd Motlona. When the geometrical equations do not contain the 
time explicitly the symbol H ox h may be nsed to express the energy of the system. 
If we represent the energy by E^ Sir W. B. Hamilton*B fmidamental equation may 

be written 2« jTdt=tdE+ f^ ^«gT . 

This equation has been applied to the motion of a system of bodies oscillating 
in such a manner that the motion repeats itself in all respects at some constant 
interraL Let this interval be i. Suppose that some disturbance is given to the 
system by the addition of a quantity of energy dE. Let Ihe system be such that 
the motion still recurs after a constant interval, and let this interval be now 
i + di. The symbolB of variation in Hamilton's equation may be used to imply a 
change from one kind of motion to the other. If the time t be taken equfd to the 
period i of complete recurrence, the initial and terminal states of motion are the 
same and therefore the last term vanishes when taken between the limits. The 

equation reduces to 28 jlTdt=i9E. Let T^ be the mean vis viva of the system 
during a period of complete recurrence of the motion, ii}i€aif^Tdt=iT^. We 

therefore have = 2 - :^ "" . 

This equation may be put into another form. Let P^ be the mean potential 
energy of the system during a period of complete recurrence ; then we have 

dP^+iT^=dE, 

Si 

ap^-5T^=2r^-7 , 

which serve to determine the change in the mean potential and kinetic energies 
when any additional energy dE is added to the system. 

These or equivalent equations have been applied by Bolzman, Clausius and 
Szily to the Dynamical Theory of Heat. The papers of the two latter are in 
various numbers of the Philosophical Magazine extending from 1870 onwards. 
The second of the equations above written may be called Qlausius' equation. 

462. Ex. 1. If the period of complete recurrence of a dynamical system is not 
altered by the addition of energy, prove that this additional energy is equally dis- 
tributed into potentifd and kinetic energy. See Art. 73. 

Ex. 2. A quantity of energy dE is communicated to a system whose mean 

semi vis viva during a period of complete recurrence is T^. This is repeated 

continually, so that at last the mean vis viva and the period of complete recurrence 

fdE 
are the same as at first. Prove that I m- =0* '^^^ example is due to M. Szily, 

J m 

and is important in the Dynamical Theory of Heat. 

On the Solvtion of the General Equations of Motion. 

463. Hamilton's Solution. Sir W. E. Hamilton has ap- 
plied his fundamental theorem expressing the variation of the 
Principal and Characteristic functions to obtain a new method of 
solving dynamical problems. 
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Let (a^, a/, a^, a ' &c.) be the values of (q^, q^, g,, y/, &c.) 
when t = t^, and let T^ be the same function of (a^, a,', &c.) that 
r is of (jj, §'/, &c.). We have then by Art. 442 when ^ is written 
for the upper limit 

hS=t^.hq-t^Za^mt^-n,U,. 
aq da 

B F= t~iBq-l ^p Sa + eSiT- t,BR,. 

It is clear that both S and F may be regarded as fiinctions of 
the time and the initial conditions of the system of bodies, i.e. we 
may regard either of these quantities as a function of t^^ t, a^, o,, 
&c., a/, flj', &c. Also the co-ordinates q., q^, &c. are functions of 
t^y t and the same initial conditions. 1 hough these functions are 
in general unknown, yet we can conceive the initial velocities 
«i'j (^2> &c. eliminated, so that 8 and V are now functions of t^, t, 
and a^, a^, &c., q^, q^, &c. the co-ordinates of the system at the 
times fo and t 

Let 8 be thus expressed, then, by the equation for hS, we have 
the typical equations 

dS dT dS dT. 



dq dq ' da da ' 

Since T is not a function of q'\ the first of these equations 
contains no differential coefficient of a co-ordinate higher than the 
first. This equation, therefore, represents typically all the first 
integrals of the equations of motion. 

Since T^ contains only the initial co-ordinates and the initial 
velocities, the second equation has no differential coefficient of 
any co-ordinate in it. This equation, therefore, represents typically 
all the second integrals of the motion. 

Besides these we have the two equations 

dS__rr d8_rr 

at" ; dt," '' 

where, if the geometrical equations do not contain the time ex- 
plicitly, we may put h for H, h being a constant. In this case 
these integrals may be used to connect the constant of vis viva 
with the constants (a, a, &c.). 

Comparing Art. 447 with these results we see that 8 is such 
a function, that all the equations of motion and their integrals are 
included in the statement that BS is a known function of the 
variation of the limits. If we keep the limits fixed, we get 
Lagrange's equations ; if we vary the limits we get the integrals. 

464. In just the same way, if we regard g^/, q^, &c., as 
functions of t, the initial co-ordinates and their initial velocities, 
we .may eliminate t also by means of the equation 
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We may eliminate t^ abo by means of a similar equation 
giving H^ in terms of the initial conditions. Both these reduce 
to JT =s ii^ ss T'-U when the geometrical equations do not contain 
the time explicitly. 

Let U8 suppose Y to be expressed in this manner as a function 
of the initial co-ordinates, the co-ordinates at the time t, and of H 
and H^ Then, by the equation for SF, 

dV dT dV dT. dV . dV 



= t -Tw- = - 1^. 



dq dq' da da" dH ' dH, 

Supposing Y tobe knovm, the first of these equations gives in 
a typical form all tlie first integrals of the equations of motion. 
The second supplies as many equations as there are co-ordinates 
(q,, q,, &c.). When the geometrical equations do not contain the 
time explicitly these do not contain t, but they all contain A. 
One of them, therefore, reduces to the relation between this 
constant and the constants (a, a', &c.). The two last equations 
become dV/dh = t — tfy This will give another second integral of 
the equations of motion containing the time, 

465. The typical expression dT/dq has been called in Vol. i. 
the momentum corresponding to the co-ordinate q or, more briefly, 
the q component of the momentum. We may therefore say that 
the q component of the momentum is given by dS/dq or dV/dq 
accordiug as we are usiug S or V. 

The momenta corresponding to the co-ordinates y,, q^, &c. will 
be represented by the symbols p^, p^, &c., or typically by the single 
letter p, 

466. Ji Q=l {^qp' + E)dt, where P=j-,* prpve that 9Q=^H5t-\-^qdpJ^, 

Thence show that if Q be expressed as a function of the initifd and terminal 
components of momentum, viz. (6^, b^, &c,) and (p^^ p^, &c,) and of the times t^ and ^ 

then -r^=q, -^=- «» -^=-ff» This result is due to Sir W. B. Hamilton. 
dp do dt 

467. BzamplM. Ex. 1. A homogeneous sphere of unit mass rolls down a 
perfectly rough fixed inclined plane. If the position of the sphere is defined by the 
distance q of the point of contact from a fixed point on the inclined plane, show that 

where g is the resolved part of gravity down the plane and tQ=0, 

Thence obtain by substitution the Hamiltonian first and second integrals of the 

equation of motion. 

We easily find, as in Vol. i., that q=a+a't+^gt^. Also T=^q'^, U=gq. 

To find /S, we substitute in S=jl (r+ U) dt. After integration we must eliminate 

a' by means of the equation for q, 

Ex. 2. Taking the same circumstances of motion as in the last example, show 

iha,iV=-^ sl^{{gq-^h)^-'{^a-^h)h. Thence also deduce the Hamiltonian first 
og 

and second integrals. 
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Ex. 3, Show how to deduce the expiation of vis Tiva, from the HamiUoDian 
integrals. 

We have V a function of flfi, q^ Ac. and If. Hence -rr=S3-a'+:r?i- -37 • 

at aq- ail at 

which hecomes by Hamilton's integrals 2T=Z {dTldq') ^ + 1 (dUldt) . When T is a 
homogeneous quadratic function of (q{, q^\ Ac.) this gives dHldt—0^ or H=: con- 
stant. The equation of vis viva may also be deduced from Hamilton's principal 
fanction. 

Ex. 4. When the geometrical equations do not contain the time explicitly, 
sliow that no two of the Hamiltonian integrals can be the same and no one can be 
deduced from two others. 

If it were possible that two could be the same, the ratio of dTldq^ to dTjdq^ must 
be some constant m. Integrating this partial differential equation we find' T to be a 
homogeneous quadratic function .of q^ - mq^, q^'i &g. It would, therefore, be possi- 
ble to set the system in motion, with values of $/ and q^' which are not zero, and 
yet so that the system is without vis viva. 

Ex. 5. In any dynamical system if the co-ordinates 9i, gj, q^ fl^d their corre- 
sponding momenta p^ p^ pj^ be expressed in. terms of their initial values and the 
time elapsed, prove that the Jacobian of Pit p,^ p^, q^, q^t q^ with regard to their 
initial values is equal to unity. 

Ex. 6. A system whose co-ordinates are qi, 9,, Ac. is making small oscillations 
about a state of steady motion determined by qi=0, ^2=0, Ac. The Lagrangian 
function, as in Art. Ill, is given by L=Lq+ZA^ + L2, where Lj is a homogeneous 
function of the secoipid prder of the co-ordinates and their velocities. Prove that 

5 = Xo (t - <o) + Sil (g - a) + i [ZqdLJdq'l 
where the last term is to be taken between the Umits t^ and t. Here the in- 
tegrations have been effected, but in order to express S (Art. 463) as a function of 
the co-ordinates we must finally substitute for q' and a' in terms of these quantities. 

Ex. 7. The position of a system making small oscillations as in Ex. 6 is 
defined by one co-ordinate q, so that 

where the coefficients are all constants. Prove that when tQ=0 
where m^ = CiJA y. 

468. Hamilton's DifTerential Equations* By the pre- 
ceding reasoning all the integrals of a dynamical system of equa- 
tions can be expressed in terms of the differential coeflficients of 
a single function. But the method supplies no means of discovering 
this function d priori. We shall now show that this function 
must always satisfy a certain differential equation, so that the 
solution of all dynamical problems may be reduced to the inte- 
gration of one differential equation. 

Let us for the sake of brevity, suppose that the geometrical 
equations do not contain the time explicitly. We have then 
H=T—U, To construct this differential equation we must find 
the reciprocal function o{ T—U, according to the rules given in the 
first volume of this treatise. Let 

K. D. II. 17 
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We now piit dTjdq'^p^, ^^/^t'— A» &c. and eliminate from T 
the velocities q'^ q^, &c. so as to express 7 as a function of the 
co-ordinates ana momenta alone. As explained in the first volume, 
we arrive at the result 



• 2A 



Pi Pt ••• 
Pi -^it -^w* 



where A is the discriminant of 21 The reciprocal function of 
T— tr is therefore H^T^^U. Thus if is a quadratic function 
of the momenta jt>,, p,, &c. We may shortly write this in the 

form Jr« hAiPt* + StJ>iPt+ '-U. 

But Pt^dV/dq^, Pt^dV/dq^, &c. and the ec^uation of vis viva 
gives H^h. Hence Fmust satisfy the equation 

In just the same way pj= dSjdq^y |),= dS/dq^, &c. and H=—dS/dt. 
Hence S must satisfy the equation 

Here the coefficients 5^^, 5„, &c. are all known functions of the 
co-ordinates jj, q^, &c. 

We have supposed F to be expressed as a function of the 
co-ordinates at the time t, the initial co-ordinates and the energy 
h. But in this equation we may also regard F to be a function of 
the co-ordinates at the time t, the energy h, and as many arbitrary 
constants as there are co-ordinates. In this case these constants 
are really functions of the initial co-ordinates which we do not 
care to determine. The equations giving the momenta p,, p„ &c. 
at the time t as the dififerential coefficients of V with regard to 
9i> ?a» ^^' ^^^^ ^^^^ ^® true; but the equations expressing the 
initial momenta are supposed not to be wanted. 

If we take as these constants the actual co-ordinates at any 
epoch t = %yfe may form another equation of a form similar to (L) 
with a^, Cj, &c. written for y^, q^, &c. and t^ for t. It is then 
necessary that V should satisfy both these equations. 

Summing up, we may form the Hamiltonian equation (I.) by 
the following process. We first write down the equation of vis viva, 
viz, T — U = h. We next form the reciprocal function of tfie left-- 
hand side. To do this we differentiate the left-hand side with 
regard to the velocities y/, y,', &c. and equate the results to the 
momenta j!?j,2?j, &c., we then eliminate the velocities. Lastly we 
write for the momenta in the reciprocal function the differential 
coefficients ofY with regard to the co-ordinates q^ q^, &c. 
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469. Jacobins complete Integral. We thus have, in 
general, a partial differential equation to find V or 8. This 
equation admits of many forms of solution, but Sir:W. R. Hamilton 
gave no rule to determine which integral is to be taken. This 
defect has been supplied by Jacobi in the following proposition. 

Let there be n co-ordinates in the system. 

Suppose a complete solution to have been found containing n — 1 
constants (besides h) and the constant which may be introduced by 
simple addition to the function Y. These constants need not be the 
initial values o/" q^, q^, &c., but mxiy be any constants whatever. Let 
them be denoted by a^, o, ... cr^j, so that 

Th^en the integrals of the dynamical equations will be 

| = ^,&c£- = ^^.. f=. + e (2). 

where )8j, /S, ... fi^^ and e are n new arbitrary constants, and the 
Jlrst integrals of the equations m^y be written in the form 

It appears from Jacobi's proposition that any inte^l provided 
it is complete* will supply a solution to the dynamical problem. 
We have also a sufficient number of constants, viz. cTj ... o^^. A, e 
and 13 ^ ... ^8^^ to satisfy any initial conditions. 

470. To prove these results, we must show that if the form 
of V given by (1) satisfies identically the equation 

S^hB,,p,'^B,,p,p,+ ...^U^h (I), 

where p stands for dVjdq^ then the relations (2) will satisfy iden- 
tically the two typical Hamiltoniau equations 

dH , dH , ,,,. 

^=?. -^=p (11). 

It will immediately follow, since H and T— U are reciprocal func- 
tions, that the relations (2) will also make 

i'=f ™- 

Since (I.) is identically satisfied, we may differentiate it partially 

ii I ■■■■■■■111 - ■ . ■■» 

* An integral of a partial differential equation has been oaUed by Lagrange 
'* complete," when it contains as many arbitrary constants as there are independent 
variables. It is implied that the constants enter in such a manner into the inte- 
gral that they cannot by any algebraic process be reduced to a smaUer number. 
For instance, if two of the constants enter in the form a^ + a„ they amount on the 
whole to only one. 

17—2 
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with regard to each of tbe n constants or^ ... a^^ and h. We thus 
obtain^ after substitntipn from (1), n ^ 1 equations of the form 

dp^ d% dp^ dd '" ' 

and an nth equation derived from this by writing h for a and 
ninity for the zero on the right-hand side. We shall use these n 
equations to find dH/dp^, dH/dp^, &c. 

But if we diflFerentiate Jacobi's integrals (2) with regard to t 
we have n — 1 equations of the form 

., . di d7.dq^ dt dadq^ '" ' 

and an nth equation derived from this by writing h for a and 
putting unity on the right-hand side. We shall use these n equa- 
tions to find dq/dt^, dqjdt, &c. 

Comparing these two sets of equations, we see that when we 
substitute for the typical p its value derived fix)m p = df/dq, the 
equations become identical. Hence, 

dH ^ dq^ dH __ dq^ „ 
dpr'di' df^^~di' ^' 

Again, if we diflFerentiate the identical equation (I.) with regard 
to each of the co-ordinates q^... q^m turn, we obtain after sub- 
stitution from (1) the typical equation 

dH^dHdp,^dHdp^^ ^^ 

dq dp^ dq dp^ dq '" ^ ' 

. dH_dq, d^f dq, d^f ^ 

" dq" dt dq.dq "^ dt dq.dq "^ - 

But since p = df/dq, the right-hand side is the same as dp/dt, we 
therefore have 

dq^ dt * dq, dt 

471. Oeometrioal Bonarka. To simplify the argument let ns suppose that 
the dynamical system depends only on two coordinates q^, q,. The Hamiltonian 
equation (I.) therefore takes the form 

*^"U) ■••*"^d7/*^«fej =''•'' W- 

Let us suppose that a complete integral has been found, viz. 

^=/(«i» «2. «l) + «2 (2). 

Regarding q-^, q^ and V as the Cartesian co-ordinates of a point P, this is the 

equation to a double system or family of surfaces. Let us select any family we 

please, so that the constants a^, e^ are now related by some equation 02=^(0]). 

- The characteristics of this chosen family are given by 

0=dfldai + d\l/lda^ 
where a^ is regarded as a constant. 



'} ....:.. (B). 
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The general integral is obtained by eliminating a^ between the two equations (8). 
Here a^ in the first eqnation is to be regarded as a function of qi, q^ determined by 
the second equation. This of course is merely following Lagrange's rule to find the 
general integral when any complete integral is known. 

In the same way we find that Lagrange's singular solution is at infinity. 

It appears from this that all the characteristics of idl the families of surfaces 
included in the complete integrfd (1) are used to build up the general integral. We 
choose any set of characteristics we please so that a surface can be made to pass 
tlirough eyeiy member of the set. This surface is a particular case of the general 
solution. 

472. According to Jacobi's theorem the path of the dynamical system is defined 
by dfldai=p^. Looking at tbe second of equations (3) we see that this is equivalent 
to asserting that d^f/fdai and therefore a^ is constant. It follows, that the possible 
paths of the dynamical system are the characteristics of the families which may be 
chosen out of the complete integral, 

473. Since Lagrange's method of finding the general integral will give, a solu- 
tion whatever the form of yf/ (a^) may be, we may use that process to obtain other 
complete integrals. If we write <f> (m, a^+n for ^ (a^) and proceed to eliminate a^ we 
obtain a solution which contains two constants, viz. m and n, and is therefore a 
complete integral. Here 4> may be any function we please, and a^ is to be regarded 
as a function of q^j ^2 determined by the second of the equations (3). 

The paths derived from this new complete integral by Jacobi's method are 
given by Wl^i + drf/lda^ da J dm + drj/jdm = /9. 

By the second of equations (3) the term in brackets is zero. The path therefore 
is defined by equating to a constant a function of a^ and m. The paths are there- 
fore given by equating (4 to a constant. It follows that the two complete integrals 
lead to the same set of dynamical paths, 

474. If the Hamiltonian equation 

iBu {dVldq{i^ + 5ia {dVldq^) (dVldq^) + B^ (dVldq^)^ =U+h 

he such that all the coefficients on the left side and also U are functions of one co- 
ordinate only, say gg, then a complete integral can be found by writing F= W+ a^qi, 
where W is a, function of g, only. Substituting this in the Hamiltonian equation 
we have a differential equation with one independent variable viz. gj- ^1^6 solution 
of this can be effected by the ordinary method of separating the variables. Thus 
we easily find by solving a quadratic that dVjdq^ is a known function of q^ and a^. 
Integrating this we have a value for V with one additional constant. This there- 
fore is a complete integral. 

475. Examples. Ex. 1. Taking the same problem as in Ex. 1 of Art. 467, 
show that Hamilton's differential equation V is ^(d Vldq)^ — gq = h. Integrate this 
equation and thence find the motion. 

Ex. 2. Let us next consider a more complicated case in which there are two co- 
ordinates. The simplest example we can take is that of the motion of a projectile 
under the action of gravity. 

If qij q^ be its co-ordinates the equation of vis viva may be written 
i {^1^ + 22^) = - ^^2+ ^* Following the rule of Art. 468 we see that the Hamiltonian 
equation is J {d Vjdq^'^ -k- \ {dV/dq^^ = - ^32 + ^' To solve this we notice that all the 
coefficients on the left side are constants and that U is a function of q^ only. By 



262 APPUCATIOMS OF THE CALCULUS OF VARLITIONS. 

Art. 474 we therefon Mfmne FsfT-i-aifi. Snbstitutiiig and integrating m find 
ITi 80 that flnaUy ^=«i7i-^(2A-cH«-2M,)l+a^ 

Following Jaoobi*fl mie (Art. 409) the motion ie given by 



^(2*-«,«-2<^gjUp I 



dVldh=s -*(2* 

These easily reduce to the ordinary fonnols for the motion of a projectile. 

Ex. 8b A particle describee an orbit about a centre of force which attracts 
according to the law of nature. If r, $ he its polar co-ordinates referred to the 
eentre of force as origin, show that the Hamiltonian equation is 

{d VIdrf + (d VlrdBY^ ^iijr + 2*. 

Show also that a complete integral may be found (as in the last example) by 
putting FeTF+atf. 

476. Jacobi has extended his theorem to the case in which the geometrical 
equations do contain the time explicitly. But for this we have no space. We can- 
not ako do more than allude to Professor Donkin's theorem that a knowledge of 
half the integrals of the Hamiltonian system will in certain cases lead to a detenni- 
nation of the rest 

In Boole*s Differential Equatwfu it is shown that when the Hamiltonian equa- 
tions are four in number, and one integral besides Yis Viva Ib known, both the 
remaining integrals can be found by integrating an exact differential equation. 
Miscellaneous Exercises, No. 15. 

Variation of t?ie Elements, 

477. Let the integrals of a dynamical problem be 

«i=/i {Pv ?i» P» 3i» ••• *)| 

Ci-MPv 9vPv «s» ••• ')/ (1)» 

<feC.s=<feC. J 

where p, g, ... are some variables which determine the position and motion of the 
system, and which are such that the equations of motion may be written in the 

'»""• P'=-^' «'"^ (2). 

in the Hanultonian manner. Let the equations of motion of a second dynamical 

, , , . dH dK , dH dK ... 

problem be ,'=__-_, g'=^ + ^ (3). 

where K is some function of jp, g, ... t. If we consider c^, e,, ... the constants of the 
solution of the first problem to be functions of p, q, and t, we may suppose the 
solution of the second problem to )>e represented by integrals of the same form 
(1) as those of the first problem. It is therefore our object to discover what func- 
tions Ci, c^ ... are of p, q^ and t. The function K is called **the disturbing fanc- 
tion/* and is usually small as compared with H, 

Since the equations (1) are the integrals of the differential equations (2), we 
shall obtain identical expressions by substituting from (1) in (2). Hence dif- 
ferentiating (1), and substituting torp' and g' their values given by (2), we get 

°-|f+$f--Sf (*)• 

0=&c. 
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But when e^, e^ ... are considered as variables, the eqaation8(l) are the integrals 
of the differential equations (3). Henoe repeating the same process, we have 

dt~~ dp dq dq dp ^ dp dq dq dq 

— 2-&C 

dt -**^- 

where the differential coefiELcients on the left-hand side are total, and those on the 
right-hand side partial. 

Hence, using the identities (4), we get 

dCi_ dCj dK dCi dK .m^ 

dt dp dq dq dp 

dc 
with similar expressions for -^^, &o. ' 

IfKbe given as a function of p, q, dtc. and t, we have dejdt, &o. expressed as 
functions of p, g, ^c. and t. Joining these equations to those marked (1) we find 
c^, Cj ... as functions of t, 

J/Kbe given as a function ofc^, Cj, ... and t we may continue thus, 

^_dKdCi dKdc^ dK_dKde^ dKdc^ 

dp "^ dci dp dc2 dp ***' dq" dc^dq dc^dq 

dc 
Substituting in the expression for -^^ , we get 

at 

de^_y Fdc^dc^ dcidcfldK rde^ dg, dc^ dc^ "! dK 
dt^ l^dq dp dpdq_}dc2 l^dq dp dp dqjdc^ '"* 

where the 2 means summation for all values of pt 9, viz. Pi, q^ p^, q^t &c. 

Since by hypothesis c^, c^, ... are supposed expressed as functions of Pit q^ &e. 
and t, these coefficients may be found by simple differentiation. It will, of course, 
be more convenient to express them in terms of c^, c,, <fec. and t by substituting 
for Pi, q^t &o. their values given by the integrals (1). 

478. On effecting this substitution it will be found that t disappears from the 
expressions. This may be proved as follows. Let A be any coefficient, so that 

'^^^l d« T^"" T"*X^ I » ^® ^*^^ ^ prove that A being regarded as a function 
of i>i, 9i» &c, and t, the total differential coefficient d . Ajdt is zero. Now 

d.A dA dA , dA , 
dt dt dy*^ dq^ 

The letters p^, q^y <ftc. enter into the expression for A only through c^ and Cy 
liOt us consider only the part of d.A/dt due to the variation of c^, then the part due 
to the variation of c, may be found by interchanging c^ and Cj, and changing the 
sign of the whole. The complete value of d.A/dt is the sum of these two parts. 

The part of d.Ajdt due to the variation of c^ is 

rdc^ \ d dcy iPci dH ^dH ) ^\£^dc^ ^idH ^^ dH |-| 
\^dp \dq dt dpdq dq dq^ dp *"( dq \dp dt dp^ dq dpdq dp *")J* 

If we substitute for dc^dt its value given by the indentity (4), we get 

^ rde^ \dc^ d^H dc^ d^H ) dc^idc^ d^H dc^d^l^ 
l^dp \dp dq^ dq dpdq) dq \dp dpdq dq dp^)J ' 

If we now interchange c^ and C2 we get the same result. Hence when the two 
parts otd. Ajdt are added together, the signs being opposite, the sum is zero. 
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479. Lettbeexpr-lon^ll^-lf] 



where the 2 meanB Bnmma- 



tion Cor aU the valnes of j), q, be repreeented shortly by (ci, «J. Then in any 
dynamical problem if iC be the dietnrbiiig function, the Tariations of the parameters 
Ci, Cf, ... are given by 

where all the coefficients are fonetions of the parameters only and not of U 

This equation may be greatly simplified by a proper choice of the constants 
e^e^ „. In the Mieanigue Analytique of Lagrange, it is shown that if the eon- 
stants chosen be the initial yalnes ot p^, Pf,.,. and q^, q^,..., ^. a, /3, 7, ... and 
X, /i, r, ... respectively, then the equations become 

Ao. 

It is assumed in the demonstration that IT is a function of 9i, 93»> .. . only^ This 
simplification has been extended by Sir W. Hamilton and Jaoobi to other cases, bat 
for this we have no space. 

480. It foUaws from the investigation in Art. 478, that if two integraU of a 
dynamical problem he founds viz, c^sa, c,=/3, where c^ and c, $tand for tome 
functions of p^, qi» Psi q^* ... ami t, and a and /3 are constants^ then (c^, c,) is also 
constant. So that (c^, C3)=7, where 7 is a constant, is either a third integral of 
the equations of motion or an identity. If it is an integral it may be either a 
new integral or one derivable from the two c^ and c, already found. 
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CHAPTER XI. 

PRECESSION AND NUTATION, 
&C. &C. 

On the Potential. 

481. To find the potential of a body of any form at any 
external distant point, 

Let the centre of gravity G of the body be taken as the origin 
of co-ordinates and let the axis of x pass through S the external 
point. Let the distance 08= p. Let (a?, y, z) be the co-ordinates 
of any element dm of the body situated at any point P and let 
OP = r, then P^ = /o' + r* - 2px. The potential of the body is 




F=2g; ...F=2^{l-?e^"* 



dm (, 



arranging these terms in descending powers of p, we get 



^ ^ dm 

" P 



1 +- + — s-F~ + ^n + o 4 +...[ . 



p ' 2p^ ' 2p' ' 8/[>* 

Let Jkf be the mass of the body, then Xdm = M, Also since the 
origin is at the centre of gravity, we have '2xdm = 0. 

Let A, B, G be the principal moments of inertia at the centre 
of gravity, I the moment of inertia about the axis of x, which in 
our case is the line joining the centre of gravity of the body to 
the attracted point. Then 

tdmr^ = i{A + B+ C), 

Let I be any linear dimension of the body, then if p be so 
great compared with I that we may neglect the fraction (l/py of 
the potential, we have 

^^ M ^ A + B + G-SI 

p Ip 



266 PRECESSION AKD NUTATION. 

If we wish to make a nearer approxiinaiion to the value of V, 
we most take account of the next terms, viz. 

V • 

I^t (f, ff, ^) be the co-ordinates of m referred to any fixed 
rectangular axes having the origin at 0, and let (a, /3, y) be the 
angles GS makes with these axea. Then 

fl7«f cosa + i7C08/8 + fcos7; 

.'. Xma^ = cos'aSm^ + 3 coaPa cos fiXm^fi + 

If the body be symmetrical about any set of rectangular axes 
meeting at 0, we have 2m^'»0, Smf'i/sO, &c. = 0, so that this 
next term in the expression for the potential vanishes altogether. 
Thus the error of the preceding expression for V is comparable 
to only the fraction (l/py of the potential. This is the case with 
the earth, the form and structure of which are very nearly sym- 
metrical about the principal axes at its centre of gravity. 

This theorem is due to PoiBson, but it was pat into the conTenient form just 
given by Prof. MacCnllagh. See Boyal IrUh Trantaetiom for 1855, page 887. 

482. In the investigation of this value for the potential, S 
has been supposed to be at a very great distance. But the ex- 
pression is also very nearly correct wherever the point 8 be 
situated, provided the body is an ellipsoid whose strata of equal 
density are concentric ellipsoids of smsdl ellipticity. 

To prove this, we may use a theorem in attractions due to 
Maclauiin, viz. The potentials of confocal ellipsoids at any ex- 
ternal point are proportional to their masses. Let us first con- 
sider the case of a solid homogeneous ellipsoid. Describe an 
internal confocal ellipsoid of very small dimensions and let a\ h\ d 
be its semi-axes. Then because the ellipticity is very small, we 
can take a\ b\ c' so small that 8 may be regarded as a distant 
point with regard to the internal ellipsoid. Hence the potential 
due to the internal ellipsoid is 

where accented letters have the same meaning relatively to the 
internal ellipsoid that unaccented letters have with regard to the 
given ellipsoid. The error made in this expression is of the 
order {a'/pyV\ Hence, by Maclaurin's theorem, the potential V 
of the given ellipsoid is 

^^p^M' 2p 

and the error is of the order (a'/pY F. 



8 



ON THE POTENTIAL. 267 

If a,h,che the semi-axes of the given ellipsoid, we have 

V + c* „/b'' + c' 



.: A^M 






Af 9 Af 9 

Similarly, 5 = ^,5' + | JlfX», (7 = ^, C' + |ifX\ 

Also if (a, A 7) be the direction-angles of the line OS with 
reference to the principal axes at G, we have 

/= A cos'a + jB cos*^ + C cos»7 = ^/'+ 1 ifx\ 

Hence, substituting, we have 

If a, hy c be arranged in descending order of magnitude, we 
can by diminishing the size of the internal ellipsoid make c as 
small as we please. In this case we have ultimately a' = Ja^ — c\ 
liet € be the ellipticity of the section containing a and c the 

greatest and least semi-axes. Then a' = a>/2€, and the error of 
the above expression for V is of the order 4 {a/p)* t'F. 

The theorem being true for any solid homogeneous ellipsoid 
is also true for any homogeneous shell bounded by concentric 
ellipsoids of small ellipticity. For the potential of such a shell 
may be found by subtracting the potentials of the bounding 
ellipsoids, A+B + C (see VoL I.) being independent of the direc- 
tions of the axes. 

Lastly, suppose the body to be an ellipsoid whose strata of 
equal density are concentric ellipsoids of small ellipticity, the 
external boundary being homogeneous. Then the proposition 
being true for each stratum, is also true for the whole body. 

This theorem was first given by Prof. MacGullagh as a problem, and was pub- 
lished in the Diiblin University Calendar for 1834, page 268. Some years after, 
aboat 1846, he gave his proof of the theorem in his lectures, which is substantially 
the same as that given in this Article. See the Transactumt of the Royal Irish 
Academy t Yol. xxii., Parts i. and 11., Science. 

483. The following geometrical interpretation of the formula of Art. 481 is 
also due to Prof. MaeCuUagh. His demonstration and another by the Bev. B. 
Townsend may be found in the Irish Transactions for 1855. 

A system of material points attracts a point S whose distance from the centre 
of gravity G of the attracting mass is very great compared with the mutual 
distances of the particles. If a tangent plane he drawn to the ellipsoid of gyration 
perpendicular to GS, touching the ellipsoid in T and cutting GS in U, then the 
resultant attraction on S lies in the plane SGT. Th^ component of the attraction 
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8M 

on 8 in the direction TUs ^GU . UT. The component of the attraction on 

P* 

o^ -1. J. ^' TjrL M 8A+B + C-8I 
BinthedireehonVG^s-^^ . . 

Tbese theoremi are also tme if we replace the ellipsoid of gyration by any 
confoeal ellipsoicL Let a, 5, c be tl^e semi-axee of this confocal, and let p be the 
perpendicular OU on the tangent plane. Since (see Vol. i.), ^ = Ma* + X, JB = Mb* + \, 

40. where X U «,me oonrtant. we h.ye r= ^ + ^i2!±^±i^::^) . 

To prove that the resultant force on S lies in the plane SGT, let ns displace 
5 to £f where SS* is perpendionlar to this plane and is equal to pdyf/. Because V is 
a potential, the force on £i in the direction SS' is d Vlpdyf/. Bat after this displace- 
ment the tangent plane perpendionlar to GS' intersects along TU the former tangent 
plane, hence dpld}l/=^0, and .*. (iF/d^=0. 

To find the force P acting at 5 in the direction TU, let us displace StoJ?' where 




S 



SS" is parallel to TU and is equal to pdf. Since Gr7 is perpendicular to UT we 
have, exactly as in the Differential Calculus, TU=dpldyl/, Hence 

p axff p* ^ 

Lastly, to find the force R in the direction SG we have 

dV_M S A+B + C-SI 
•" dp'"f^'^2 p^ 

Ex. Show that the product GU . TU is the same for all confocals. 

484. Bzamples on attracttons. Ex. Let GP be a straight line through the 
centre of gravity such that the moment of inertia about it is equal to the mean of 
the three principal moments of inertia at G, then the resolved attraction of the 
body on any point 8 in the direction SG is more nearly the same as if the body 
were collected into its centre of gravity when 8 lies in GP, than when S lies in any 
other straight line through G. 

Show also that the moment of inertia about GP is equal to the mean of the 
moments of inertia about all straight lines passing through G. 

If two of the principal moments of inertia are equal, prove that GP makes with 
the axis of unequal moment an angle equal to cos~^ (l/\/B). 

485. Bqni-attraetlTe bodies. Ex. 1. If two bodies exert equal attractions on 
all external points, prove that their centres of gravity must coincide and their 
masses must be equal. The principal axes at their common centre of gravity must 
be coincident in direction, and the difference of their moments of inertia about any 
straight line constant. 

Ex. 2. Thence show that two Chaslesian shells of the same body have the 
same principal axes at their common centre of gravity and the difference of their 
monients of inertia about any straight line constant. 
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Cx. 3* If the attraction -of a body on every external point be the same as that 
of a single particle placed at some point, then the mass of the particle is equal to 
the mass of the body, the point is the centre of gravity; also the law of attraction 
must be either as the inverse square of the distance or as the direct distance, and in 
the former case every axis through the centre of gravity is a principal axis at the 
centre of gravity. See a paper by the aathor in the Quarterly Mathematietd 
Journal, 1857, Vol. n. page 136. 

Sx. 4. Let an ellipsoid be described having its semi-axes a, h, e such that 
M%a^=Bi'C-A+\ Mil^=G+A-B+\ Mic^=A+B-C-\-\ where X is at 
our disposal, and may be any quantity positive or negative which does not make 
a, b, c imaginaiy. Let an indefinitely thin shell of mass M be constructed 
bounded by similar ellipsoids and having this ellipsoid for one bounding surface. 
Tben the attractions of the given body and this shell on any distant external point 
are the same in direction and magnitude. 

The attraction of such a shell on any external point is normal to the confocal 

tbrongh that point and is equal to —.7-, p\ where a', h\ c' are the semi-axes of the 

confocal and j>' the perpendicular on the tangent plane at the attracted point. See 
a paper by the author in the Quarterly Journal of Pure and AppUed Mathematics, 
1867, Vol. VIII. page 322. 

Ex. 5. The attraction of a body two of whose principal moments at the centre 
of gravity A and B are equal and greater than the third attracts a distant point as 
if its mass M were equally distributed over a straight line of length 21, where 
MP=S {A-C), placed perpendicular to the plane of A, B with its middle point at 
the centre of gravity. This proposition is accurately true if the body be an indefi- 
nitely thin shell bounded by similar prolate spheroids. In any case it is necessary 
that the equal moments u4, B should be greater than the third moment of inertia C^ 

Ex. 6. Whatever be the relative magnitudes of the three principal moments 
of inertia, the attraction on a distant point is the same as if the mass was distributed 
over the focal conic of the ellipsoid described in (4) so that the density at any point 
P is proportional to ABI(AP . PB)^, where AB is the diameter through P. 

Ex. 7. The attraction of any body of mass ilf on a distant particle may be 
found in the following manner. Let an indefinitely thin shell of mass 3if be 
constructed bounded by similar ellipsoids and having the ellipsoid of gyration at 
the centre of gravity for one bounding surface. Also let a particle of mass 4iM be 
collected at the centre of gravity. Then the attraction of M on any distant 
particle is the same in direction and magnitude as if 4^/ attracted it and SM 
repelled it. 



OthAT laws of attraetion. Ex. 8. If the law of attraction had been - ^ (dist.) 
instead of the inverse square, the potential of a body on any external point S 
would have been represented by 'Zm<f>i{PS), where 4>(p) is the differential coefficient 
of (piip)' In this case, by reasoning in the same way as in Art. 481, we get 

where A, B, C and I have the same meanings as before. 

If (a?', y', z') be the co-ordinates of S referred to the principal axes at O, the 

moment of the attraction of 5 about the axis of y is =- :r ^^ • (C- -4)a;'«'. 



270 PBECESSION AND NUTATION. 

486. To find the Force-function dv4 to the attraction of any 
body on any other distant boay. 

Let O, 0' be the centres of gravity of the two bodies, and let 
00' ^R. Let A, B, C\ A\ByC' he the principal moments of 
inertia of the two bodies at and O' respectively; I^ F the 
moments of inertia about G0\ and let M, M' be the masses of 
the two bodies. 

Let m be any element of the body M' situated at the point S, 
and let 08^ p. Then the potential of the body M SLt rn is 

t^W ,(MA + B+C-Sn , r • *!. * r • ^- ^f 

< m \ — I s-i *r 9 where I, is the moment of mertia ot 

yp ^P ) . . ^ 

the body M about OS, We have now to sum this expression for 

all values of m\ This gives 

p V 

The first term by the same reasoDing as before gives 

MM" . ,,^' + £'+C'-3/' 
S--^^ 2F • 

In the second term^ let x'y y\ z' be the co-ordinates of m 
referred to 6' as origin. Then 



/) = JB(1 4- •^4-squares oix\y\ z'\ 



Jj = 7(1 4- oa?' + ^y* + 7/ + squares), 

where a, fi, y are some constants. Substituting these, and re- 
membering that 2wi V = 0, 2my = 0, Xmz* = 0, we get 

^, A -^-B + 0—91 L /terms depending on the\) 
2ii' ( \ squares of x, y, z' / j ' 

Hence the required force-function is 

„ MM' . ^^A' + B + Cr-^sr . ^^.A-^-B + G-ST 

^=-^+^ m ^^ — 2^^ — ' 

The error of this expression is of the order (11* /R^ V, where 
I, V are any linear dimensions of the two bodies respectively. 

487. Moment of the Sun's foroe. To find the moment of 
the attraction of the sun and moon about one of the principal a^xes 
of the earth at its centre of gravity. 

Let the principal axes of the earth at its centre of gravity be 
taken as the axes of reference, and let a, 13, y he the direction- 
angles of the centre of gravity 0' of the sun. Then if F be the 
potential of the sun or moon on the earth, we have 

' MM'^A' + B'^C'''SI'^,A + B + C''SI 
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where unaccented letters refer to the earth, and accented letters 
to the sun or moon. Let 6 be the angle the plane through the 
sun and the axis of y makes with the plane of xy^ then dVldO is 
the required moment in the direction in which we must turn the 
body to increase 6, From the above expression^ since enters 
only through /, we have 

dO 2£^ d0' 

Now I = A cos' a + B cos'yS + Ccos^y, and by Spherical Trigor 
nometry, we have ^ZifS AAI/^ 

cos 7 = sin^ sin 0, cos a = sin^S cos d; 

/. ^ = -2(^-(7)sin'i8sindcosd; ^ 



the moment required' 
about the axis of y 



M' 

= — 3 -^ (C- il) cos a cos 7. 




In this expression the mass of the attracting body is measured 
in astronomical units. We may eliminate this unit in the follow- 
ing manner. Let n* be the mean angular velocity of the sun 
about the earth, R^ its mean distance, so that if M be the mass 
of the earth, we have (Jf ' + M)/R* = n^. Now M is very small 
compared with M\ so small that m/M' is of the order of terms 
already neglected. Hence we may in the same terms put 
il/7i?o' = » *, and therefore 

the moment of the sun's at-) _ *\ ^*rn^ a\ ^■^•V 

traction about the axis of yj ~ ^ ^ ' \R) 

Let n' be the mean angular velocity of the moon about the 
earth, so that, if M" be the mass of the moon, R^ the mean 
distance, we have (if" + M)IR^ = n"*. Let v be the ratio of the 
mass of the earth to that of the moon, then M" (1 -H v)/R'* = n"*, 
and therefore if R be the distance of the moon 

the moment of the moon's at-) 3^*'" .^ .. /-K'A' 

((7— -d.)cosacos7(-p7®j . 



traction about the axis of y 



l + p 



In the same way the moments about the other axes may be 
found. Putting #c for the coefficient, we have 

moment about axis of a? = — 3/k (B — C7) cos fi cos 7, 

moment about axis of ^ = — 3/c (-4 — 5) cos a cos yS. 

488. WTainpliw. Ex. 1. The force-function between a body of any form and 
a nniform circular ring whose centre is at the centre of graTity of the body and 

whose mass is M is F= M' ^-5 , 

P V 

where J is the moment of inertia of the body about an axis throngh its centre of 
gravity perpendicular to the plane of the ring, and A, B, C are the principal 
moments of inertia at the centre of gravity. 
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Thttioe show that Sainm'i ring siippoBed nnifonn will faUTe the same moments 
to tun Saturn aboat its oentre of gravity as if half the whole mass were collected 
into a particle and placed in the axis of the ring at the same distance from Saturn, 
provided the partide repelled instead of attracted Satnm. 

Ex. 2. If the earth be formed of concentric spheroidal strata of small but 
different elliptieities and of different densities, show that the ratio of C to ^ may be 
foond from the equation Cfpd{tfie) = (C~Aypd{<;fi)t where e is the ellipticity and/> 
the density of a stratam, the major-axis of which is a; the square of e being neg- 
lected. It follows that if c be constant, the ratio of C to ^ is indei>endent of the 
law of density. 

If we assume the law of density and the law of ellipticity g^ven in the Figure 

C — A 
of the Earth, this formula gives --7~=:*00313593. See Pratt's Figure of the 

Earth. 

Ex. 8. A body free to turn about a fixed straight line passing through the 
centre of gravity is in equilibrium under the attraction of a distant fixed particle. 

Show that the time of a small oscillation is 2x \ »,,,^,,^ ,,^ — Fr-rr » where the 

fixed straight line is the axis of y^ the plane of xy in equilibrium passes through the 
attracting particle, and |, 17 are the co-ordinates of the particle. Also A,B,C, D, E, F 
are the moments and products of inertia of the body about the axes. If the straight 
line did not pass through the centre of gravity show that the time would be propor- 
tional to p. 

Motion of the Earth about its Centre of Gravity. 

489. To find the motion of the pole of the earth about its 
centre of gravity when disturbed by the attraction of the sun and 
moony the figure of the earth being taken to be one of revolution. 

Let us consider the eflfect of these two bodies separately. 
Then, provided we neglect terms depending on the square of 
the disturbing force, we can by addition determine their joint 
effect. 

The sun attracts the parts of the earth nearer to it with a 
fqrce slightly greater than that with which it attracts the parts 
more remote, and thus produces a small couple which tends 
to turn the earth about an axis lying in the plane of the equator 
and perpendicular to the line joining the centre of the earth 
to the centre of the sun. It is the effect of this couple which 
we have now to determine. It clearly produces small angular 
velocities about axes perpendicular to the axis of figure. We 
shall also suppose that the initial axis of rotation so nearly coin- 
cides with the axis of figure, that we may regard the angular 
velocities about axes lying in the plane of the equator to be small 
compared with the angular velocity about the axis of figure. 

Let us take as axes of reference in the earth, OC the axis 
of figure, OA and GB moving in the earth with an angular 
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A/ = A<o^, V = (7c»3, 



(O, 



velocity 0^ round GO. Then following the notation of Art. 16, 
we have h^'=^Aa>^, 

The equations of motion are therefore 



«• 



^d®, 









= 



,(1). 



The last of these equations shows that o), is constant. Let 
this constant be denoted by n. 

The other two angular velocities are to be found by solving 
the other two equations. This solution must be conducted by 
the method of continued approximation, ©^ and cOg being regarded 
as small compared with n. 

In the first instance let us suppose the orbit of the dis- 
turbing body to be fixed in space. This is very nearly true 
in the case of the sun, less nearly so for the moon. This limi- 
tation of the problem proposed will be found greatly to simplify 
the solution. We can now choose as our axes of reference in 
space two straight lines OX, OT dX right angles to each other 
in the plane of the orbit and a third axis QZ normal to the 
plane. 




490. In these equations of motion the . quantity 6^ is at 
our choic43^ let it be so chosen* that the plane containing thei 

* We might also very conveniently have chosen as axes of reference, QC the 
axis of figure and axes QA\ GB' monng on the earth so that GB' is the axis of 

K. D. II. 18 
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axes OG^ GA also coDtains OZ. Then 0^ is the angular velocity 
of the plane ZOO round 00. If w^ and 0, were zero, and 
the earth merely tamed ronnd its axis OC^ it is clear that 
00 and therefore also the plane ZOO would be fixed in space. 
Hence ^ is a small quantity of the same order at least as ca^ 
or o»^. For a first approximation we n^lect the squares of the 
small quantities to oe found We therefore reject the small 
terms i»,d,, <o^0^ in the equations (1). The equations now become 



(2). 



A^^Onw^^L 

A^^Ona^^^M 
at * 

Following the usual notation let be the angle ZG and 

the resultant couple prodneed by the action of the disturbing body on the earth. 
In this case the plane CA' moTes so as always to contain the &tnrbing body S^ 
so that 0^ is the angular Telocity of CS round C and is therefore a small quantity of 
the order n'. We shaU therefore reject the small terms w^, and is^d^ in equations 
(1). The equations now become 

at 

-4 ~7 - Cnw, = Jlf= - 8/c (C - ill COB « cos 7 
at 

where the yalne of If is at once obtained from Art. 487, and in our case a=)T— 7. 

Eliminating w, we have -^ + f -^ ) Wi= - -r^ If . 

Since the angular distance 7 of the disturbing body from the pole of the earth 
varies veiy slowly, the term on the right-hand side is very nearly constant. If 
this be regarded as a sufficient appronmation we have 

Wi=2J^-^Bm27, and 0^=0. 

But in fact these are nearly true when we take account of the periodical term 
provided only 8 moves slowly. For suppose 

JJf = Jf^ + SP sin (pe + Q), 
where p is small ; we have in that case 

neglecting the small term ^ in the denominator we have as before 0^= - -^ « 

On 

The motion of the axis C in space is therefore simply that dae to an angular 
velocity w^ about the axis A\ Since the plane £C moves so as always to contain 
the disturbing body 5, the axis of figure GC is at any instant moving perpendicnlar 
to the plane containing it and the disturbing body (i. e, in the figure C is always 

3ic C—A 

moving perpendicular to SC) with an angular velocity equal to 5 77— sin 27. If 

we resolve this in the direction along and perpendicular to ZQ we easily deduce the 
equations (7) in the text and the solution may be continued as above. 
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-^ the aiigle the plane ZC makes with the fixed plane ZX We 
have then the two geometrical equations 

''' = -''°^^' *"« = ^ (^)- 

These follow at once from a mere inspection of the figure, or 
we may deduce them from Euler's geometrical equations (see 
Vol. J.) by putting ^ = 0. 

We have now to find the magnitudes of L and Jf. Let & 
be the disturbing body and let it move in the direction X to y. 
According to the usual rule in Astronomy, we shall suppose 
the longitude Z of /S' to be measured in the direction of motion 
firom the point on liie sphere opposite to B, This point is 
usually called the first point of Aries. Then 

BS^ir-l and SN^l-^ir. 

By Art. 487 we have 

L^-SKiB-C) cos /8 cos 7 = - S/c (^ - C) sin 8N cos SN sin 

= f a: (J - C) sin dsin 21 (4), 

M—- ^k{G—A) cos a cos 7 = — 3/c ((7— A) cos^SIfsm cos 

= -.|^((7-.^)8indcosd(l-cos20 (5). 

Since the motion of the disturbing body is very slow com- 
pared with the angular velocity of the earth about its axis, 
I and therefore L and M are very nearly constant. If this be 
regarded as a sufficiently near approximation we have at once 

by (2) 0,.=-^, 0,,=^ (6). 

That these are the integrals of equations (2) when we take 
some account of the variability of L and M may be shown by 
substitution in those equations. We see that they are satisfied 
if we may neglect such a term as 

^ = -f/c(5-a)|cosdsin2i^+2sindcos2Z^^. 

Since /c(J?— (7) and d0/dt are both small quantities of the 
order ©j or w^, the first of these terms is of the order «,* and 
such terms we have already agreed to neglect. The last term 
is of the order ayji'/Uy where n^ is the mean angular velocity of 
the disturbing boay about the earth. Rejecting these terms also, 
we have by (3), (4) and (5), 

d0 SkG-A 



sin sin 21 



dt 2n V 
dytr Sk G — A ^,- oyv 



(7). 



18—2 
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491. To find the motion of the pole of the earth in space 
referred to the pole of the orhit of the distorhing body as 
origin, we have merely to integrate the equations (7). For a 
fint approximation, in which we reject the sauares of the small 
quantities to be found, we may regard on tne right-hand side 
as constant and equal to its mean value. If we write for I its 
approximate value 

we find by integration 



08const + i — , — 73— 8intfcos2Z 
4nn C 

-^^consi-g^, — ^— cosd(f-lsin2Z) 



(8). 



492. AboOmt ■oiatioo. We may also solve equations (2) in the following 
manner. Sinoe we reject the sqnares of the small quantities to be found, we may 
in calenlating the values of L and If to a first approximation suppose to be con- 
stant and Z to be measured from a fixed point in spaoe. We then have hj the 
theory of elliptic motion 

l=ii'«+«'+P, sin (j)i«+gi) +P, sin (i)j«+gj + Ac., 
where the ooeffidents of the trigonometrical terms are all known smsll quantities, 
and all the coefficients of t are very small compared with n. In the case of the 
sun the coefficient of t in the greatest of the trigonometrical tezms is t\^n and in 
the case of the moon ^ n. 

We may also include in this formula the secular inequalities in the value of I, 
Fcftf we shaU presently find that B has no secular inequalities, and that the first 
point of Aries from which I is measured has a very slow motion which is very 
nearly uniform on the plane of the orbit of the disturbing body. This slow motion 
may obviously be induded in the n'. 

If we eliminate u^ between equations (2) we have 

Ofi "^ A* ^"A dt ~^« • 

The first term on the right-hand side we have already agreed to neglect Sub- 
stituting in the expression for M given in (5) the value of 2, suppose we have 

Jlf=21fcos(X«+/), 

where the constant part of Jlf is given by X=0 and all the other values of X are 
veiy smalL Then solving, we find 

Since F and X' are both vexy small we may reject the small term X^ in the 
denominator, we then have 

«.=-ij2Fco«(Xt+/) = -^. 

This result is strictly true for the constant term and very nearly true for the 
periodical terms. In the same way we may prove that ta^^LfCn. 

When we proceed to find and ^ from the values of ci;^ and id, by the help of 
equations (3), it wiU be seen that no term wiU rise on integration in which X is not 
small. These rejected terms will not therefore afterwards become imj>ortant. 
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493» The integration of equation (7) may be effected without neglecting the 
terms containing the powers of t* in the expression for {. By the theory of 

elliptic motion we have -R* 3; = constant = JZ^V ,J\ - 1*^^ 

where a very small term has been rejected on the left-hand side depending on the 
motion of Aries. Sabstitnting for k its Talue given in Art. 487 we find 

^=_8?L'J_^_^cos^(l-cos2Z)| 

where r is to be put equal to zero when the disturbing body is the snOi From 
the equation to the ellipse, we have * 

If this value of i2 be snbstitnted in the equations, the integrations can be effected 
without difficulty. But it is clear that all the terms which contain e' are periodic 
and do not rise on integration so as to become equally important, with the others. 
Since then e' is small, being equal in the case of the sun to about ^, it will be 
needless to calculate these tenns. 

494. Let us now examine the geometrical meaaing of the 

Sfc C — A 
equations (8). For the sake of brevity, let us put fif =^ — ^ — -^ — > 

so that by Art. 487 = 5 — 7= or 8=^ — 7^ = ac- 

•^ Z C n 2 C n 1 + v 

cording as the sun or moon is the disturl^ng body, the orbit of the 

disturbing body being in both cases regarded as circular. 

Let us consider first the term --Scoaffl in the value of 
'^. Let a point C^ describe a small circle round Z the pole of 
the orbit of the disturbing planet^ the distance CZ being constant 
and equal to the mean value of 0. Let the velocity be uniform 
and equal to 8n' cos sin 0, and let the direction of motion be 
opposite to that erf the disturbing body. Then G^ represents 
the motion of the pole of the earth so far as this term is con* 
cemed« This uniform motion is called Precession. 

Next let us consider the two terms 

B0 = iS^n0cos 21, Sifr = J fifcos ^sin 2Z, 
If we put a? = sin 5 S-^, y = S^, we have 



{^8cos0Bm0y^ (iSam0)' 

which is the equation to an ellipse. 

Let us then describe round G^ as centre an ellipse whose 
semi -axes are ^/S^cos^sind and ^8sin0 respectively perpen- 
dicular to and along ZG; and let a point G^ describe this ellipse 
in a period equal to half the periodic time of the disturbing 
body. Also let the velocity of G^ be the same as if it were 
a material point attracted by a centre of force in the centre 
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varying as the distaDce. Then C^ represents the motion of the 
pole of the earth as affected both by Precession and the principal 
parts of Nutation. 

If we had chosen to include in our approximate values of 
and '^ any small term of higher order, we might have repre- 
sented its effect by the motion of a point C^ describing another 
small ellipse having C^ for centre. And in a similar manner by 
drawing successive ellipses we could represent geometrically aU 
the terms of and '^. 

495. The Oomplementaiy Fanctioni. In this solution 
we have not yet considered the Complementary Functions. To 
find these we must solve 

We easily find (o^ = JJsin f -j < + -K'] , «, = — JJcosf-j-^ + ^j. 

The quantities H and ^depend on the initial values of ct>^, a»,. 
As these initial values are unknown H and K must be deter- 
mined by observation. If H had any sensible value it would be 
discovered by the variations produced by it in the position of 
the pole of the earth. No such inequalities have been found. 
If however any such inequality existed we might consider these 
two terms together as a separate inequality to be afterwards 
added to that produced by the other terms of (o^, c»j. 

496. The effect of the complementary functions on the motion of the pole of 
the earth has been already considered in Arts. 180 to 182. The motion is the same 
as if the earth were at any instant to be set in rotation about an axis GI making an 
angle t with the axis of figure GC and then left to itself. Here tan t=H/n. Let GL 
be the invariable line and let y be its inclination to the axis of figure of the earth, 
then by Art. 180 tan 7= tan t . AjC, In the case of the earth A and C are very nearly 
equal, and l-AjC has been variously estimated to lie between '0081 and *0033. 
Thus y and t differ by at most ^l^th part of either. 

As explained in Art. 181, the instantaneous axis describes a right cone in space 
whose axis is GL and angular radius i-y. The time of a complete revolution is 
equal to a (sin 7/sin t)th part of the time of a revolution of the earth about its axis, 
and is therefore very nearly equal to a sidereal day. 

The instantaneous axis also describes a right cone in the earth whose axis is the 
axis of figure, viz. GC, and whose angular radius is equal to t. The time of a 
complete revolution is equal to a (sin 7/8in {i - 7))th part of the time of a revolu- 
tion of the earth. It therefore lies between 306 and 325 days, according to the 
value taken for AjC. 

If we construct these two cones (as explained in Art. 167) and make the cone 
fixed in the body roll on the cone fixed in space, the motion in space of the axis of 
figure of the earth is represented. 

The co-latitude of any place on the earth is found by observing the zenith 
distances of a circumpolar Mar S at its superior and. inferior transits. Let Z be the 
zenith of the place, and at the first transit let the zenith distance observed be 
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ZS=z, At the second transit the directions GC, <rZ will have described a semi- 
circle round the axis of rotation 01 while that axis of rotation will have described a 
semicircle about the invariable line OL. In this position let the zenith distance 
observed be z\ Thns the mean of the two zenith distances z and z' is the angle ZL, 
whUe half their difference is the angle SL, Since the direction in which the star is seen 
and the invariable line are both fixed in space, it follows that the latter angle, which 
we may call the north polar distance of the star, is not affected. The former angle 
differs from the geographical latitude of the place by the angle y. Thus in a period 
which is equal to about 306 to 825 days the latitude of the place found by these 
observations should have altered by twice the angle y and returned to its original 
value. As no such periodical changes of latitude have been discovered we must 
conclude that the axis of rotation differs from the axis of figure only by an insensible 
angle. 

497. Numerical resultt. The preceding investigations are 
of course approximations. In the first instance we neglected in 
the differential equations the squares of the ratios of cd, and 6>, 
to n, and afterwards some periodical terms which are an (n/n)th 
of those retained. We see by equations (3) and (8) that the 
second set of terms rejected is much greater than the first, and 
yet when the sun is the disturbing body these terms are only 
about ^th part of those retained, and when the moon is the 
disturbing body these are only ^th part of terms which them- 
selves are imperceptible. 

We have also regarded the earth as a solid of revolution so 
that A — B may be taken zero, a supposition which cannot be 
strictly correct. 

^ O ^ A n 

498. In the case of the sun we have 8=-^ — 7^ , so that 

3 C — A n' ^ 

the precession m one year is ^ — jy cos 27r. It is shown in 

treatises on the Figure of the Earth that there is reason to sup- 
pose that {C-A)/G lies between '0031 and -0033. Also we have 
n/n = 5^, and 6 = 23®. 8'. This gives a precession of about 15"'42 
per annum. Similarly the coefficients of Solar Nutation in yjr 
and are respectively found to be 1"*23 and 0"'53. If we sup- 
posed the moon's orbit to be fixed, we could find in a similar 
manner the motion of the pole produced by the moon referred 
to the pole of the moon's orbit. In this case 

^"2 G nl + v' 

The value of varies between the limits 23® ± 5®, Putting 
fi'ln = ^7-, v= 80, = 23®, we find a precession in one year a little 
more tnan double that produced by the sun. But the coefficients 
of what would be the nutations are about one-sixth of those 
produced by the sun. 

499. Motion of the plane of the disturbing body. 

We have hitherto considered the orbit of the disturbing body to 
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be fixed in space. If it be not fixed, we most take the plane CA 
perpendicular to ita instantaneous position at the moment under 
consideration. The quantity 9^ will not be the same as before^, 
but if the motion of the orbit in space be very slow, 0^ will still 
be very small We may therefore neglect the small terms 6^<a^ 
and O^oo^ as before. The dynamical equations will not therefore 
be materially altered. With regard to the geometrical equa- 
tions (3) it is dear that i»,, oil will continue to express the re- 
solved parts of the velocity of in space along and perpendicular 
to the instantaneous position of ZG. To this degree of approxi- 
mation therefore, all the change that will be necessary is to 
refer the velocities as given by equations (7) to axes fixed in 
space and then by integration we shall find the motion of G. 
Ihis is the course we shall pursue in the case of the moon. 

The attractions of the planets on the earth and sun slightly 
alter the plane of the earth's motion round the sun, so that the 
position of the ecliptic in space varies slowly. It can oscillate 
nearly five degrees on each side of its mean position. If the earth 
were spherical there would be no precession caused by the at- 
tractions of the sun and moon. The direction of the plane of the 
equator would then be fixed in space, and the changes of iU 
obliquity to the ecliptic would be wholly caused by the motion of 
the latter, and would be very considerable. But, as Laplace re- 
marks, the attractions of the sun and moon on the terrestrial 
spheroid cause the plane of the equator to vary along with the 
ecliptic so that the possible change of the obliquity is reduced 
to about one and a third degrees which is about one-quarter of 
what it would have been without those actions. 

At present the obliquity is decreasing at the rate of about 
48" per century. After an immense number of years, it will begin 
to increase and will oscillate about its mean value. We must 
refer the reader to the second volume of the M^nique Celeste^ 
livre cinqui^me. He may also consult the Connaissance dee 
Temps for 1827, page 234. 

500. BzamplM, Ex. 1. If the earth were a homogeneous sheU bounded by 
eimilar ellipsoids, the interior being empty, the precession would be the same as if 
the earth were solid throughout. 

Ex. 2. If the earth were a homogeneous shell bounded externally by a spheroid 
and internally by a concentric sphere, the interior being fiUed with a perfect fluid 

* The value of ^, may be found in the foUowing manner. The orbit at any 
instant is turning about the radius vector of the planet as an instantaneous axis. 
Let u be this angular velocity which we shall suppose known. Let Z, Z' \ B, B'he 
two successive positions of the pole of the orbit and the extremity of the axis of B 
respectively. Then ZB=a right angle =Z'JB'. Hence the projections of ZZ\ BB\ 
on ZB are equal. This gives, since ZB is at right angles to both CZ and SB, 

B^B'BinBS=^ZCZ'a.n ZC, Now the angle ZCZ*^^ S0^ and the angle BiSfJB'=«, 
hence d^^ . sin 9 = - u sin I The value of se^ must be added to the former value of 0y 
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of the same density as the earth, show that the precession would be greater than if 
the earth were solid thronghoat. 

Let {a, a^ c) be the semi-axes of the spheroid, r the radius of the sphere. Then 
since the precession varies as (C-A)IC by Art. 494, the precession is increased in 
the ratio a^ : ci*c - r". 

Ex. 3. If the son were removed to twice its present distance show that the 
solar precession per unit of time would be reduced to one-eighth of its present 
valne; and the precession per year to about one-third of its present value. 

Ex. 4. A body turning about a fixed point is acted on by forces which tend to 
prodttce rotation about an axis at right angles to the instantaneous axis, show that 
the angular velocity cannot be uniform unless the momental ellipsoid at the fixed 
point is a spheroid. 

The axis about which the forces tend to produce rotation is that axis about 
which it would begin to turn if the body were placed at rest. 

Ex. 5. A body free to turn about its centre of gravity is in stable equilibrium 
under the attraction of a distant fixed particle. Show that the axis of least 
moment is turned toward the particle. Show also that the times of the 

principal oscillations are respectively 2x Ww^,^ ! ^^^ 2x j g^.^^^l . 

If the body be the earth and M' be the sun, show that the smaller of these two 
periods is about ten years. 

601. Ta give a general explanation of the manner in which 
the attraction of the Sun causes Precession and Nutation, 

In order to explain the effect of the sun's attraction on the 
earth it will be convenient to refer to Poinsot's construction for 
the motion of a body described in 144 and the following articles. 

If a body be set in rotation about a fixed point under the 
action of no forces, we know that the momenta of all the particles 
are together equivalent to a couple which we shall represent by 
about an axis OL called the invariable line. Let T be the Vis 
Viva of the body. If a plane be drawn perpendicular to the axis 
of G^ at a distance €*JMT/G from the fixed point, then the whole 
motion is represented by making the momental ellipsoid whose 
parameter is e roll on this plane. In the case of the earth, the 
axis 01 of instantaueous rotation so nearly coincides with OG the 
axis of figure that the fixed plane on which the ellipsoid rolls is 
very nearly a tangent plane at the extremity of the axis of figure. 
This is so very nearly the case that we shall neglect the squares 
of all small terms depending on the resolved part of the angular 
velocity about any axis of the earth perpendicular to the axis of 
figure. 

Let us now consider how this motion is disturbed by the action 
of the sun. The sun attracts the parts of the earth nearer to it 
with a slightly greater force than it attracts those more remote. 
Hence when the sun is either north or south of the equator its 
attraction will produce a couple tending to turn the earth about 
that axis in the plane of the equator which is perpendicular to 
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the line joining the centre of the earth to the centre of the sun. 
Let the magnitude of this couple be represented by a, and let us 
suppose that it acts impulsively at intervals of time dt 

At any one instant this couple will generate a new momentum 
adt about the axis of the couple a. This has to be compounded 
with the existing momentum G, to form a resultant couple G\ 
If the axis of a were exactly perpendicular to that of G we should 

have G' = JG^ + (zdiy = G ultimately. 

Let 6 be the angle that the axis of O makes with OC, then 
^ is a quantity of that order of small quantities whose square is 
to be neglected. Taking the case when OC, the axis of G, and 
-the axis of a are in one plane, for this is the case in which G' will 
most differ from O, we have 

G'*=iGco60}* + (Gsm0 + adty 

= G^ + 2Gasm0dt (1). 

Then a and being of the same order of small quantities, the 
term a sin ^ is to be neglected. Hence we have G' = G, But the 
axis of G is altered in space by an angle oult/G in a plane passing 
through it and the axis of a. 

Next let us consider how the Vis Viva T is altered. K T' be 
the new Vis Viva we have 

9 

T' — T= twice the work done by the couple a 

= 2a (© cos iS) rf< (2), 

where « cos fi is the resolved part of the angular velocity about 
the axis of a. For the same reason as before the product of this 
angular velocity and a is to be neglected. Hence we have T' =T. 

It follows from these results that the distance e^ JmTJG of the 
fixed plane from the fixed point is unaltered by the action of a. 

Thus the fixed plane on which the ellipsoid rolls keeps at the 
same distance from the fixed point, so that the three lines OC, 
0/, OL being initially very near each other will always remain 
very close to each other. But the normal OL to this plane has 
a motion in space, hence the others must accompany it. This 
motion is what we call Precession and Nutation. 

Lastly these small terms which have been neglected will not 
continually accumulate so as to produce any sensible effect. As 
the earth turns round in one day, the axis OC will describe 
a cone of small angle round OL. The axis about which the sun 
generates the angular velocity a is always at right angles to the 
plane containing the sun and OC Hence, regarding the sun as 
fixed for a day, the angle in equation (1) changes its sign every 
half day. Thus G' is alternately greater and less than G. Simi- 
larly since the instantaneous axis describes a cone about OL it 
may be shown that T' is alternately greater and less than T, 
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502. Solar Precessioii and Nutation. The three axes in 
the earth which are the most important in our theory are (1) the 
axis of figure OG, (2) the instantaneous axis of rotation 07, (3) the 
invariable line OL, It has just been proved in the last article 
that if these three be at any one instant veir nearly coincident 
with each other they will, notwithstanding the sun*s attraction, 
always remain very close together. It will therefore be sufficient 
for our present purpose to find the motion in space of any one of 
the three. 

Let OAy OB be two perpendicular axes in the earth's equator 
and let the earth turn round OC in the positive direction AB. 
Let the sun S at the time t be in the plane COA and on the 
positive or north side of the equator. The sun's attraction during 
the time dt generates a couple adt about the axis OB which acts 
in the negative direction AG. It follows from the last article 
that OL (which is very nearly coincident with OG) moves in space 
in the plane BOG with an angular velocity equal to a/ O in the 
direction BG. Since the sun moves round in the same direction 
that the earth turns round its axis OG, it follows that when a is 
positive, the axes OL and OG move very nearly at right angles to 
the plane G08 in a direction opposite to the sun's motion. 

Knowing the motion produced in these axes by the sun in the 
time dt, we now proceed to sum up the whole effects produced by 
the sun in one year. For simplicity we shall speak only of the 
axis of figure, viz. 00. 

Describe a sphere whose centre is at and let us refer the 




motion to the surface of this sphere. Let K be the pole of the 
ecliptic and let the sun 8 describe the circle DEFH of which K 
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is the pole. Let DF be a ffreat circle perpendicular to KC, then 
since OC and the axis of figure of the earth are so close that we 
may treat them as coincident, D and F will be the intersections of 
the equator and ecliptic. When the sun is north or south of the 
equator, its attraction generates the couple a, which will be 
positive or negative according as the sun is on one side or the 
other. This couple vanishes when the sun is passing through the 
equator at D or F. If the sun be anywhere in LEF^ i.e. north 
of the equator, C is moved in a direction perpendicular to the 
arc CS towards D. If the sun be anywhere in FHD, a has the 
opposite sign and hence C is again moved perpendicular to the 
instantaneous position of CS but still towards D, Considering 
the whole effect produced in one year while the sun describes the 
circle DEFH, we see that C will be moved a very small space 
towards D, i.e. in the direction opposite to the sun's motion. 
Resolving this along the tangent to the circle centre K and radius 
KOy we see that 3ie motion of (7 is made up of (1) a uniform, 
motion of O along this circle backwards, whicn is called Preces^ 
sion and (2) an inequality in this uniform motion which is one 
part of Solar Nutation. Again as the sun moves from D to E, O 
is moved inwards so that the distance KG is diminished, but as 
the sun moves from E to F, KG is as much increased. So that 
on the whole the distance KG is unaltered, but it has an in- 
equality which is the other part of Solar Nutation. 

It is evident that each of these inequalities goes through its 
period in half a year. 

503. Lunar Nutation. To explain the cause of Lunar 
Nutation. 

The attraction of the sun on the protuberant parts at the 
earth's equator causes the pole G of the earth to describe a small 
circle with uniform velocity round K the pole of the ecliptic with 
two inequalities, one in latitude and one in longitude, whose, period 
is half a year. These two inequalities are called Solar Nutations. 
In the same way the attraction of the moon causes the pole of the 
earth to describe a small circle round M the pole of the lunar 
orbit with two inequalities. These inequalities are very small 
and of short period, viz. a fortnight, and are therefore generally 
neglected. All that is taken account of is the uniform motion 
of G round Jf. Now -K" is the origin of reference, hence if M 
were fixed the motion of G round M would be represented by a 
slow uniform motion of G round K together with two inequalities 
whose magnitude would be equal to the arc MK, or 5 degrees, 
and whose period would be very long, viz. equal to that of G 
round K produced by the uniform motion. But we know by 
Lunar Theory that M describes a circle round K as centre with 
a velocity much more rapid than that of G. Hence the motion 
of G will be represented by a slow uniform motion round K, 
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together with two inequalities which will be the smaller the 
greater the velocity of M round iT, and whose period will be nearly 
equal to that of M round K. This period we know to be about 
19 years. These two inequalities are called the Lunar Nutations. 
It will be perceived that their origin is different from that of 
Solar Nutation. 

504>. To calculate the Lunar Precession and Nidation. 

Let K be the pole of the ecliptic, M that of the lunar orbit, 
C the pole of the earth. Let KX be any fixed arc, KC=^d, 
XKC = -^j then we have to find and '^ in terms of t. By 
Art. 494i the velocity of G in space is at any instant in a direction 
perpendicular to MG, and equal to 

— s Ti — -r-. — cos MG sin MG. 

2n 1 + v 

For the sake of brevity let the coeflScient of cos -Jf (7 sin if (7 
be represented by P. Then resolving this velocity along and 
perpendicular to KG, we have 

de/dt-=-PsmMGco8MG8inKGM\ 
Hmedf/dt^-PBmMGcosMGcosKGMy 

By Lunar theory we know that M regredes round jK" uniformly, 
the distance KM remaining unaltered. Let then KM^ i, and 
the angle XKM = — m^ + a. Now by spherical trigonometry, 

cos MG = cos i cos + sin t sin 6 cos MKG, 

• 1^/^ TTj-m^ cost — cos Jf (7 cos ^ 
sm MG COS KCM^ ; — ^ 

smd 

= cos t sin tf — sin i cos cos MKG^ 

sin MG . sin KGM = sin % sin MKG. 

Substituting these we have 

d0ldt = — P {sin { cos i cos sin MKG + \ sin'i sin sin 2MKG], 

sin d^jdt = — P {sin cos (cos'i — J sin't) 

— sin i cos i cos W cos MKG — J sin't sin cos cos 2MKG}. 

For a first approximation we may neglect the variations of 
and -^ when multiplied by the small quantity P. Hence dd/dt 
contains only periodic terms, and the inclination has no per- 
manent alteration. But dyfr/dt contains a term independent of 
MKG; considering only this term, we have 

-^ = constant — P cos (cos*i — J sin't) t 

This equation expresses the precessional motion of the pole 
due to the attraction of the moon. We may write this equation 
in the form yfr = -^Q — pt 

To find the nutations, we must substitute for MKG its ap- 
proximate value MKG = (— m+jp)< + a — '^o* 
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We then have after integration 

^ . PsintCOsicOstf irrrrr PsinS'sin^ a^M^rrn 

s= const. COS MKC ^i r-^ cos 2MKG. 

m — p 4i{m'-p) 




The second of these two periodic terms being about one- 
fiftieth part of the first, which is itself very small, is usually 
neglected. Also^ is very small compared with m, hence we have 

^ >, P sin i cost cos ^ i^rr^ 

= 0^ cos MKC. 



® m 



This term expresses the Lunar Nutation in the obliquity. 

In the same way by integrating the expression for '^, and 
neglecting the very small terms, we have 

gijl 2 1 COS ^0 

-^Ir = -^Ir — Pcos 5 (cos'z — i sin*z) f — P -^ — . —. — >r sin MKC. 

The angle MKC is the longitude of the moon's descending 
node, and the line of nodes is known to complete a revolution 
in about 18 years and 7 months. If we represent this period by 
T we have MKC = - 2'7rt/T-h constant. 

The pole M of the lunar orbit moves round the point of re- 
ference A" with an angular velocity which is rapid compared withp, 
but yet is suflSciently small to maJre the Lunar Nutations greater 
than the Solar. We may also notice that if M had moved round 
K with an angular velocity more pearly equal to p the Nutations 
would have been still larger. This may explain why a slow motion 
of the ecliptic in space may produce some corresponding nutations 
of very long period and of considerable magnitude. 

Motion of tJie Moon about its centre of gravity. 

505. In discussing the precession and nutation of the equinoxes, the earth has 
been regarded as a rigid body two of whose principal moments at the centre of 
gravity are equal to each other. One consequence of this supposition was that the 
rotation about the axis of unequal moment is not directly altered by the attraction 
of the disturbing bodies. As an example of the effect of these forces on the 
rotation when all the three principal moments are unequal, we shall now consider 
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the case of the moon as disturbed by the attraction of the earth. As onr object is < 
to examine the mode in which the forces alter the several motions of the moon 
abont its centre of gravity rather than to obtain arithmetical results of the greatest 
possible accuracy, we shall separate the problem into two. In the first place we 
shall suppose the moon to describe an orbit which is very nearly circular in a plane 
which is one of the principal planes at its centre of gravity. In the second case we 
shall remove the latter restriction and examine the effects of the obliquity of the 
moon's orbit to the moon's equator. 

506. The moon describes an orbit abovbt the centre of the earth which U very 
nearly circular. Supposing the plane of the orbit to be one of the principal planes 
of the moon at its centre of gravity^ find the motion of the moon ahout its centre of 
gravity. 

Let GA, GB, GC he the principal axes at G the centre of gravity of the moon, 
and let GC be the axis perpendicular to the plane in which G moves. Let Ay B, C 
be the moments of inertia about GA, GB, GC respectively, and let M be the mass 
of the moon, and let accented letters denote corresponding quantities for the 
earth. 

Let be the centre of the earth, and let Ox be the initial line. Let OG=r, 
GOx = 0, Let us suppose the moon turns round its axis GC in the same direction 
that the centre of gravity describes its orbit about 0, and let the angle OGA=ip. 

The mutual potential of the earth and moon is by Art. 486 

V^—- + M ^ + M' ^ . 




Here I=^cos'0+Bsin'0 and therefore the moment of the forces tending to 
turn the moon round GC is 

dV 3 3/' _, .. . ^^ 

d0*-2;^<^-^)«"^2^ «• 

Since + <p is the angle which GA^ a line fixed in the body, makes with Ox, a 
line fixed in space, the equation of the motion of the moon round GC is 

<P^ . d20 BM'B-A . ^^ ,„, 

dr«+d^ = -2^-^«"^^^ <')• 

The motion of the centre of gravity of the moon referred to the centre of the 
earth as a fixed point is found in the Lunar Theory. It is there shown that r and 
^ may be expressed in the form 

r=c {1 + i cos (p* + a) + Ac.}, 

^=:n + pt + Mn COB {pt-i- a) + &C., 

where fit is a very small term which represents a secular change in the moon's 
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angolar Tdoeity ftboat the earth, and is really the first term of the expansion of a 
trigonometrical eiproasion. 

If we rabstitiite the Talne of d$ldt in equation (2) we have the following equation 
to determine ^, 

^=-|g*Bin2^-^+iVlf8in(p(+a)+ato (3), 

where for the sake of brevity we have pat n' ^ "1 » ^ . 

SI C SI 

Now we know hy obserration that the moon always turns the same face towards 
the earth, so that amongst the yarions motions which may result from different 
initial oonditions, the one which we wish to examine is characterized by 4> being 
nearly oonstant. Let us then introduce into this equation the assumption that <t> 
is nearly oonstant; we may then deduce from the integral how far this assumption 
is compatible with any giyen initial conditions which we may suppose to have been 
imposed on the moon. Putting 0=: ^ + 0', where ^q is supposed to contain all the 
oonstant part of 0, we easily find 

l3«sin2^=-p ) 
^+9*cos2^'snplf sin(pe+a)+ftc.) ^ ' 

Solving the second equation, we find, 

»=gsin(gt+JBr) + »o+J^ ^>cog^ ^^ sin(j>f+tt)+<fec (5), 

where H and K are two arbitrary constants whose values depend on the initial con- 
ditions. The angular velocity of the moon about its axis is therefore given by the 
formula 

^+^=«+/».+H,ooB(,«+ir)+af^-l^;^*»^ooa(|,t+.)+4o (6). 

In this investigation the axis OA which makes the angle with the radius 
vector 00 drawn to the earth may be either of the principal axes in the moon's 
equator. If we choose OA to be that axis whose mean position makes the lesser 
angle with the radius vector GO, the quantity cos 2^0 ^^ ^ positive. The quantity 
q* will be positive or negative according as that axis OA has the least or greatest 
moment. In the solution just written down q* has been taken to be positive. 

If 9* were negative or zero, the character of the solution of (3) would be altered. 
In the former case the expression for would contain real exponentials. If the 
initial conditions were so nicely adjusted that the coefficient of the term containing 
the positive exponent were zero, the value of 4>' would still be always small. But 
this motion would be unstable, the smallest disturbances would alter the values of 
the arbitrary constants and then 0' would become large. If we also examine the 
solution when g^=0, we easily see that 4/ could not remain small. The comple- 
mentary function would then take the form Ht + K and as before some small 
disturbance might cause ^' to become great. We therefore infer that of the axes 
OA, OB of the moon, the axis of least moment is turned more towards the earth 
than the other and that these two principal moments are not equal. 

In order that the expression (5) for may represent the actual motion it is 
necessary and sufficient that H when found from the initial conditions should 
be small. We see, by differentiation, that ffq is of the same order of small 
quantities as dtf^/dt. Hence H will be small if at any instant the angular velocity, 
viz. d$ldt + d<f>ldtf of the moon about OC were so nearly equal to the angular 
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velocity, viz. ddldty of its centre of gravity round the earth, that the ratio of the 
difference to g is very small. 

We see from the first of equations (4) that the magnitude of the constant angle 0^ 
which the axis of least moment in the moon's equator makes with the radius vector 
So drawn to the earth depends on the ratio 2/3/2^. The value of p is found in the 
Lunar Theory and is known to be extremely small. The numerical value of q* depends 
on the structure of the moon and is not properly known. Its value can only be found 
by comparing the results of this or some other investigation with observation. 
The first of equations (4) shows that 2/3 must be less than q\ So that unless the 
moments of inertia A and B in the moon are sufficiently unequal to satisfy this 
condition the moon could not move so as always to turn the same face to the earth. 

If we enquire what can be the physical cause of the difference between the 
moments of inertia about the two principal axes in the moon*s equator we naturally 
think of the attraction of the earth on that body. This attraction, either in the 
past or in the present time, would tend to lengthen that diameter which is directed 
to the earth. Taking the suppositions usually made in the theory of the Figure of 
the Earth, Laplace has attempted to deduce from this the value of q\ The only 
result we are here concerned with is that the ratio 2/3/g' is so small that we may 
reject its square. Assuming this, we see that 4>q must also be very small. It 
follows also that we may write -Plq^ for 0q and unity for cos20q in equations 
(5) and (6). 

If therefore we suppose the moon at any instant to be moving with its axis of 
least moment pointed towards the earth and its angular velocity about its axis of 
rotation to be nearly equal to that of the moon round the earth, then the axis of 
least moment will continue always to point very nearly to the earth. The mean 
angular velocity of the moon about its axis will immediately become equal to that 
of the moon about the earth and will partake of all its secular changes. This is 
Laplace's theorem. It shows that the present state of motion of the moon is 
stable, rather than explains how the angular velocity about the axis came to be so 
nearly equal to the angular velocity about the earth. 

507. By comparing the value of the angular velocity of the moon about its 
axis obtained by theory with the results of observation, we may hope to obtain 
some indications of the value of q^ and thence of (B-A)jC, If the term 
IIqGo^(qt-\-K) could be detected by observation, we should deduce the value of 
(B - A)IC from its period. 

Among the other terms of the expression for the angular velocity of the moon 
about its axis, those will be best suited to discover the value of q which have the 
largest coefficients, that is those in which either the numerator M is the greatest 
or the denominator q^-p^ the least possible. By examining the numerical value of 
their coefficients Laplace has shown that if (B - A)IC were as great as -03 the elliptic 
inequality could be recognized by observation, and if it were between '0014 and *003 
the annual equation could be observed. 

508. Motion of the centre of gravity of the Moon. We may also deduce 
from the potential given in Art. 506 the radial and transverse forces which act on 
the centre of gravity of the moon due to the mutual attractions of the earth and 
moon. Since the principal moments of the moon are nearly equal and its linear 
size small compared with its distance from the earth, these forces are very nearly 
the same as if the moon were collected into its centre of gravity. The effect of the 
small forces neglected by this assumption will be insignificant compared with the 

R. D. n. 19 
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otto foroM wfaiob act on the oentre of gravity of the moon. The motion of the 
centre of gravity of the moon is therefore very nearly the same ae if the whole mass 
were eoUeeted into itt centre of gravity. 

Since however there are no other foroes which have a moment round GG besides 
those foond above, the e£Fect of these may be perceptible. The effects of tidal 
friction on the rotation of the moon may be omitted, at least at the present time. 

Ex. The centre of gravity G of a rigid body describes an orbit which is 
nearly circnlar abont a very distant fixed centre of force O attracting according 
to the Newtonian law and situated in one of the principal planes throngh G. If 
rac(l+/>), $sant-^n}ft be the polar co-ordinates of G referred to O, show that the 
equations of motion are 

B-A , 2C''A-B 

We may notice that the values of y and y' are much smaller than q^ and might 
therefore be rejected in a first approximation. 

If the body always turns the same face to the centre of force so that is 
nearly constant and is small, show that there will be two small inequalities in the 
value of of the form L sin {pt + a), wh^e p is given by 

(jp2 - n«) (p^ - ^) - 3»«7 (p2 + 3»«) = 0, 

one of these periods being nearly the same as that of the body round the centre 
of force and the other being very long. 

If the body turns very nearly uniformly round its axis GC, so that 0=n'£+6' 
nearly, show that there will be two small inequalities in the value of 0, one in 
which p=n and another in which p — 2n\ 

509. liwainpliw. Ex. 1. Show that the moon always turns the same face 
very nearly to that focus of her orbit in which the earth is not situated. [Smith's 
Prize.] 

Ex. 2. If the centre of gravity G of the moon were constrained to describe a 
circle with a uniform angular velocity n about a fixed centre of force O attracting 
according to the Newtonian law; show that the axis GA of the moon will oscillate 
on each side of GO or will make complete revolutions relatively to GO according 
as the angular velocity of the moon abont its axis at the moment when GA and GO 
coincide in direction is less or greater than n + q where q has the meaning given 
to it in Art. 606. Find also the extent of. the oscillations. 

Ex. 3. A particle m moves without pressure along a smooth circular wire of 
mass M with uniform velocity under the action of a central force situated in the 
centre of the wire attracting according to the law of nature. Show that this system 

of motion is stable if-jrr> — gg . The disturbance is supposed to be given 

to the particle or the wire, the centre of force remaining fixed in space. 

Ex. 4. A uniform ring of mass M and of very small section is loaded with a 
heavy particle of mass m at a point on its circumference, and the whole is in 
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nniform motion about a centre of force attracting according to the law of nature. 
Show that the motion cannot be stable nnless mKM-k-m) lies between *815865 and 
•8279. 

This example shows (1) that if a ring, such as Satam*s ring, be in motion 
abont a centre of force, its position cannot be stable, if the ring be uniform; and 
(2) that if, to render the motion stable, the ring be weighted, a most delicate 
adjustment of weights is necessary. A very small change in the distribution of 
the weights would change a stable combination to one that is unstable. This 
example is taken from Prof, MaxwelVs Essay on Saturn's Rings. 

Ex. 5. The centre of gravity of a body of mass My symmetrical about the plane of 
xy, is G ; and O is a point such that the resultant attraction of the body on is 
along the line GO. Then if the body be placed with coinciding with a fixed 
centre of force 8, and be set in rotation about an axis through O perpendicular to 
the plane of xy with an angular velocity w, G wiU, if undisturbed, revolve uniformly 
' in a circle, always turning the same face towards O, provided Maul* is equal to the 
resultant attraction along GOj where a is the distance GO. It is required to 
determine the conditions that this motion should be stable. 

The motion being disturbed, will no longer coincide with the centre of force 
S. Let two straight lines at right angles revolving uniformly round 8 as origin 
wi<^ an angular velocity a; be chosen as co-ordinate axes, and let x be initially 
parallel to OG, Let (x, y) be the co-ordinates of O, ^ the angle OG makes with 
the axis of Xy then x, y, <p are all small. Let V be the potential of the body at 0, 
and let d»F/dx2=o, dJ^Vjdxdy^y, d^Vjdy^-p. Let 8 be the amount of matter in 
the centre of force. The equations of motion of a particle referred to axes moving 
in one plane round a fixed origin are given in Vol. i. These equations may also be 
deduced from Arts. 4 and 6 of this volume by putting ^i = and ^3=0. In this way 
the equations of motion of G reduce to 

(f«-"'-|«)'-('^"Jt + l>)''-*'^Je* = "' 

and the equation of angular momentum about 8 will lead to 

where k is the radius of gyration of the body about 0. Combining these equations 
as a determinant and reducing we find that the differential equation in |, 17, or 

isoftheform ^ tta-^^^h-^^^^* 

at* at^ 

The condition of stability is that the roots of this equation should be real and 
negative. Hence A, By C must be of the same sign and B^>'4AC. This pro- 
position is due to Sir W. Thomson and is given in Prof. MaxwelVs Essay on Saturn's 
Rings. 

510. &aplace*s tlMoraii on tbe Bloon's equator. The motion of a rigid 
body about a distant centre of force has been investigated on the supposition that 
the motion takes place entirely in one plane. We see by equation (2) of Art. 506 
that the case in which the centre of gravity describes a circular orbit, and the rigid 
body always turns a principal axis towards the centre of force, is one of steady 
motion. The preceding investigation also shows that this motion is stable for all 
disturbances which do not alter the plane of motion, provided the moment of 

19—2 
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about that prinoipal aiia whieh is directed towaidB the eentre of force is less 
than the moment of inertiA abont the other principal axis in the plane of motion. 
It remains now to determine the effect of these disturbances in the more general 
case when the motion takes place in three dimensions* 

The whole attraction of the centre of force on the body is eqoimlent to a single 
force acting at the centre of grayity, and a conple. If the size of the body be small 
compared with its distance from the centre of force, we may neglect the effect of the 
motion of the body abont its centre of gravity in modifying the resoltant force. 
The motion of the centre of gravity will then be the same as if the whole were 
collected into a single particle. The problem is therefore reduced to the following. 
A rigid body tarns about its centre of gravity O, and is acted on by a centre of 
force E which moves in a given manner. In the case in which the rigid body is 
the moon, this centre of force, i.e. the earth, moves in a nearly circular orbit in a 
plane which itself also has a slow motion in space. This motion is such that a 
nonnal GM to the instantaneous orbit describes a cone of small angle abont a 
normal GK to the ecliptic. The two normals maintain a nearly constant in- 
clination of about 5^.8'; and the motion of the normal to the instantaneous orbit 
IB nearly uniform. 

611. It will clearly be convenient to refer the motion to axes GX, GY, GZ 
fixed in space such that GZ is normal to the ecliptic. Let GA, GB, GC he the 
principal axes of the moon at the centre of gravity G. Let {p, q, r) be the direction- 
cosines of GZ referred to the co-ordinate axes GJ, GB, GC. Then we have by 
Art. 9, since GZ is fixed in space, 

^-w,g-Koir=0, ^-«ir+w,p=0, ^-«2P + «ig=0 (I). 

Let GO be the axis of rotation of the moon, and as before let the moment of 
inertia about GA be less than that about GB, 

Now our object is to find the small oscillations about the state of steady motion 

in which GZ, GC, GM all coincide. We shall therefore have p, ?, o^, ca, all small, 

and r very nearly equal to unity. The equations (I) will therefore become 

dp -da ^ 

^-np + W3=0, g-wi + np=0, 

where n is the mean value of a»3, 

Let X, ^, y be the direction-cosines of the centre of force E as seen from G. 
Then we have by Euler^s equations and Art. 487, 

A^-{B-C)(a^(o^=:-Sn'^B-qfip 



B^- (C'-A) W3Wi= -3n'2(C-^) y\ 
C^ -(A- B) u>^ia^= -M^(A-B)\ii. 



(II). 



In the case of steady motion, the rigid body always turns the axis {GA) of lesser 
moment towards the centre of force, and <a^=n\ We have then both fi and y small 
quantities, so that in the first equation we may neglect their product fip, and in 
the second equation we may put v\=v. Also, we may put w^=n=n' in the small 
terms. 

If I be the latitude of the earth as seen from the moon, we have 

sin I = cos ZE =;>X + q/jL+rv=:p + v nearly. 
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Henoe the two first of Enler's eqaations take the form 



d(a« 



(HI). 



dt 



(C-il)nwi=-8n»(C-il)(-|)+BinQ 



If the earth, as seen from the moon, be sapposed to move in a circnlar orbit in 
a plane making a constant inclination tan"^ k with the ecliptic, and the longitude 
of whose node is -gt-\-p, we shall have 

BiD.l=kBm(n^t+gt—p), 

In this expression g measures the rate at which the node regredes^ and is about 
the two hundred and fiftieth part of n. We shall therefore regard gin as a small 
quantity. 




To solve these equations, it will be found convenient to substitute for wj, w, 
their values in terms oip, q. We then have 



d^q 



dp 



A-;^ + (A+B-qn^--n?{B-Cf)q=0 



dt 



dt 



JB^-(^ + 5-C)»^+4n2(C7-.^)l)=3n«(C-^)Binil 

To find 1), g, let us put p=PBm{{n'+g)t^p], q = Q(ioa{{n'+g)t-p}y 
where P, Q are some constants to be determined by substitution in the equation. 
Wehave § M (n+^)«+(5-C)n*}=PM+5- C)n(n+^) ) , 

We may solve these equations to find P and Q accurately. In the case of the 



moon the ratios 



A-B B-C 



G — A n 

and - are all small. If then we neglect the 
n 



C ' A ' B 

products of these small quantities, the first equation gives us QIP=l-gln, The 
second equation will then give 

BnC-A)--2Bg' 
As ^ is very small compared with n, we may regard P and Q as equal. 
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• 512. The complementary functions may be fomid in the nsnal manner by 
assuning |>=FBin(«t+H), q — Gcos{st+H), 

on snbstitnting we have the qoadratio 

4Bi*-|U + B-C)*-B(B-C)-4J(4-C)}nV+4(4-C)(B-C7)n*=0, 

tofind^,and F^ A^^(B-C)n^^ 

to find the ratio of the coefficients of corresponding terms in p and g. If the roots 
of this equation were negative p and q wonld be represented by exponential values 
of t^ and thus they wonld in time cease to be smalL It is therefore necessary for 
stability that the coefficient of «' should be negative and the product (A-C)(B-C) 
positive. Both these conditions are probably satisfied in the case of the moon. 
For since B-C and ^ - C are both small, the term (A-\-B-(Tf ]& much greater 
than the two other terms in the coefficient of ^, Also, since the moon is flattened 
at its poles, we shall probably have A and B both less than C 

513. Let M be the pole of the moon's orbit, which is the same as that of the 
earth's orbit as seen from the centre of the moon. Then M is the pole of the 
dotted line in the figure of Art. 511. Therefore the angle EZM measured by 
turning ZE in the positive direction round Z until it comes into coincidence with 
ZMj is = |ir-{(n+^)2--/9}. Again, if the angle EZC be measured in the same 
direction, we have 

___ cos £:C7 - cos CZ cos Z£ i'-r(pX+gAt+rp) —p . 

cos EZC= • ^,y « r^rt = ^£_ ^ ^ 1 = _-— i: — , nearly. 

BinCZBinZE Jp^ + q^sinZE Jp^ + q^ 

Hence we easily find sin EZC= "^ . 

But sin CZM= sin EZM cos EZC - cos EZM sin EZC 

_ ooB{{n + g)t-fi}p-Bin{(n'i-g)t''p}q 

If now we substitute for p and q their values, it is clear that the terms in p and 
q^ whose argument is n+^) disappear. So that if F and G were zero, the sine of 
the angle GZM would be absolutely zero. In this case the three poles G, Z, M 
must lie in an arc of a great circle, or, which is the same thing, the moon^a equator^ 
the moon*8 orMty and the ecliptic must cut each other in the same line of nodes. 

If however P and G be not zero, but only very small, we have 

. ^___ 2F'sin(«'< + H') 

sm CZM= . ^ ' J 

^pa + 2G'«sin(«'X + ir') 
where F', G' contain either F or (? as a factor, and are therefore small. If then F 
and G be both small compared with P, the angle CZM will remain either always 
small or always nearly equal to t. 

The intersection of the moon's equator with the ecliptic will then oscillate about 
the intersection of the moon's orbit with the ecliptic as its mean position. Since 
these oscillations are insensible, it follows that in the case of nature, the com- 
plementary functions must be extremely small compared with the terms depending 
directly on the disturbing force. 

614. If we disregard the complementary functions we have i)=Psin0, 
g = P cos 0, where = (n' + g) t - /3. Now sin^ CZ =p^ + q^; therefore CZ=-P very 
nearly. The value of CZ, the inclination of the lunar equator to the ecliptic, is 
known to be about 1®.28'. Hence, since ^/»=*004, we may deduce from the ex- 
pression for P at the end of Art. 511 an approximation to the value of (C - A)IB. 

C — A 

In this manner Laplace finds — ^r— = -00051)9. 



r 



CHAPTER XII. 

MOTION OF A STRING OR CHAIN. 

The Equations of Motion, 

515. To determine the general equations of motion of a string 
under the action of any forces. 

Inextenslble stiings. Let Ox, Oy, Oz be any axes fixed in 
space. Let Xmds, Ymds, Zwds be the impressed forces that 
act on any element ds of the string whose mass is mds. Let 
u, V, w be the resolved parts of the velocities of this element 
parallel to the axes. Then, by D'Alembert's principle, the 
element ds of the string is in equilibrium under the action of 
the forces 

-*(^4")- "*(^-f). "^(^-a) m- 

and the tensions at its two ends. 

Let T be the tension at the point {x, y, z)y then Tdx/ds, 
Tdy/ds, Tdz/ds are its resolved parts parallel to the axes. 
The resolved parts of the tensions at the other end of the element 

and two similar quantities with y and z written for x. 
Hence the equations of motion are 



m 



dt "^ ds\ ds) 

dw d fmdz\ , „ 



(2). 



In these equations the variables s and t are independent. 
For any the same element of the string, s is always constant, and 
its path is traced out by variation of t On the other hand, the 
curve in which the string hangs at any proposed time is given by 
variations of 5, t being constant. In this investigation s is 
measured from any arbitrary point, fixed in the string, to the 
element under consideration. 
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To find the geometrical equations. We have 

(i)'-©'-(S)"- <^)- 

Differentiating this with respect to f, we get 

dxdu dy dv dz dw __ . 

ds ds (is ds dsda" ***^ '' 

The equations (2) and (4) are sufficient to determine x^ y^ z, 
and T^ in terms of % and t. 

516. Ex. If F be the Vis Yiva of any arc AB of the chain ; T^, T^ the tensions 
at the extremities of this arc ; u^', u^ the velocities of the extremities resolved along 
the tangents at those extremities, prove that 

\dV 

^-^ = TiU^'^TiU^'+/{Xu+Yv + Zw)md8, 

the integration extending over the whole arc. 

517. The equations of motion may be put under another 
form. Let ^, yp^, y^ be the angles made by the tangent at x, y, z^ 
with the axes of co-ordinates. Then the equations (2) become 

'^^^ds^^^^^^^'^'^^ ^^^' 

with similar equations for v and w. 

To find the geometrical equations, differentiate cos (f^^dx/ds 
with respect to < ; . , dd> du ,^v 

Similarly, by differentiating cos yfr^dy/ds and cos^^ dzlds, 
we get two other similar equations for -^ and ;^. Taking these 
six equations in conjunction with the following 

cos' <^ + cos* -^ -h cos' ;^ = 1 (7), 

we have seven equations to determine m, v, w^ <f>, i^, x ^^^ ^« 

If the motion takes place in one plane, these reduce to the 
four following equations : 

du d 
di 






(8), 



. ,d4> du ,d<l> dv .Q. 

The arbitrary constants and functions which enter into the 
solutions of these equations must be determined from the peculiar 
circumstances of each problem. 

518. Blastie strings. Let o- he the anstretched length of the arc «, and let 
md(F be the mass of an element d<r of unstretched length or ds of stretched length. 
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Then by the same reasonmg as beforoi the equations of motion beoome 

du d f mdx\ _ ,.. 

and two similar equations for v and w. To find the geometrical equations we must 

m^^ (S)V {%)\ {%)'. (ly, 

the independent yariables being now a and U Differentiating with regard to < we 

, dx du dy dv dz dw _d8 d fd8\ 

dff da d<r da da da da dt \daj * 

ds T 
But if X be the modulus of elasticity of the string, we have j-=1+t (")• 

a V x-x X- 1. dxdu , dy dv dz dw (^ T\ \dT ..... 

SnbBtatntmg we have - ^ + ^_ +^_ = (^l + -j - _ (ui). 

The two equations (ii) and (iii) together with the three equations (i) will suffice 
for the determination of u, v, «?, z and T in terms of a and U 

If we wish to use the equations of motion in the forms corresponding to (5) or 
(8), the dynamical equations become 

with similar equations for v and it. 

The geometrical equations corresponding to (6) or (9) may be found thus. We 

, dx di f T\ 

have ^=008 0^=008^(^1+- j. 

Differentiating, we have -7- = -sin0^ + r--r(rcos0), 

da ^ di \dt 

with similar expressions for v and tr. 

519. Tangential and Normal Resolution, When the 
motion of the string takes place in one plane, it is often con- 
venient to resolve the velocities along the tangent and normal to 
the curve. 

Let w', v' be the resolved parts of the velocity of the element 
ds along the tangent and normal to the curve at that element. 
Let ^ be the angle the tangent to the element ds makes with 
the axis of x. Then by Chap. IV. of Vol. I. or by putting 
^3 = d<f>/dt, 0^=^O, 0^ = in Art. (5) of this Volume, the equations 
of motion are 



du' ,d6 ^,dT^ 



,dd> 



r+ 



dt dt mds 

dv' , r#_xr/. ^ 
dt dt mp J 

The geometrical equations may be obtained as follows. We 
have w = w' cos ^ — v' s\n <^. 

Diflferentiating with respect to 5, we have by Art. 517, 

cls 
where p is the radius of curvature, and is equal to -^ . Since 



^'^^^y^>/Sff 



(1). '^' '^/ 



+^ 
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the axis of x is arbitrary in position, take it so that the tangent 
during its motion is parallel to it at the instant under considera- 
tion ; then ^ = and we have 

0*^-- (2). 

as p ^ 

Similarly, by taking the axis of x parallel to the normal, 

d<f> do' u' .„. 

Tt^'di^p ^^^• 

These four equations are sufficient to determine u', v', and 
T in terms of 8 and t. 

If the string be extensible, the dynamical equations become 

dt dt md<r 

dv' ,d<p __ T ds, 
dt dt mp da} 

To find the geometrical equations, we may differentiate u=u'cos ^-v'sin 
with regard to 0-. This gives by Art. 518 

d0 Id,^ ^, fdu' f^ d8\ ^ (dv' u* d»\ . 

By the same reasoning as in Art 519, this reduces to 

Xdt" d(T p\ '^X/* 



d<f>f^ T\ di/ w'A r\ 

liV'-xj^d^^-pV^^)' 



520. The equations (2) and (3) may also be obtained in the 
following manner. The motion of the point P of the string being 
represented by velocities u' and v' along the tangent PA and 
normal PO at P, the motion of a consecutive point Q will be 
represented by velocities u''\-dv! and v'-^-dv' along the tangent 
QB, and normal QO at Q. Let the arc PQ = <&, and let QN be 
a perpendicular on PA. Since the string is inextensible, the 
resultant velocity of Q resolved along the tangent at P must be 
ultimately the same as the resolved part of the velocity of P in 
the same direction. Hence 

(u' + du") cos d<f> — (v + dv') sin d^ = u\ 

or, proceeding to the limit, 

du' — v'd<b = : .*. -3 =0. 

^ d^ p 

Again, d(f>ldt is the angular velocity of PQ round P. Hence 
the diflference of the velocities of P and Q resolved in any direc- 
tion which is ultimately perpendicular to PQ must be equal to 

PQ d<j>/dt ; 

j± 

.'. {u* + du') sin dj> + {v' + dv') cos d<f> — v'^ds^, 

or in the limit -^ = -7^ + ^ . 

dt ds p 
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521. Bxamplim. Ex. 1. An elastic ring without weight, whose length when 
unstretched is given, is stretched round a circular cylinder. The cylinder is 
suddenly annihilated, show that the time which the ring will take to collapse to its 
natural length is (ifair/8X)^ where M is the mass of the string, X its modulus of 
elasticity, and a is the natural radius. 

Ex. 2. A homogeneous light inextensible string is attached at its extremities 
to two fixed points, and turns about the straight line joining those points with uni- 
form angular velocity. Let the straight line joining the fixed points be the axis of 
X. Show that the form of the string, supposing its figure permanent, is a plane 
curve whose equation is 1 + {dyldx)^= b{a- y^^y where a and h are two constants. 

On Steady Motion. 

522. Def. When the motion of a striog is such that the 
curve which it forms in space is always equal, similar, and simi- 
larly situated to that which it formed in its initial position, that 
motion may be called steady. 

523. To investigate the steady motion of an inextensible "^^^z:*^./"*. 
string. "^^ ^fl 

It is obvious that every element of the string is animated with 
two velocities, one due to the motion of the curve in space, and 
the other to the motion of the string along the curve which it 
forms in space. Let a and b be the resolved parts along the axes 
of the velocity of the curve at the time t, and let c be the velocity 
of the string along its curve. Then, following the usual notation, 
we have 

tt = aH- ccos <f>, V = b-{-csin<f> (1). 

Now a, b, c are functions of t only, hence du/ds = — c sin <f>d<f>/ds. 
Therefore by equation (9) of Art. 517 we have 

d4> _ d<f> . . 

di''''d~s ^'^^• 

Substituting the values of u and v in the equations of motion. 
Art. 515, we get 

da 'dc , ' id6 -^ d fT A 1 

db dc . _, ^ d<f> „ d /T . .\ \ ' 

Substituting for d^/dt, these equations reduce to 
|=(Z-|cos<^)+|{g-c')cos.^l 

The form of the curve is to be independent of t ; hence, on 
eliminating T, the resulting equation must not contain t This 
will not generally be the case unless da/cU, dA/dt, dcjdt are all 



(3). 
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constants. In any case their values will be determined by the 
known circumstances of the Problem. The above equations must 
then be solved, a being supposed to be the only independent 
variable, and t being constant. 

624. If the string move uniformly in space, and the elements 
of the string glide unSbrmly along the string, dajdt = 0, db/dt = 0, 
dcfdt = 0. It will then follow from the above equations, that the 
form of the string will be the same as if it was at rest, but the 
tension will exceed the stationary tension by wc*. 

525. Ex. 1. romi of an tfaetrle calito. Let an electric cable be deposited at 
the bottom of a sea of uniform depth from a ship moving with uniform velocity in a 
straight UnCj and let the cable be delivered with a velocity c equal to that of the ship. 
Find the equation to the curve in which the string hangs. 

The motion may be considered steady ^ and the form of the carve of the string 
will be always the same. 

If the friction of the water on the string be neglected, gravity diminieihed by the 
baoyancy of the water will be the only force acting on the string, let this be repre- 
sented by g^. Hence the form of the travelling curve will be the common catenary, 
and the tension at any point will exceed the tension in the catenary by the weight 
of a length of string equal to c*lg'. 

Next let the friction of the water on any element of the cable be supposed to 
vary as the velocity of the element, and to act in a direction opposite to the direc- 
tion of motion' of the element*. Let ijl be the coefficient of friction. 

Let the axis of as be horizontal, and let af be the abscissa of any point of the 
cable measured from the place where the cable touches the ground, in the direction 
of the ship's motion. Also let x' be the length of the curve measured from the 
same point. Then x=7!+ct, and « = «' + ct. 

Following the same notation as before, we have 

X=''fiu, Y=-'g*-fiv. 

But u=e-ccos^, v=-caia<p. 

Hence the equations (3) become 

O=-/wj+fu;oos0+-T- -!( — c')cos0v 

O?»-^'+MCsin0+- |r--cajsin0l 

To integrate these put sin = dy/ds, cos 4> =■ dxjds. Hence, 

1^-4= -/jLcs+ficx + ( e^ I cos 01 

^^ ^ [ (1). 

g'Bzz^g's+ficy+f^-cA sin^J 

where A and B are two arbitrary constants. 

At the point where the cable meets the ground, we must have either T=0 or 
0=0. For if be not zero, the tangents at the extremities of an infinitely small 
portion of the string make a finite angle with each other. Then, if T be not zero, 

* Each element of the string has a motion both along the cable and trans- 
versely to it. The coefficients of these frictions are probably not the same, but 
they have been taken equal in the above investigation. 



ON STEADY MOTION. 301 

resolving tihe tensions at the two ends in any direction, we have an infinitely small 
mass acted on by a finite force. Hence the element will in that case alter its posi- 
tion with an infinite velocity. First, let us suppose that 0=0. Also at the same 
point, y=0 and «'=0. Hence B= -ct. 

Putting 'p=e, we get by diyirion ^ = -^JV^^ (2). 

This is the differential equation to the curve in which the cable hangs. 
To solve this equation*, let us find s' in terms of the other quantities, 






Differentiating, we have 






Put p for dyjdx where convenient, and put r for -4 - ex' + e^ ; the equation then 

dp 

becomes - ^ = i , 

^dxf {l-ep}^l+p^' 

in which the variables are separated, and the integrations can be effected. The 

equation can be integrated a second time, but the result is very long. The arbitrary 

constant A may have any value, depending on the length of the cable hanging from 

the ship at the time ^=0. 

The curve in its lowest part resembles a circular arc or the lower part of a com- 
mon catenary. But in its upper part the curve does not tend to become vertical, 
but tends to approach an asymptote making an angle cot~^€ with tbe horizon. The 
asymptote does not pass through the point where the cable touches the ground but 
below it, its smallest distance being Ale{e^+1)^; the asymptote also passes below 
the ship. 

If the conditions of the question be such that the tension at the lowest point of 
the cable is equal to nothing, the tangent to the curve at that point will not neces- 
sarily be horizontal. Let X be the angle this tangent makes with the horizon. 
Referring to equations (1) we have simultaneously 

gf=0^ y=0, «=0, !r=0, and 0=X. 

Hence A= -—. cos X, J5 = - — . sin X - ct. 

i/ (/ 

The differential equation to the curve will now become 

(.a 
- — >sinX+«'-et/ 
dy _ 9[ ^ /ox 

— ,co8\+e8'-exf 
9 

which can be integrated in the same manner as before. One case deserves notice ; 
viz. when «=cotX. The equation is then evidently satisfied by y—x'\e. The two 
constants in the integral of (3) are to be determined by the condition that when 

* The problem of the mechanical conditions of the deposit of a submarine cable 
has been considered by the Astronomer Royal in the 'PMl. Mag, July 1858. His 
solution is different from that given above, but his method of integrating the 
differential equation (2) has been followed. 
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x'aO, y sO, th«zi dtfldx'ssiKQ X. Both these conditions are satisfied foy the relation 
ym^je. Henoe this is the required integral. The ibrm of the eable is therefore a 
straight line, inolined to the horizon at an angle X=cot~^e ; and the tension may be 



fonnd from the formula T= 



l+cosX* 



Ex. 2. Let a cable be delivered with velocity c' from a ship moving with nni- 
form velocity c in a straight line on the surface of a sea of uniform depth. If the 
resistance of the water to the cable be proportional to the square^ of the velocity, 
the coefficient £, of resistance for longitudinal motion being different from the 
coefficient A, for lateral motion, prove that the cable may take the form of a 

straight line making an angle X with the horizon, such that Qot^\=Je* + i - ^ , 
where e is the ratio of the speed of the ship to the terminal velocity of a length of 
cable falling laterally in water. Prove also that the tension will be found from the 

equation r= |y - -r <• f- - cos X j -J^-\ msf, [Phil. Mag.] 



On Initial Motions. 

Cfi^udt^U-^'^' 526. Initial Tension. A string under the action of any 
f It I 1^^ forces begins to move from a state of insUmtaneous rest in the 
•^' fiyrm of any given curve ; find the initial tension ai any given 

point 

Let mPds, mQds be the resolved parts of the forces respec- 
tively along the tangent and radius of curvature at any element ds. 
The force P is taken positively when it acts in the direction in 
vrhich 8 is measured and Q is positive when it acts in the direction 
in which the radius of curvature p is measured, i.e. inwards. Let 
the rest of the notation be the same as in Art. 615. 

Let us multiply the equations (2) of Art 615 by the direction- 
cosines of the tangent, viz. dx/ds, dy/ds, dz/ds and add the results. 
Remembering that 

dos d^x dy d*y dz d^z _ ^ 

ds ds* ds ds* ds ds* ' 

a result which follows at once by differentiating (3) with regard 
to s, we find 

dx du dy dv dz dw ^ 1 dT p .^v 

ds dt ds dt ds dt ^ m ds t^ 

In the same way if we multiply the equations (X) by the direction- 
cosines of the radius of curvature, viz. pcPx/ds*, pd*y/ds*, pd^zjd/ 
and add the results, we find 

d*x du , d^y dv , d*z dw 1 T ^ t^. 

These two equations may also be directly deduced by simply 
resolving the forces (1) of Art. 515 along the tangent and radius 
of curvature. 
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Let us differentiate the first of these with regard to 8 and 
subtract the second after division by p ; we have y c/*(?^<<»w/^/C7 

ds dadt ds dsdt dt dsdt~ d8\m ds ) «/»* di p * ^ '* 

If we differentiate equations (4) of Art. 516 with regard to t, 
we find that the left-hand side of equation (III) may be written in 
either of the forms /^ (.^i <^* 

-(S)'- m- (s)'-- •■*(s)*--«v(f)---..x(i)'...(iv,. , 

In the beginning of the motion, i.e. just after the string has 
started, we may reject the squares of the small quantities du/dsy &c. 
or dtfy/dty &c. We therefore deduce from either of the expres- 
sions (IV) that we may reject the left-hand side of equations (III). 
We therefore have 

±(1^)^11 ^ + 5 (V) 

ds\mds/ m p* ds p ^ ^' \ 

When the string is homogeneous, we may put m equal ^ W /1_ 
unity and the equation takes the simple form Jja t 

ds' p-"" ds^ p ^^^^• 

If we write mds = ds and mp^p\ the equation (V) takes the 
form (VI) with p and «' written for p and s. 

These are the general equations to find the tension of a string 
which has just begun to move from a state of rest. 

527. Initial direction of motion. Let \, p., v be the 

direction-cosines of the binormal, and let mRds be the resolved 
part of the impressed forces in this direction. If we multiply 
the equations (2) of Art. 515 hy \, fi, v and add the results, or if 
we resolve the forces (1) directly along the binormal, we find 

du dv dw p ^jj 

di^^dt^^dt "=^ (^")- 

Since the string begins to move from rest, we have initially m = 0, 
v = 0, w = 0. At the end of a time dt, the velocities will be 
proportional to du/dt, dv/dt and dw/dt Thus it appears that the 
left-hand sides of equations (I), (II) and (VII) are respectively 
proportional to the resolved velocities of the element in the di- 
rections of the tangent, principal normal and binormal. Hence 
the direction of motion of any element makes angles with the 
tangent, principal normal and binormal whose cosines are pro- 
portional to — J- + P, f- Q, R' 

■^ m as m p 

528. The two arbitrary constants introduced into the solution 
of the equations (V) or (VI) are to be determined by the cir- 
cumstances of the case. If either end of the string be free we 
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have T^ at that end. If one extremity be acted on by a given 
force that force must act along a tangent since it must be balanced 
by the tension at that end. If one extremity be constrained to 
slide along a given smooth curve, we must equate to zero the 
resolved velocity along the normal to that curve. 

It must also be remembered that these constants introduced 
by the integration are constants only as regards 8, and at the 
time ^ s 0. They may be functions of t and may be continuous 
or discontinuous. 

529. A string is in equilibrium under the action of any forces. 
Supposing the string to be cut at any given point, find the instan- 
taneous change of tension. 

Let T^ be the tension at any point {xyz) just before the string 
was cut. Then the resolved forces P, Q, R must be such that 
when T^T^ both sides of the equations (I), (II) and (VII) are 
zero. We thus find 

m as m p 

If we substitute for P and Q in the equations (V) or (VI) and put 
r'==T-To,wefind 

l/'i^V- — = or — -— =0 
ds\m da ) m p^ ' d^ p* ' 

according as we regard the string as heterogeneous or homogeneous. 
Here T' is the instantaneous change of tension at any point of 
the cut string. 

530. Examples. A string is in equilibrium in the form of a circle about a 
centre of repulsive force in the centre. If the string be now cut at any point A, 
prove that the tension at any point P is instantaneously changed in the ratio of 

>-« -(ir-») 

1- '' +" :1. 

e +e 

where $ is the angle subtended at the centre by the arc AP. 

Let F be the central foroe, then P= 0, and mQ = -F, Let a be the radius of the 

d^T T F 

circle. Then the equation of Art. 526 to determine T becomes -r-j — 5= . 

0)8 a a 

Let s be measured from the point A towards P, then s-=ad; also F is independent 
of s. Hence we have T=Fa + A€^ -^Be"^. 

To determine the arbitrary constants A and B we have the condition T=0 when 

5=0and^ = 2T; .-. T=Fa. il } . 

But just before the string was cut T=Fa» Hence the result given in the enuncia- 
tion follows. 



I^OAAA^ Ex. 2. A string is wound round the under part of a vertical circle and is just 
JA *\) J^^*^ ^supported in equilibrium at the ends of a horizontal diameter by two forces. The 



/^ circle being suddenly removed, prove that the tension at the lowest point is 
^^t instantly decreased in the ratio 4 : e*^ + c"^. 
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Ex. 3. The extreme links of a uniform chain can slide freely on two intersect- 
ing straight lines which are at right angles and equally inclined to the yeiiical. 
The chain is in equilibrium under the action of gravity. If now the chain break 
at the lowest point show that the tension at any point P is equal to the statical 
tension multiplied by 20/(ir + 2), where </> is the angle the tangent at P makes with 
the horizon. 

Ex. 4. A string rests on a smooth table in the form of an arc of an equiangular 

spiral and begins to move from rest under the action of a central force F which 

tends from the pole and yaries as the n*^ power of the distance, show that the initial 

*^ • • • 1- ^ n ncos'a + sin*a ^ - ^ ^ , • .-, , 

tension is given by T= -rF — -r 5 -—- + jir'-\-Br^j where a is the angle 

n (n + 1) cos^ a - sm* a 

of the spiral, p and q are the roots of the quadratic ar(«-l)=tan2a. Show that 

the solution changes its form when a is such that the first term is infinite, and find 

the new form. 

531. Impulsive tensions. A string rests on a smooth hori- 
zontal table and is acted on at one eodremity by an impulsive tension, 
find the impulsive tension at any point and the initial motion, ^ 

Let T be the impulsive tension at any point P, T + dT the 
tension at a consecutive point Q, then the element PQ is acted on 
by the tensions 7 and T+dT at the extremities. Let <f> be the 
angle the tangent at P to the string makes with any fixed line ; 
u, V the initial velocities of the element resolved respectively 
along the tangent and normal at P to the string. Then, resolving 
along the tangent and normal, we have 

muds ^{T+dT)cosd<f>-T\^ 
mvds = (T + dT) Bin d<f> j' 

1 dT IT 

therefore proceeding to the limit u = =-, v = . 

^ ^ m ds m p 

But by Art. 520, we have du/ds = v/p. Hence the equation to 

d^t T 
find T becomes -^r — 5 = 0. 

ds^ p* 

This, as might have been expected from mechanical considera- 
tions, is the same as the equation in Art. 529. 

If the chain be heterogeneous we easily find in the same way 

ds \m ds J ^ m p^* 

The two results in this article appear to have been first given 
in College Examination Papers. 

532. Ex. If Tyt T3 he the impulsive tensions at the extremities of any arc of 
the ohain, t^, u^ the initial velocities at the extremities resolved along the tan- 
gents at the extremities, prove that the initial kinetic energy of the whole arc is 

This readily follows hy integrating m{u^+i^)d8 along the whole length of the 
arc. But it also follows at once from the proposition proved in Vol. 1. that the 
work due to an impulse is the product of the impulse into the mean of the resolved 

B, D. n. ^ 20 
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velodties of the point of application jost before and jnst after the action of the 
impnlse. Hence, since Hhe string starts from rest the work done at either extre- 
mity is the prodnct of the tension into half the initial tangential velocity. 

d*T T 
538. gol m tton of a DiArcntlal BqinatlOB. The equation -^ - -^=0 can be 

solved whenever pis a quadratic function of s. 

Casb I. If the fiEK^tors of the quadratic be real, let p= ^*~^^^ ~ . Asstime 

p 

as a trial solution T^M(8 - a)^ {s - 5)**. Substituting in the differential equation 
and dividing by (« -- a)"»^ (« - 6)*"^ we find 

(f»+»-l) {(m+n)«"-2(an + &TO)«} 1 ^ 
+ a"n (n- 1) + 2a6i?m + 6«ni (»i - 1) - /3»j 

This equation is satisfied if we choose m and n so that the coefficients of the 
several powers of s are zero. The two first powers lead to m+n=l and the last 
then gives mn (a - &)^ + /3> = 0. The required solution is therefore 

T=3f(«-o)«(«-6)»+N («-«)* («-6)«, 
where A and B are two arbitrary constants and m, n are the roots of the quadratic 

a^~as=f — ^1 . This solution is given by Prof. Stokes in the eighth volume of 

the Cambridge Philosophical Transactions, 1849. 

Case II. When the factors are imaginary we may deduce the solution from the 

result just given. But putting p=^ ^ it will be more convenient to proceed 

P 

thus. If we write 8 +as 6 tan 0, the differential equation takes the form 

^-2timd^-^r- 
^-2tan^^^-^,r, 



.•.^(Tcosd) + (l-g)(rcosd)=0. 



The solution of this equation is well known and is trigonometrical or exponential 

according as /3 is less or greater than b, 

(s - a)^ 
Case III. "When the factors are equal, let p= . If we write T={8-a)z 

p 

1 d/^z 

and s-a=- the equation reduces to-^-^-p^z = 0. We therefore have 

•T CUB 

T=(8-a) (Jlf e«-« + Ne «-«). 

Case IV. If p be a function of 8 of the first degree, lei p= a {s-b). In this 
case the differential equation assumes a known form and is reduced to an equation 

with constant coefficients by putting s-b—e^, 

534. Another solution is given in the ninth volume of Liouville^s Journal by 

Besge who reduces the equation to one solved by Euler. 

d*r AT 

Let us write the equation in the form -r-» = ; — . ., . — sr^ . 

ds^ {a+2bs+e8^)^ 

Putting log T=fUds we find by substitution 



ds (a+26« + ca2)»* 

The denominator on the right-hand side suggests that a solution can be found of 

V 
the form 17= . <.. , — j . 
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Bnbstitixtiiig in the differential equation we find 

dV 

Now it is obyious that if we pat V-^h-cs^h, where k is some constant, the 
equation reduces to ac - 6* + ife* = -4 . 

Thus we have two values for k. Two particular integrals have therefore been 



found, viz. log Ta 



f b + c8±h 
'ja + 2b8 + C8* 



Each of these integrations can be effected in finite terms. If the values of T 
thus found be 4>{8) and ^(«), the general integral required is Ts=M<p(8)+N\ff{8)^ 
where M and N are two arbitrary constants. 

535. Ez. 1. If the given curve be the catenary (;p=c^+«>, show that the 
solution of the differential equation is T=y{A4t + B)t where y is the ordinate 
measured from the directrix and <p is the angle the tangent makes with the horizon. 

This result may easily be obtained by noticing (1) that r=^ is one solution and 

then finding the complete integral in the usual manner by putting T=yz, See 

Cambridge Senate House Problenu for 1860 with Solutioney page 65. 

8^ — a^ 
Ex. 2. If the curve in which the string is placed be such that f^=-rr. — tt where 

i is any positive integer, show that one solution is T=fPidXy where x=8la and Pi is 
a Legendre's function of x of the i^ order. 

Ex. 3. Trace the curve )8p = (« - a) {8-b), 

The curve has three branches, the first extends from 8=a to b, the curvature 
is always in one direction and the branch terminates at each extremity with an 
infinite number of diminishing convolutions being ultimately an equiangular spiral 
whose angle is tan~~^j3/(a-&). The second branch extends from 8=b to oo, it 
unwinds like an equiangular spiral with an infinite number of turns. The winding 
and unwinding branches have the same directions of curvature when the arc in each 
is measured from the infinitely small cusp. The unwinding branch finally proceeds 
to infinity like one branch of the catenary /3p=«' + /3^, the tangent being ultimately 
parallel to that at 8=i{a+b), The third branch extends from 8=-c to - oo and 
resembles the second branch. 

Small Oscillations of a Loose Chain, 

536. Chain luspended by one extremity. A heavy 
heterogeneous chain is suspended by one eoctremity and hangs in a 
straight line wnder the action of gravity. A small disturbance 
being given to the chain in a vertical plane, it is required to find 
the equations of motion*. 

* In the Seventh Volume of the Journal Polytechnique, Poisson discusses the 
oscillations of a heavy homogeneous chain suspended by one extremity. Putting 
(l-x)^^igh equal to 8 or 8' according as the upper or lower sign is taken, and 

y'z=y {l-x)* , he reduces the equation to the form -^-^-,= -2 /~1''\2 * ^® obtains 

as a8 4 y8 *T* 8 I 

the integral by means of two definite integrals and two infinite series. After a 
rather long discussion of the forms of the arbitrary functions which occur in the 
integral, he finds that a solitary wave will travel up the chain with a uniform 
acceleration and down with a uniform retardation each equal to half that of 
gravity. 

20—2 
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Let be the point of support, let the axis Ox he measured 
vertically downwards and Oy horizontally in the plane of disturb- 
ance. Let mda be the mass of any elementary arc whose length 
PQ is ds, and let The the tension at P. Let Z be the length of 
the string, and let us suppose that a weight Mg is attached to the 
lower extremity. The equations of motion as in Art. 515 will be 



df^mdaV da)'^^ 
^ld/^dy\ 
m ds\ da) 



.(1). 



(4), 



df 

Since the motion is very small, the point P will oscillate in a 
very small arc, the tangent at the middle point being horizontal. 
Hence we may put dxjdt = 0. For a similar reason we may put 
dx = da. We therefore have by integrating the first equation 

T = constant —gj m£c. 

But T= Mg when a; = Z, hence we find 

T^^Mg^gP^rndx ..(2). 

When the chain is homogeneous, this equation takes the simple 
form T^Mg + mgil-x),... (3). 

It may be noticed that this expression is independent of the 
time ; the tension at any point of the chain is equal to the total 
weight of matter below that point. 

The second equation may be written in either of the forms 

df mdx\ dx) 

m dx^ m dx dx 
where T is a function of x given by the equations (2) or (3). 

637. Let us suppose that the displacements of the particles 
forming any finite portion of the chain during a finite time, are 
represented by y = ^ (ar, t), where ^ is a continuous function of x 
and t Let P be a geometrical point within this portion of the 
chain which moves so that the particle-velocity at P, i.e. dyjdt is 
always equal to some constant quantity -4. Let v be the velocity 
with which P moves, then following in our mind the motion of P, 
we have by differentiating dyjdt = A with regard to t 

df^dxdt'"''^ '^^^\ 

Let (? be a point also within the portion, such that the tangent 
to the chain at Q makes with the vertical an angle whose tangent, 
i.e. dy/dx, is B/T, where B is some constant quantity. Let v' be 
the velocity with which Q moves, then 

dxdt dx\ dx) "" ' •" '•••A ^ 
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Eliminating the second differential coefficients of y from equa- 
tions (4), (5) and (6), we easily deduce that if P and Q coincide 
at any instant, 

w' = £ (7). 

m 

• 

This reasoning requires that all the second differential coeffi- 
cients should be finite, and that y should be a continuous function 
of X and t It would not apply to any point P, if the discontinuous 
extremities of two waves were passing over P in opposite direc- 
tions. But the consideration of these exceptions is unnecessary 
for our present purpose. 

Let AB be a disturbed portion of the chain travelling in the 
direction AB on a chain otherwise in equilibrium. At the con- 
fines of the disturbance the two portions of the string must not 
make a finite angle with each other. If they did, an element of 
the string would be acted on by a finite moving force, which is the 
resultant of the two finite tensions at its extremities. In such 
a case the disturbance would instantly extend itself further along 
the chain and take up some new form. Supposing we exclude 
any such case as this, we must have, as long as the motion is 
finite, both dy/dt = 0, and dyjdx = 0, at both the upper and lower 
extremity of the disturbance. If then P be a point at which 
dyjdt = 0, and Q a point at which dyjdx = 0, P and Q may be 
considered as taken just within the boundary of the wave ; P and 
Q will therefore each travel with the velocity of that boundary. 
Hence putting v = v\ we find for the velocity of either point 

T 
t;' = - (8). 

It appears therefore that if a solitary wave travel up the chain» 
the velocity increases as the wave approaches the upper extremity. 
The upper end of the wave will travel a little quicker than the 
lower end» because the tension at the upper end exceeds that at 
the lower; thus the length of the wave will gradually increase. 
When the wave travels down the chain, the velocity for the same 
reason decreases. 

538. fixamples. Ex. 1. If the chain be homogeneons, show that the boundaries 
of a solitary wave wiU travel up the chain with an acceleration equal to half that 
of gravity, and down the chain with a retardation of the same numerical amount. 

Ex. 2. Let the law of density be m-A{l + V-x)~^ where I is the length of 
the chain and A, V two constants. Also let a, weight equal to 2Ag\/V be fastened 
to the lower extremity, prove that 

y =/ {i + r - x)i - (iflf)* t] + F {(I + r - x)^ + (ifif)* t). 

This integration may be effected by writing ^ = (Z + V)^ -{i + V - x)^. The equation 

of motion then takes the form -;^ = i t:^, which can be solved in the usual manner. 
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Ex. 8. The chain im said to sound an harmonic note when its motion can be 
represented by an expression of the form y=^{x) sin (Kt+a) ; so that the motion of 
every element repeats itself at the same constant interval. Show that the harmonic 
periods of the cham and weight are given by «!'* tanic { (i + Z')* -l'^} = 1. 

To prove this, we substitute y=f ($)Bia (id + a) in the differential equation 
obtained in the last Example; we thus find /(^) to be trigonometrical. Since y=:0 
when x=0 for all values of t, the expression for y reduces to 

y ssin jc^ {itcsin jct (i^)* +BieCos ict {ig)^ ] 

where Ak and Bk are two arbitrary constants. But when x=l, y must satisfy the 
equation of motion of the weight, viz. d^jdt^^ -gdyjdx. Whence the result 
follows by substitution. 

539. Chain iiupended by both extremities. An in- 
elastic heterogeneous chain is suspended from two fixed points 
under the action of gravity. Any small disturbance being given 
in its own plane, it is required to find the small oscillations. 

Let the axis of a; be horizontal and that of y vertical Let G 
be any point on the chain when hanging in equilibrium, and let 
the arc s be measured from C, Let (x, y) be the co-ordinates of 
any point P determined by GP = s. Let T be the tension at P, 
mgds the weight of an element ds situated at P. The equations 
of equilibrium are 

Let a be the angle the tangent at P makes with the axis of a, 

then we easily find T = — ^ , wi == t(? — = — (1), 

•^ cos a ds ^ ^ 

where w is an undetermined constant. 

When the chain is in motion, let (^ + f , y+v) be the co- 
ordinates of the position of the particle P at the time t, and let 
the tension at that point be T' =^T +U. The equations of motion 

d'^ \ d [^,(dx ^ dt\\ 

dfmdsX Kds^ds)] ^' 
which, by subtracting the equations of equilibrium, reduce to 

df mds\ds ds) 

df mds\ 
when the squares of small quantities are neglected. 
Since the string is inelastic, we have 

(dx + d^f + {dy + dr,y^{ds)\ 




(2), 



SMALL OSCILLATIONS OF A LOOSE CHAIN. 311 

Expanding and rejecting the squares of small quantities, this 

becomes ^^ + ^^ = (3). 

da as as da 

We have thus three equations to find f , rj and U as functions 
of 8 and t 

640. Velocity of a wave. To find the velocity with which 
a solitary wave will travel along the chain. 

If we suppose a small disturbance to travel along this chain, 
so that there is no abrupt change of direction of the chain at the 
boundaries of the wave, we must have at those points d^jds = 0, 
dff/ds^O, d^/dt = 0, d7i/dt=^0, and U=0. Let v be the velocity 
with which one boundary of this wave travels along the chain, 
then, following that boundary in our mind, we have as in Art. 537 

df^ dsdt" ' dtds^^ ds'''^' 

and therefore j^ = ^ -rf > 

dr cUr 

with a similar equation for 17. Thus the dynamical equations be- 
come at the boundary 

(^_T\^^ldUdw 

\ m) ds" m ds ds 

\ mj ds^ m ds ds 
and the geometrical equation becomes 

cPf dx __ cPfj dy 

d^ ds " ds^ ds* 

From these we easily get v':=TJm. Substituting for T and m 
their values, we have if p be the radius of curvature at P, 

v = ^/(gp cos a) (4), 

80 that the velocity of either boundary of the wave is that due to one 
quarter of the vertical chord of curvature at that point. 

Ex. A chain is in equilibrium under the action of any forces which are 
functions only of the position in space of the element acted on. Show that the 
velocity of either boundary of a solitary wave is that due to one quarter of the chord 
of curvature in the direction of the resultant force at that boundary. 

541. mtrinsie aquation of motion. To solve as far as possible the equations 
of motion of a heavy slack heterogeneous chain. 

It wiU be convenient to express the unknown quantities ^,17, U in terms of 
some one function <p. 

Let a + be the angle the tangent at P makes with the horizon at the time t. 

Then oog(a + 0)=^^, Bin(«+^)=^^; 

.'. -0sina=-^, 0cosa = -T- (o); 
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df dv 

^ =z -^sina, — =/)^co8o (6), 



'= - jp^Binada + A, i}= |p^C08cuia+£. 



(7), 



where A and B are two undetermined fnnotions of t. 

The equations (2) now become by substitution from these and from (1) 

jT?, — 5- = J I - ^^ tan tt+ — cos tt I 
dr cos'o da\ ^^ w J\ 

d*v 1 d / U , \ [ ^ '' 

dt^co-^« = Sii^^ + S"^V J 

For the sake of brevity let accents denote diflferentiations with regard to t. 

Expanding the differentiations on the right-hand side, these equations may be 

written in the form 

-("sina + V'ooBa-y ( 0sina+^coso J =17?2L 

>// . // • ^ dUcos'al 

{'cosa + V sina + y0cosa =-= 

da w 

Differentiating the first with regard to a and adding the result to the second, 

we obtain 

fHp" fP0^gd / Ucostt X 

cos o da*^da\ w / 

Differentiating the second and subtracting the first from the result, we obtain 

Q ^-^ /£cosa\ 
^ da'^ da^\^i^ ) ' 
These equations evidently give 

l7costt=i(?^(2/0ia+C7a+D) (9), 



cos 0/^*0 . ^A ,^^. 



dt^ 

where C and 2> are two undetermined functions of t. These are the general 
equations to determine the small oscillations of a slack chain. 

The undisturbed form of the curve being given, p is known as a function of a. 
We may then use the equation (10) to find as a function of a and t. The tension 
is then found from the equation (9), and the displacements ^, ri of any point of the 
chain by equations (7). 

542. The determination of the whole motion depends therefore on the solution 
of a single equation. Supposing the integration to have been effected, the ex- 
pression for will contain two new arbitrary functions of a and U These we may 
represent by ^(P) and x(Q) where yj/ and x fti^ arbitrary functions of two determinate 
combinations P and Q of the variables. The arbitrary functions A and B are not 
independent of C and D, and the relations between them may be found by substi- 
tuting in equations (8). 

We have thus four arbitrary functions whose values have to be determined from 
the conditions of the question. Let Oq, a^, be* the values of a which correspond to 
the two extremities of the string. Then the values of and d4>ldt are given by the 
question when £=0 for all values of a from a=ao to 0=0^; also the initial values 
of A and B are given. Thus the values of ^(P) and x(Q) ai^e determined for all 
values of P and Q between the two limits which correspond to a=ao, t=0 and a^a^ 
t=0. The forms of ^ and x for values of P and Q exterior to these limits, and the 
values of A and B when t is not zero, are to be found from the conditions at the 
extremities of the chaiu. If the extremities be fixed, we have both ^ and 17 equal to 
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zero for all values of t when a-OQ and a = ai. It may thus happen that the 
arbitrary functions A^B^ \f/ and x a^e discontinuous. 

In many cases the circumstances of the problem will enable us to determine 
at once the form of C. Thus, suppose the string when in equilibrium to be 
symmetrical about a vertical line, say the axis of y, and let the points of support be 
fzed in the same horizontal line. Then if the initial motion be also symmetrical 
about the axis of y, the whole subsequent motion will be synunetrical. Thus 
must be a function of a, containing when expanded only odd powers of a. Sub- 
stituting such a series in equation (10) we see that C must be zero. 

543. OaciUatiomi off a cydoidal tlialn. There are several cases in which 
thA equation to find the small motions of a chain may be more or less completely 
integrated. One of the most interesting of these is that in which the chain hangs 
in equilibrium in the form of a cycloid. In this case we have, if h be the radius of 
the generating circle, p=4& cos a. The density of the chain at any point is given by 
m=wl4b cos' a, so that all the lower part of the chain is of nearly uniform density, 
but the density increases rapidly higher up the chain and is infinite at the cusp. 

The equation to find the oscillations now takes the simple form 



=MS-'*^^ w. 



in which all the coefficients are constants. 

There are two cases of motion to be discussed, (1) when the chain swings up 
and down, and (2) when it swings from side to side. The results are indicated in 
the two following examples. 

Ex. 1. A heavy chain siupended from two points in the same horizontal line 
hangs under gravity in the form of a cycloid. Find the symmetrical oscillations 
of the chain, when the lowest point moves only up and down. 

In this case we have C=0, To find the nature and time of a small oscillation, 
we put = 2jR sin /ft + 2jR' cos Kt, 

where 2 implies summation for all values of k, and R, R' are functions of a only, 

d^R f }>K^\ 

Substituting, we have ".O "^ 4fl+ — jjR=0; 



with a similar equation to find R' , Therefore JR = 2/ sin 2a 



('^t)' 



where 1/ is an arbitrary constant, the other constant being determined by the 

consideration that the motion is symmetrical about the axis of y. For the sake of 

brevity, put X=2\/(1+2>*Vp)* Substituting in (7), we find that the terms derived 

from JR become „ «r 26 ,. > • o o • x o . • * 

^ = SL g_ . { X cos Xa sm 2a - 2 sm Xa cos 2a } sm /cf, 

7/= 2 I -I'^a — 7 {XcosXacos2a + 2sinXasin2a}-L Y^^^^^^-^ Isin/cf, 

where ^ is a constant depending on the position of the points of support. The 
terms derived from R' must be added to these, but have been omitted for the sake 
of brevity. They may be derived from those just written down by writing cos Kt 
for sin Kt and changing the constants X, B. into two other constants I/, H', 

Let the length of the chain be 2Z, then at either end sinao = Z/4&. At both 
extremities we must have ^=0, 17=0. All these four conditions can be satisfied if 

tan Xa^ _ tan 20^ 
~ X "~"2~'* 

This equatixm therefore determines the possible times of symmetrical vibration 
of a heterogeneous chain hanging in the form of a cycloid. 
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544* If a he not very large, the oseiUatiotu are nearly the same as those of a 
uniform chain*. In this ease sinoe a^ is small but Xo^ is not neoessarily small, 
the equation to determine X is approximately 

tan Xao=Xao. 

The least value of Xoq which can be taken is a little less than |ir. Hence X 
is great, and therefore K^\(^lih)^ nearly. The expressions for { and ij now take 
the simple forms 

^«2L^{XacosXa-8inXa}sin |(^^ Xt+el 



i|=ZLY{oosXao-oo8Xa} sin -!{^) ^*+«}-. 



The terms depending on cos ict have been included in these expressions for ^ and 
ri by introducing € into the trigonometrical factor. 

The roots of the equation tan Xao=Xao may be found by continued approxi- 
mation. The first is zero, but since X occurs in the denominator of some of the 
small terms, this value is inadmissible. The others may be expressed by the 
formula Xao=i(2»+l)ir-^, where $ is not very large. This makes the time of 

4 I 
vibration nearly equal to ^. — ^ . . . Thus the times of vibration of the chain 

are all short. 

This result will explain why the marching of troops in time along a suspension 
bridge may cause oscillations which are so great as to be dangerous to the bridge. 
It is clearly possible that the ''marching time" may be equal to, or very nearly 
equal to, some one of the times of vibrations of the bridge. If this should oocur 
it follows from Arts. 888 and 840 that the stability of the bridge may be severely 
strained. 

It should be noticed that the terms in the expression for ^ have the square of X 
in the denominator, while those in the expression for rj have the first power of X. 
Since X is great we might as a first approximation reject the values of { altogether, 
and regard each element of the chain as simply moving up and down. 

645. Ex. 2. A heavy chain suspended from two points hangs under gravity in 
the form of a cycloid. If it swings from side to side in its own plane so that the 
middle point has only a lateral motion without any perceptible vertical motiani 
find the times of oscillation. 

As in the last example, we put ^ == 222 sin jct + 2)12' cos /ct, 
where JR and JR' are functions of a only. Substituting in equation (11) we see that 
2C='2h sin Kt +^k GOB Kt where h and k are arbitrary constants. The equation to 

find E becomes !^ + 4 ^l + *!^^i^=:_ A. 

If we put X2= 4 (1 + 6*3/^) as before, we findi2 = -fe/X«+Lsin(Xa+if). 



* The reader who may wish to see another method of discussing the small 
oscillations of a suspension chain may consult a memoir by Mr Bohrs in the ninth 
volume of the Cambridge Transactions, Mr Bohrs considers the chain to be homo- 
geneous, symmetrical about the vertical^ and nearly horizontal from the beginning 
of the process. In the second edition of this treatise the small oscillations were 
also treated on the same hypothesis, but in a different manner. That method, 
however, is not nearly so simple as the one here given in which the approximate 
oscillations for a catenary are deduced from the accurate ones for a cycloid. 
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Thenoe taking the term of 4» which oontains sin Kt^ 
-4- = ^-^^2*^— — +Lr^{Xoos(Xo + 3f)sin2a-2 8in(Xa + Jlf)oo8 2a}, 

Bin K* A A '~~ 4 

where li' is an arbitrary constant introduced on integration. Substituting in 
eqaation (8), we find h^ = -h{b+ g/i^). Also, we have in the same way 

-T^=-~(2a+sin2o) 

26 25 

-L^j— J {X cos (\a+M) cos 2a + 2 sin (Xa + ilf) sin 2a} - L -r- cos {\a+M)+H. 

A ^ 4 A 

If we suppose the two supports to be on the same horizontal line, we must have 
1=0 and 17=0, when a=±ao. These conditions may be satisfied if we take 
M^^Tt H=Of for then ^ becomes an even and 17 an odd function of a. In this case 
rj=0 &t the lowest point of the chain. We have then two equations to find Lfh, 
equating these values, we have 

tanXoo X'-4 



2 tan 2aQ - X tan Xa^ - 



cos 2ctQ X X tan Xttp tan 2ao+ 2 



546. If Oo be small, this equation is very nearly satisfied by \a^=iT where 
% is any integer. In this case the complete expressions for ^ and 17 take the simple 

forms ^=21, ^ (cos Xa© - cos Xo - Xo sin Xa) sin )( A ) Xt+e> 

i;=s2Ly sinXasin |(4^)*^«+4 

547. llTiiTnpl4Mi. Ex. 1. If we change the variables from a, tiop,q where 

J \p cos ay ^ * J \g cos a/ 

show that the general ecpiation (10) of small oscillations takes the form 

^d^+4\,5?-*'^'';^--2^' 

where fi^—g cos alp and <p=fi^'. 

Show also that the coefficient of <f>' is a function of p + q^ the form of the 
function depending on the law of density of the chain. 

This transformation may be useful, because it follows from Art. 540 that p is 
constant for the boundaries of a solitary wave travelling in one direction, and q for 
a wave travelling in the other direction. 

Ex. 2. A heavy string hangs in equilibrium under gravity in such a form that 

cos o. hi^ 

its intrinsic equation is =-sin^(2a + c) where b and c are any constants. 

P 

Show that its law of density is given by m=ic ^ . If such a chain be 

g cos* a 

set in motion in any symmetrical manner, prove that its motion is given by 

^ r • /o . \ frrA oot(2a+c)\ . - /^ cot (2a+c)\ | 
0=6sm(2a + c) ^F f^t ^^-^j +f[t+ -\^)\ • 

Ex. 3. If in addition to gravity, each element of the chain be acted on by a 
small normal force whose magnitude is Fg, prove that the equation of motion 

oftheohamis —£_ ^-f*-4*- 2(7=^-^+2 f-^d«. 

g cos a dt^ da^ cos a da J cos a 
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If the chain is nearly horizontal, so that a is very small, and if F=/8in {at — ca), 
prove that the denominator of the corresponding term in the expression for <p is 
p(c'-4)-pa*. 

Ex. 4. A heavy chain of length 22 is suspended from two points A, B in the 
same horizontal line whose distance apart is not very different from 22. Each 
particle of the chain is slightly disturbed from its position of rest in a direction 
perpendicular to the vertical plane through AB, Find the small oscillations of the 
chain. 

Ex. 5. A heavy string is suspended from two fixed points A and B and rests 
in equilibrium in the form of a catenary whose parameter is c. Let the string 
be initially displaced, the points of support A, B being also moved, so that 

= 0* (1 + cos 2a) + (t' sin 2a, 
where a and a^ are two small quantities and the other letters have the same 
meaning as in Art. 541. If the string be placed at rest in this new position, prove 
that it will always remain at rest. 
• 

Small Oteillations of a Tight String, 

548. An elastic string whose weight nuiy he neglected and whose unstretched 
length is 1 ha^ its extremities fixed at two points whose distance apart is Y, The 
string being disturbed so that each particle is moved along the length of the string, 
find the equations of motion. 

Let A be one of the fixed points, and let AB he the string when unstretched 
and placed in a straight line. Let the extremity Bhe pulled until it reaches the 
other fixed point JB'. Let PQ be any element of the unstretched string, P'Q' the 
same element at the time t. Let AP=x and let the abscissa AP^ be ^. Let T and 
T+ <2T be the tensions at P* and Q\ Let M be the mass of the whole string, m the 
mass of a unit of length of unstretched string. The mass of an element is mdx^ 
and the effective force on it is therefore (mdx) {d^x'fdt^. The difference of the 
tensions at the two extremities of the element is dT, Equating these, we find that 

d^3^ dT 
the equation of motion is ^'A^^'d' ' ^^' 

If E be the modulus of elasticity, we have by Hooke's law 

^=1+^ <2)- 

Ehmmatmg T, we have -r-^ ^"XS" (^)* 

aXi 771 CuXi 

If we put E=VM?t the integral of this equation is 

05' =/ (at - ») + F (at + x), 
where / and F are two arbitrary functions. 

The discussion of this equation may be found in any treatise on Sound. The 
result is, that a function of the form (at - x) represents a wave which travels with 
a velocity equal to a. > In the case therefore of the string, the motion will be repre- 
sented by a series of waves travelling both ways along the string with the same 
velocity. This velocity is such that the time of traversing a length I of unstretched 
string or a length V of stretched string is I (mlE)K It should be noticed that this 
time is independent both of the nature of the disturbance, and the tension of the 
string. 

It should also be noticed, that assuming as usual the truth of Hooke's law, the 
equation (3) and these results are not merely approximations, but are strictly 
accurate. 
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It is often more conyenient to select some particular state of the string as a 
standard of reference and to express the actual position of any particle at the time 
t by its displacement from its position in this standard. Thus if the unstretched 
st&teAB of the string be chosen as the standard of reference, we put x'=x + ^y so 
that ^ is the displacement of the particle whose abscissa in the unstretched state 
is X. The equation of motion now takes the form 

and the integral may be obtained as before. 

549. An elastic string being stretched as in the last proposition is slightly dis- 
turbed in any manner, find the equations of motion. 

Following the same notation as before, let (x!, y% z') be the co-ordinates of P'. 
Proceeding exactly as in Art. 515, we may form the equations of motion. Since 
the mass of an element is mdx instead of rnds^ these equations will be 

d^x'_^d /^daf\ 






^-dx^Wj ^^^' 

-U'%) («). 



cPz' d /„dz'\ 



where ds^ is the length of the element P'Q\ If J5J be the modulus of elasticity we 

ds' T 
have by Hooke's law dx~^'^F ^^^' 

Since the disturbance is very small dy'jds' and dz'jds' are very small and dx'/ds' 
is very nearly equal to unity. Hence the first equation takes the form 

dV _ dT 
'^Wdi' 

ds^ T 
and Hooke*s equation takes the form -=- = 1 + - , 

which are the same equations as in the last proposition, so that when the disturb- 
ance is small the longitudinal motion is independent of the motion transverse to 
the string. 

In the fiecond equation we may regard T as constant, its small variations being 
multiplied by the small quantity dy'\ds\ Hence we may put T=T^ where 

ro=^(r-z)/z. 

This gives by equation (4) ds'\dx^V\l, The equation of motion therefore becomes 

dt2 ml' dai?' 
The third equation may be treated in the same way. 
The velocity of a transverse vibration measured in units of length of unstretched 

string is therefore {TJilml^^. The time of traversing a length I of unstretched string 

or V of stretched string is (mlVjTf^^. This velocity is independent of the nature of 
the disturbance but depends on the tightness or tension of the string. 

If the string be very slightly elastic we may, in this last formula, put V=L In 
this case we obtain the results given in all treatises on Sound. 

550. There are two modes of applying the equations of motion to actual cases. 
We shall first illustrate these by solving a simple example by both methods, and we 
shall then make some remarks on the results. 
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An elattic string whose unstretehed length is I rests on a perfeeUy smooth table 
and has its extremities fixed at two points A, B' whose distance apart is V, where I' is 
greater than I, The extremity B' is suddenly released, find the motion, 

SetatloB hf difloomtlaiioiui ftmetioiu. Following the same notation as in 
Art. 548, the motion is giyen by the equation 

f =/ {at 'Z) + F{at+ a?), 

where ( is the displaoement of the particle whose abscissa in the unstretehed string 
is X, The conditions to detennine / and F are as follows. 

1. When a; =0, (=0 for all values of t 

2. When x=l, T=0 and .-. d^ldx=0 for all values of t. 

8. When t=0, f =ra5 from x=0 to x=^l, where r=(r+l) I. 
4. When t=0, d^ldt=0 from x=0 to x=l. 

From the first condition it follows that the functions F and / are the same with 
opposite signs. From the second condition we have /' {at-\-t) = -/' (at - Q, so that 
the values of the function /' recur with opposite signs when the variable is in- 
creased by 21. If then we knew the values of f{z) for all values of z from z — z^ to 
;e=£o+ 22 where Zq has any value, then the form of the function is altogether known. 
Now the third condition gives f (- x) - f (x)=rx and the fourth gives f'(-'x)=f* {x) 
from x=0 to x=l. Hence f'{x)=^ir from x^-l to »=!. It follows that 
/' («) =s - Jr from « = -l to I, /'(«)=Jr from z = l to SI and so on changing sign every 
time the variable passes the values Z, SI, 61, Ac, Let us consider the motion of any 
point P of the string whose unstretehed abscissa is x. Its velocity is given by the 
formula vja^f {at -x)-f' {at + x). Since x<lwe have t;/a= - Jr + Jr =0 ; hence the 
particle does not move until at+x=L The second function then changes sign and 
we have t;/a= - ir - ir= - r. The particle continues to move with this velocity until 
at - x=s I, when the first function changes sign and so on. Let AB be the unstretehed 
string, and let a point R starting from B move continually along the string and 
back again with velocity a. Then it is easy to see that when i2 is on the same side 
of P as the loose end of the string, P will be at rest, and when R is on the same 
side of P as the fixed end, P will be moving with a velocity alternately equal to 
db ra. The general character of the motion is; the equilibrium of the string being 
disturbed at B, a wave of length U travels along the string, so that P does not 
begin to move until the wave reaches it. This wave is reflected at A and returns. 

551. BotatloB hf TrigoBoiiMtrloal mtIm. The second method of conduct- 
ing the solution is as follows. Taking as before the expression 

^=f{at-x)+F{at + x), 

let us expand each function in a series of sines and cosines, so that we have 

f =S [A sm {n {at-x) + a}+B sin {n {at-\-x)+p}], 

where 2 implies summation for all values of n, and A, B, a and p are constants 
which are different in every term and may conveniently be regarded as functions 
of n. 

Since the motion is oscillatory, we may suppose that all the values of n are real, 
and it is clear that without loss of generality we may restrict n to be positive. We 
do not propose to discuss the circumstances under which these suppositions may be 
correctly made. For these we must refer the reader to Fourier's theorem. We 
may here regard the assumptions as justified by the result, because we can thus 
satisfy all the data of the question. 

The four conditions of the problem enable us to determine the constants. From 



SMALL OSCILLATIONS OF A TIGHT STRING. 319 

the first condition we have /9=a+iinr, B=(-l)*+^ii where k is any integer. It 
easily follows, by expanding, that ^ may be written in the form 

^= S {C sin nat + D cos nat) sin nau, 
where C and D are to be regarded as functions of n. From the second condition we 
have coBnl=Of hence wZ=J(2i+l)ir where i is any positive integer. The periods 
of the principal oscillations (Art. 63) of the string, with proper initial disturbances, 
one end being fixed and the other loose, are therefore included in the form 
4Z/(2i + l)a. 

The initial disturbance is given by the third and fourth conditions. We have 

SD sin nx=rx, SCn sin nx=0. 
To find the value of 2> in any term we multiply the first equation by the eoefficient 
of D in that term and integrate throughout the length of the string, i.e. from 
35=0 to 05= Z. This gives 

I /»' . T sinnZ 
xsmnxax=r 



^i='X 



n^ 



The other terms all vanish since /osin nx sin n'xdx=Ot when n and nf are numerically 

unequal. This follows also from the rule given in Art. 398. 

Treating the second equation in the same way, we find C=0. Hence the 

.. • . V > »^2rsinnZ , . 

motion IS given by ^= 2- ^ cos nat sm nx. 

V Til 

Writing for i its values 1, 2, 3, &g, successively, this equation becomes when 
written at length 

^ Sri f vat . irx 1 Sirat . Swx 1 Brrat , Sfrat „ ] 

^= 1? r* liT "•" 2i - p ^^ -2r ^ ■2r + 5» •** ^r "" ^ - *' j • 

This is a convergent series for ^, and it may be a sufficient approximation to the 
motion to take only the first few terms. For example, suppose we reject all beyond 
the first two terms, aiid in order to compare the result with that obtained in the 
first solution let us put at=iL If we trace the curve whose ordinate is - d^jdt and 
abscissa x, we find that it resembles ^=0 for small values of Xy then rises with a 
point of contrary flexure and becomes nearly horizontal as x approaches I. This 
agrees very well with the former result. 

552. If we examine these solutions, we shall see that we have two kinds of 
conditions to determine the arbitrary functions; (1) There are the conditions at 
the two extremities of the string. The peculiarity of these is, that they hold for all 
values of t. (2) There are the initial conditions of motion. The peculiarity of 
these is, that they do not hold for all values of x^ but only for all values within a 
certain range limited by the length of the string. The first set of conditions is 
used to determine the mode in which the values of the functions recur, so that 
when their values are known through a certain limited range, they will become 
known for all those values of the variable which occur in the problem. The second 
set of conditions is used to determine their values during this limited range. 

The functions were found to be discontinuous. It may be objected that no 
notice was taken of any possible discontinuity in forming .the equations of motion; 
and that therefore these equations cannot be applied, without further examination, 
to any cases which require the arbitrary functions introduced into the solution to be 
discontinuous. This question has been much discussed, but we have not space here 
to enter into it. We must refer the reader to De Morgan's Differential Calculus, 
Chap. XXI. Art. 92, where both a short history of the dispute between Lagrange 
and D'Alembert and a discussion of the difficulty may be found. See also the 
M4canique Analytique, Seconds Partie, Sect, vi, § iv. 
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In the second fonn of the solution we replace the arbitrary fonefcions by a 
conyergent series of harmonic vibrations. Taking a finite number of terms as an 
approximation, we have a perfectly continuous solution whose initial conditions 
differ but slightly from those of the proposed problem. This difference is less and 
less, the more terms of the series are included in the solution. 

In comparing the two results, we see that each form has its adyantages. The 
first determines the motion by a simple formula. The second is more convenient 
when the harmonic periods are required. 

558. flirnmrliMt. Ex. 1. A heavy elastic string AB whose unstretched length 
is { is suspended from a point A under the action of gravity. If ^ be the vertical 
displacement of any point whose distance from Aisx when the string is unstretched, 
and if a be the velocity of a wave measured in units of unstretched length, prove 

that |=.g + ^+/(^_x)-/(ot+^), 

where / (z) recurs with an opposite sign when z is increased by 2/. If the string 
is initially unstretched and at rest, prove that 

the upper sign being taken when z lies between - 1 and 0, and the lower when z 
lies between and I. Thence show that the whole length oscillates between 
I axid I -^gl^ja*. 

Taking the other form of solution, show that the harmonic periods are 

41 
P^iTT' — TT— where i is any integer. Show also that 
•^ (2t + l)a 

. /2t + lira\ /2t + lTaA 

*" 2a^'^ a^ ir»a^^ (2i + l)* 

the summation extending from is=0 to i=Qo . 

Ex. 2. A string infinite in length in both directions has its initial state deter- 
mined by ^=f{x) and d^/dt—F {x). Show that the displacements at the time t are 

given by ^r=y{x+at) + if(x-at) + — J F(\)d\. 

Biemann's Partial Differential Equations, 

Ex. 8. A string AB is stretched at a tension such that the velocity of a wave is 

equal to a. One extremity A is fixed, while the other B is agitated according to 

the law ^=(7 sin pat. If A be the origin show that the forced vibration is 

sin TUX 
y=C-r-—empat, If the string start from rest the additional free vibrations are 

" sm pi 

y=i:M Biamx sin mat where m?=tV and M {p^J^-i^fr^) = ^2Cpl{-'l)K The S 
implies summation for all integral positive values of i. 

Ex. 4. If, as in the last example, the string start from rest and have the 

extremity A fixed, but the extremity B agitated according to the law y —f (t) prove 

., , 2ira2 ^^ ., -., . iirx irrat r' \ „ivat r^,,^. ivat _ ) _ 

that y = - -Tg- 2 ^ ( " l/s"^ -7- ^^ ~i~ J r^ ~T J ^^^ °^^ ~z" 1 ' 

for all values of x between and Z, the latter being excluded. Show also by an 
application of Fourier's theorem that the result of the last example follows from 
this. 
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554. Bavoral strlns*- Three elastic strings A6, BC, CD of different materials 
ore attached to each other at B and C and stretched in a straight line between two 
fixed points A, D. If the particles of the string receive any longitudinal displace' 
ments and start from rest^ find the subsequent motion. 

Let A be the origin, AD the direction in which x is measnreoU Let the un- 
stretched lengths of AB, BC, CD be Zj, Zj, Zj. Let E^, E^t E^ be their respective 
coefficients of elasticity, m^, m^, m^ the masses of a unit of length of each string. 
For the sake of brevity let Ei=m^ai\ E^—m^^ E^=m^a^, Let the rest of the 
notation be the same as before. 

When the string is stretched in equilibrium between the two fixed points A and 
D, let 1\ be the tension of the string. In this position the displacements of the 
elements of each string from their positions when nnstretched may be written 

At the time t after the equilibrium has been disturbed, let these displacements 
be respectively f^ + ^Z, ^j + &'» fs + ^s'* W® *^en have as in Art. 651 

^i = SLi sin (»i« + Ml) cos niO^t, 
^3'=SL,sin {n,(a;-y + 3/2} cosn^t, 
^8'=SL3sin {fij (ac- Zj- y + 3/3} cos i^ajt, 
where 2) implies sunmiation for all the harmonics. The terms containing sin nja^e, 
sin n^at^y &o, are omitted because the string starts from rest, and therefore d^ildt, 
d^ijdt, &o, must vanish with.t. 

In order to compare the coefficients of the same harmonic we must suppose 
»ijai=n2a,=»3a,=2ir/2?, where p is the .period of the harmonic. To find the con- 
stants we have the .conditions 

when .T=0, ^ = Zi, x=li + l^y x=li-\-l^+1^, 

^i'=0, ^i'=^2', ^,'=^s\ ^8'=0, 

These give 3fi=0 

jLj sin M^ = Lj sin {nJL^^ + M{) \ • 

E^Jli^ cos M^^E^n^L^ cos {n^+ M^ ( * 
Lg sin 3/3 = L2 sin (n^Z, + ^f^) | 

J^s^jL J cos 3f J = E^m^L^ cos (WgZa + M^ ) ' 
0=L3sin(»3Z3+3f8). 

These give the following equations to find the if's; 
0=3f tan3fa ^ tan(»jZi+3fi) tan^3_tan_(«2V+^ Q_*5B>A+i^) 

E^2 -^l"l * -^3^3 -^2**2 ' •^3'*8 

Solving these we find 

iemnjri tan n^Zg tann^Z3_^._ .^tannjZ^ tauTi^Z, tan n^Z, 
E-^ E^n^ E^n^ ^ ^'I'h. * ■^'a'^a -^s^s 

Substituting for n^^ n^, n^ in terms of p we have an equation to find the period p 
of any principal oscillation. 

555. The values of p being known, it is dear that the preceding equations 
determine all the constants except L^. We have therefore one constant undeter- 

R. D. IL 21 
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mined for each hannouio fanction of t. To find these we must have reoonrse to 
the initial conditions. The rule to effect this has been folly given in Axt. 399. 
The equations may be written in the forms 

ii s ZP^ cos nat^ (s' = 2 0» cos 't^^ ^s' = ^h <^^ "^^^ 

where P^, Q^ and R^ stand for the coefficients as exhibited in the last article. The 
first of these three equations represents in a typical form the motion of any particle 
in the string AB^ the second represents the motion of any particle in BC and so on. 
Referring to Art. 399, the three sets of multipliers may be typically represented by 

midxP^t m^dxQ^t msc2xi2^. 

The summations spoken of in Art. 399 are here integrations and extend over the 
lengths of the three strings respectively. 

Suppose now that we have initially ^i'=/i (x), ^a'=/a (^)» ^z—fz (^)* ^® easily 
find 

/ midxfi (x) P„ + / mjrfx/j (x) Q^+ m^dxf^ {x) B^ 

= / 'nUixP^+ / niAxQ^-k- / rn^dxR^. 

These integrations can be effected when the forms of fi(x), /a(a;) and f^{x) are 
given. Thus we have an additional equation to find the L which corresponds to 
any value of p. 

556. Bxamples. Ex. 1. If the three strings vibrate transversely, and c^, a^, 

03 be the velocities of a wave along them measured in units of length of unstretched 

string, prove that the periods of the notes are given by the equation 

tann^I^ tannj^] tann3l3__ ^tann^li tann^^j ^^^^h 

«i «a «3 *h ^2 "s 

where niiii=n^f=n^^s^2'irlp. If the initial disturbance is given show how to find 

the subsequent motion. 

Ex. 2. Two heavy strings ABj BC of different materials are attached together 
at B and suspended under gravity from a fixed point A. Prove that the periods of 
the vertical oscillations are given by the equation 

Or^p €t2P JL^a^ 

the notation being the same as before. If the two strings be initially unstretched, 
find their lengths at any time. 

Ex. 3. Two strings AB,BC of different materials are attached at £ to a particle 

of mass M, while their other extremities A and C are fixed in space. If the particles 

of the system vibrate along the length of the straight line ACy prove that the 

period p of any principal oscillation is a root of the equation 

_. "it E-t , 2irfci Ea . 2irro 
JW — = ^ cot — ^ + — * cot — 3, 
p a^ ^iPi ^a ^iPi 

where l^ , 2, are the unstretched lengths of the strings, E^, E^ their elasticities, 
and Ojt a^ the velocities of a wave measured in units of unstretched length. The 
values of p obtained by equating (when possible) both the cotangents simultaneously 
to infinity are to be included. 

If the system make small oscillations transverse to the straight line AC, the 
periods will be given by the same equation if we replace E^, E^ by T^ the tension of 
the string when in equilibrium. 

Ex. 4. A particle is suspended from a fixed point by an elastic string and 
performs small oscillations in a vertical direction, supposing the string uniform in 
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its natural state and of small finite mafts show that the time of a small oscillation 
will he approximately the same as if the string were without weight and the mass 
of the particle were increased by one third that of the string. (Smith's Prize.) 

Ex. 5. Two uniform heaTy elastic beams AB^ CD equal in eveiy respect are 
connected by a light inextensible string BC ; the beam AB lies unstrained on a 
smooth horizontal table while CD is suspended at rest under the adtion of gravity 
by a string which, being held at B passes over a smooth pulley P at the edge of 
the table, PBA being a straight line. Investigate the motion of the string when set 
free; prove that its tension after being instantaneously diminished by one half, 
remains constant and that its velocity receives equal increments at equal intervals. 
(Math. Tripos.) 

Ex. 6. A particle is fixed to the middle point of a heavy string, which is 

stretched to double its length between two fixed points on a smooth horizontal 

table. The unstretched length of the string is 2Z, its modulus is n times, and this 

weight of the particle is r times the weight of the string. The particle is then 

moved through a distance \l towards one of the fixed points, and when the string 

has been reduced to rest the particle is set free. Show that there are sufficient 

conditions to determine completely the four arbitrary functions, and indicate how 

they are to be employed. Prove that the velocity of the particle during the first 

21 ** 

interval — is Xa (!-«"»<), where a^^2gnl and t is the time from rest. (Caius 

Coll., 1871.) 

557. Bnergy off a strins* An elastic string is stretched between two fixed 
points A and B' and is set in vtdratton, ft is required to find the energy. 

Let the notation be the same as that used in Arts. 548 and 549. 

First let the vibrations be longitudinal. The equation of motion is 

I'-l 
Hence we have |= -y a! + S[^ sin {n(at-x) + a}+BBm {n(at-¥x)+p]]. 

Since ^ must vanish when aj=0 and be equal to V-l when x^l we find, as 

V -I 
in Art. 551, f= -y- oc + SC sin no; sin (naf + 7), 

where nl^iv and S implies summation for all positive integer values of t. The 
letters C and 7 are constants which may be different in every term and which de- 
pend on the initial disturbance. The kinetic energy of the whole, string is 

/"' 1 fd^\^ n 1 

= 1 o^^IjJ) =/ oWidx {S Cna sin nar cos (nat+ 7)}' 

Now r sin7ta;sinn'ax2a;=0 when n and to' are numerically unequal since nX and 
n'l are both integer multiples of «*. Hence, when the square of the series is ex- 
panded, the integral of the product of any two terms is zero. 

Since J J sin* nxdx = J Z, the kinetic energy becomes = JwiZa* S C^n* cos^ (nat + 7) . 

To find the potential energy; we notice that the work done in stretching an 
element from its unstretched length dx to its length dx-\-d^ is (see Vol. i.) equal 

to - E f ^ J dx. Hence the whole work done in stretching the string ii 

A 1 /dP\^ y* 1 iV-l )• 

= 1 -Edxl~\ =/ -Erfar j— — -f 2C»coswa:sin(na^ + 7)j . 

21—2 
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Now p ooBnxcos n'xdx^d ot\1 aooording as n and n* are nnmerically unequal 
or equal to each other; also J^ oo8njr(2x=0. Hence as before, the integral becomes 

= ± jg; 1I_1L + 1 ElZCn* sin3 (nat + 7). 

The first term is the work done in stretching the string from the nnstretchei 
length 2 to the stretched length T. If we refer the potential energy to the position 
of the string when stretched in eqnilibrinm between the extreme points A and JS' 
as the standard position, we retain the latter term only. 

The energy is the snm of the kinetic and potential energies. Since E=ma?y 
this becomes energy = J mld^ C V. 

This result might have been deduced more simply from Art. 72, where it 
is shown that the eneigy of a compound vibration is the sum of the energies of the 
simple vibrations into which it may be resolved. The kinetic energy of any single 
harmonic is easily seen by integration to be J mZa'Cn^ cos' (na^+ 7). Hence the 
whole energy is } rrUa^lChiK 

We may also notice that, as in Art. 73, the mean kinetic energy is equal to the 
mean potential energy, the means being taken for any very long period. 

558. Next, let the vibrations be transversal. 

Following the notation of Art. 549, the motion is given, as before, by 

V ' s= Z C sin nx sin (nat + 7) , 
where nZ=iir and 2 implies summation for all positive integer values of i. 
The kinetic energy by the same reasoning as in Art. 557 is equal to 

J mla*2C*»' COB* (nat + 7). 
To find the potential energy, we notice that the work done in stretching an 
element from its unstretched length dx to its stretched length ds' is (see Vol. i.) 

equal to ^E (^-lYdx. Now (d»')'=(rfaj')'+ W)^=(y^)Vd/2, 

Bemembering that, by Art. 549, ma^=E {V - 1)1 V; we find that the whole work 
done in stretching the string is j ^dx \e ( — 7— ) +ma* ( -p- ) j . 

Substituting for y' and integrating we find that the work is equal to 

1 (l'-l\^ 1 

2 -E ii-j^ + ^ mZa«2 C«n« sin« (nat + 7). 

If we take the position of equilibrium of the string when stretched between the 
extreme points A and B' as the position of reference, we find that the 

energy = J mZa'SC^n*. 
This we may call the energy of the disturbance. 

Prof. Donkin in his treatise on Acoustics, page 128, has found the energy of a 
string vibrating transversely, by an ingenious application of the method of sub- 
tractions. 

Ex. An elastic rod AB has the end A fixed and B free. Being placed on a 
perfectly smooth table, it vibrates longitudinally: Show that the energy of a disturb- 
ance represented by ^=SC sin nx sin (nat + 7) where nZ=J(2i + l)7r is imla^ZCPnK 



ds' V ., . 
5i = T^^+^ 



CHAPTER XIII. 



MOTION OF A MEMBRANE. 



The transverse Oscillations of a plane Membrane. 

559. Let us take as the subject of consideration a plane membrane equally 
stretched thronghout, whose boimdaries are either fixed or subject to given condi- 
tions. Let this plane be called the plane of xy. Suppose this membrane to be 
disturbed so that its particles are slightly displaced parallel to the axis of z. The 
membrane will now make small oscillations about the plane of xy. It is the laws 
of these oscillations which we wish to discover. 

Let w be the displacement at the time f of a particle P whose co ordinates when 
undisturbed are a;, y. Taking an elementary area dxdy at the point P, let pdacdy be 
its mass ; thus if the membrane be homogeneous, p is the mass of a unit of area. 
The oscillations being transversal the effective force on the element will be 

pdxdy d^w/dt^. 

Let ns now consider the action across any side, as dy, of the elementary area. 
In the general case of a lamina this might consist of a force and a couple. But 
since a membrane like a string can be folded in any manner and can only exert a 
force along its length, it is implied that the couple is zero and that the force acts in 
the tangent plane. Further the membrane being equally stretched in all directions, 
this force acts perpendicular to the side across which it acts. Let us represent this 
force "by Tdy^ then T is called the tension referred to a unit of length and sometimes 
briefly the tension. 

The actions across the two sides of the rectangular element which are parallel 
to the axis of y have to be resolved parallel to the axis of z. These resolved 

parts are clearly -^'^Vj^' ^''J' (£ + S '^) • 

The resultant of these two is T -r-^ dxdy. In the same way the resultant of the two 

dho 

and equating them to the effective forces we have the equation of motion* 



actions across the sides parallel to x is T-^^^ dxdy. Taking both these resultants, 



dhv_^/dh£ d^w\ 
^ dV^~ \dx^'^dj/^)' 



* The reader will find a more complete discussion of those principles of the 
theory of elasticity on which this equation is founded in the Legons sur la thiorie 
MatMmatique de VSlasticitS des corps solides par M. G. Lami. The equation itself 
was first given by Poisson in his M€moire sur V^quilibre et le mouvement des corps 
elastiques in the eighth volume of the Memoires de VInstitut 1828. The oscillations 
of a rectangular membrane (Art. 562) were also first discussed by him. 
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560. 8inoe the ftzes of oo-ordiiiAtes may be any whatever provided they are 
reotangnlar, this equation must be the same whatever be the directions of the axes. 
If the membrane be referred to oblique axes inclined at an angle c, we may show 
that the equation of motion is 



cPw _ T ((Pw ^ dha tPw\ 



661. To obtain a solution of this equation of motion we notice that if we dis- 
regard the boundaries, it must be possible for the membrane to vibrate as if it inrere 
constructed of a series of strings laid side by side whose lengths are all parallel to 
any fixed direction we please. Let a be the angle this fixed direction makes with 
the axis of x. Then putting T^m^p, one solution of the equation is certainly 

117 =:/(xcosa+y sin a-mt) + F (x cos a + y sin a + inO) 
where a is any arbitrary constant, and/, F are two arbitrary functions which may be 
continuous or discontinuous as explained in Art. 552. Either of these functions 
with a given value of a represents a wave travelling in the direction defined by a 
with a front which is always parallel to the straight line xcoBa+ysina=0. A 
more complete solution may then be found by summing these for all values of a. 

Since the motions under consideration are oscillatoiy, it will be more convenient 

to expand the functions / and F in sines and cosines. Taking only a principal 

oscillation we write ir = P sin fmt + Q cos pm^ 

where P and Q may be written in either of the following equivalent forma but with 

different constants, 

Z {^sin|)(xcosa+y8ina) + Boosp(xcosa+2/ sin a)} 

+ 2 { C sin p (x cos a - 1^ sin a) + D cosp (x cos a - ^ sin a) } 

__sin, vS"^/ • \ 

= ZL (ox cos a) (pv sm a). 

cos ^^ ' cos ^^^ ' 

The positive values of • are included in the first line and tiie negative vaJnes in 
the second line. It follows that the 2 here implies summation for all positive 
values of a. 

562. Beetaasnlar BSemteaiM. To find the oscillations of a homogeneous rect- 
angular membrane whose four boundaries are fixed. 

Let OACB be the membrane and let the sides OAj OB, be taken as the axes of 
X and y. Let OA = at OB = b. Then we have to find a solution which (1) makes 
w=0 when x=0 and when x=a independently of any particular values of y and 
(2) makes w=0 when ^^0 and when y = b independently of any particular values 
of X. . Such a solution can be at once selected from the general form given in Art. 
561, viz. w =s 21* sin {px cos a) sin (py sin a) cos pmt, 

with a similar expression to contain sin pmt Here we must have 

pa cos a — tV, pb sin a = tV, 
where t and i' are any two integers. The periods (viz. ^wlpm) are therefore given by 



(f)'-(9*-(D"- 



The question arises whether this solution is perfectly general or not. The 

solution satisfies the equation of motion and all the boundary conditions. If then 

it can be made to satisfy the initial conditions of the membrane it wUl certainly 

include every case. Let the initial displacement be tr=0 (x, y)\ then putting £ = 

1. / V «,-.- . "fix . ttVu 

we have (x, y) x=2X sin — sin -r ^ , 

for all values of x and y respectively less than a and 6. But by an extension of 
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Fourier's theorem such an expansion as this is always possible. The sedation is 
therefore perfectly general. 

Ex. The weight TT of a rectangular membrane and its tension T referred to a 
unit of length are both given. Show that the gravest note is given when the 
membrane is square, and in this case the period of the note is (^W/gT)^' Thus the 
period is independent of the area. Poisson's Theorem. 

563. When the period of vibration of a rectangular membrane is given by some 

value of p, all the possible modes of vibration are included in the form 

r_-. . iirx . t'ir|/1 
tr=| ZLsm — sm-^*' I cos jpmt, 

with a similar term containing BinpnU, In this form, i and t' represent any 
integers which satisfy ("/"^(aJ^v)* 

If two sets of values of i and V can satisfy the last equation, it easily follows 

that the squares of the sides are in the ratio of two integers. Supposing this 

condition not to be satisfied each oscillation will be of the form 

, iirx , i TV ri- . *•/ • .» 

ir=sm — sm -7^ (Lcos2>mt + // sm^^mt), 

and mQ contain just two constants, viz. L and L! , In this case it will be seen that 
each of these oscillations will be a principal oscillation and all the periods will be 
different. 

But if several sets of values of t and i' accompany the same period there will be 
more than two constants in the expression for each osciUation. In this case it 
appears there are several ways in which a membrane may be set in vibration so 
that the periods of oscillation may be the same. It follows therefore that the 
Lagrangian equation (Art. 57) giving the periods of the principal oscillations has a 
number of equal roots. 

564. The nodal linen are those lines on the membrane which remain in their 

positions of equilibrium during the whole motion. If the period be such that the 

oscillation is accompanied by only one set of values of i and i\ the nodal lines for 

that oscillation are of course given by 

. iicx . i'ttv ^ 

sm — sm —— — 0. 

a 

These values of a; or 2/ make the coefficients of both cospnU and ein pmt equal to 

zero. The nodal lines are therefore straight lines parallel to the sides. But, if 

there are several sets of values of i and i' wliich give the same p, and if the initial 

conditions are such that the corresponding coefficients in the coefficients of cos pmt 

and sin pmt have the same ratio, the nodal lines will be given by the equation 

ZL sm — sm ~t^ = 0. 
a 

They may assume a great variety of forms depending on how many terms there are 

in the series and what arbitrary values are given to the coefficients represented by 

the letter L. Lam^ in his Theory of Elasticity gives a brief sketch of these. 

Another analysis is given in Biemann's Partial Differential Equations, They both 

remark that if we take only two terms in the series of the form 

_ . ivx . i'lry ^ . tVx . iiry ^ 

L sm — sm -7^ - L sm sm -— ^ =:0, 

a » a o 

on3 nodal line will be the diagonal x/a = y/b. Here the integers i and i' have been 

interchanged in the two terms. But since the equation connecting these integers 
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with the given value of p must also be satisfied^ we have 

(t/a)« + (i76)»={i7a)« + (i/6)«, 
which requires that a =5. The rectangle must therefore be a square. 

From this we may deduce that the oscillations of a membrane bounded by an 
isosceles right-angled triangle are given by 



•=2Lrsi 



iTX . i'wy , twx , txwT 
— =^-Bm — sm — - I 



sm — sm — - — sm — sm — - I cos pmt, 
a a a a J 

with a similar term containing sin pmt, there t and i' are integers connected by the 

equator t« + i" = (apjxY, 

and a is a side of the square. See Lord Bayleigh*s Sound, 

£x« 1. If the squares of the sides of a rectangular membrane do not bear to 
each other the ratio of any two integers, prove that the nodal' lines of a rectangular 
membrane must be straight lines parallel to the sides. Poisson's Theorem. 

Ex. 2. If the sides of a rectangular membrane- are such that two sets of values 
of i and i' give the same period of vibration, then by proper initial conditions 
a nodal line may be made to pass through any given point on the membrane. 



565. Ex. Man&teane bonndod lijr an. aqnilatwal trlande. A membrane is 
bounded by an equilateral triangle and its boundaries are fixed. If ^, 17, ^ be the 
trilinear co-ordinates of any point within the triangle,, show by actual substitution 
that the equation of motion is satisfied by 

w=ZL sm ^ sm -r-i sm -=-* cos pmt, 
h h n 

where p=2iT/A. Here h is the altitude of the triangle and i is any integer. 

This result follows at once from the trigonometrical theorem that if the sum 
of three angles is equal to tr, the sum of the products of their cotangents taken 
two and two is equal to unity. 

This is not however the most general form of solution because we have only 
one independent arbitrary integer, viz. t. We cannot therefore satisfy all the 
possible initial values of w. 

It is shown in Lamp's Theory of Elasticity that a more general expression for 

the period is given by p= (2xlh) (i^ + i'^ + »*')*• 

which contains the two arbitrary integers i and i', 

566. Ex. 1. XioadedMeinlirane. A uniform rectangular membrane whose sides 
are a and h and mass M has a finite mass equal to fi attached to it at the point 
whose co-ordinates are h, k when referred to the sides as axes. Show that the 
periods (2vlpm) of the small transversal vibrations are given by 

,, - sm* — sm*-^- 

— — -T fl b 









where the Z implies summation for all values of the integers i and i\ and m (as 
before) is the ratio of the tension to the density of the membrane. 

To prove this we shall suppose the mass fi to be distributed over a small area 
equal to a/9. Let W be the displacement of this small area at the time t. The sum 
of the resolved tensional forces round the perimeter of this area is equal to 

cPW 
/* "wTT" ~^* ^® have therefore to find the motion of a membrane acted on by a 

periodical force i? at a given point h, k. Let us replace this single force by a 
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continuous force Zdxdy which acts at every point of the membrane, such that 

Z= 2C sin {iirxia) sin (tVy/6). 

Since Z vanishes all over the membrane except in the immediate neighbourhood of 
the point h, k\ and at this point Zo^= -fA^Wldt^; we have by Fourier's theorem 

at' a b 

The equation of motion of the membrane is now 

d^ „fd^w d^w\ - 

To solve this we put w=f(Xf y) coapmt. 

Substituting we find by Theorem ni. of Art. 265 

. iirx . i'm/ , ixh . t'irjfc 
-, - , . sm — sm -TT^ sm — sm — i— 

M f{xy) ^ a b a b 

The form of the function / corresponding to any value of p has now been found. 
Patting x=hf y = ky we have an equation to find p. 
Another solution is added in a note. 

Ex. 2. A rectangular membrane of mass M is oscillating with a period (2t Ipm) 
such that only one set of values of i, i' accompany this value of p. A small load of 
mass /A is placed at any point {h, k), prove that the new period of vibration, viz. 
(2ir/g7/i), is given by 






This follows from the result given in the last example, for only one denominator on 
the right-hand side will be smalL Bejecting all the terms except this one, we have 
the result. 

Ex. 3. A membrane of mass M is bounded by two concentric circles whose 
radii are a and b and the density varies inversely as the square of the distance from the 

centre. The period P of any symmetrical oscillation is given by P=- ( —=f- log t ) « 

where q = iir if both the boundaries are fixed in space. But if the outer boundary 
only is fixed in space while the inner is attached to a ring of mass /x, then q is given 
by qt&nq = Mlfi, 

If the ratio a/6 is not very great this membrane may be regarded as nearly 
homogeneous, with the inner parts slightly denser than the outer. 

567. Ex. Memliraii* acted on liy a 8lv«n parlodieal fdxee. A rectangular 
membrane is bounded by the co-ordinate axes and the straight lines a;=a, y=b, 
A finite accelerating force acts at the point (hf k) and is represented by A sin rt. 
Show that the forced vibration is represented by 

. iwh . i'lrk . iirx . i'lry . 

. , em sm —r- sm — sm -, smrt 

4yl __ a b a . b 

^^=17 2 



M 



Wl%2 ' — 



where S implies summation for all values of the positive integers i and V. 
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Motion of a heterogeneom membrane, 

566. We propose to show in this section how by the use of the theory of con- 
jugate functions we may deduce the motion of certain heterogeneous membranes 
frcnn the eorresponding motions of homogeneous membranes. The corresponding 
theorems for a network of particles are briefly given in Art. 421. 

We shall begin by giving a list of those theorems on conjugate functions which 
we shall afterwards require, and in the next article we shall consider their application 
to the motion of membranes. 

If we have two variables (, ti connected with x, y so that 

f+iiV-i=/(«+yV-i). 

where / is any real functional symbol, then |, iy are called conjugate functions. 
See Art. 421, Ex. 8. 

By taking the first differential coefficients of this equation with regard to x and 
y and comparing the coefficients of the imaginary quantity we arrive at the well- 

known results ^ = ^, f- = -p. 

ax ay ay ax 

Since we have also x + yyj - 1 = F (( + i|V - 1) it follows iu the same way that 

dx _dy J ''y __ '^ 
d^ drj d^ dri ' 

We may also show by a simple transformation of variables that 

dj^ ■*■ dy" "" } d|^ ■*" d-nA \\dx) "^ \dyj \ ' 
Since we may interchange x, y and ^, i| in this formula, it easily follows that 

We shall also require a geometrical theorem. Xiet ns draw two diagrams each 
referred to a set of rectangular axes. In one let ^, i; be the co-ordinates of a point 
which we shall call n, in the other let x, y be the co-ordinates of a point which we 
shall call P. These points are said to correspond. In one diagram the loci defined 
by ^=a, rj^h, where a and b are constants, are straight lines parallel to* the axes. 
In the other, where ^ and 17 are regarded as functions of x and y given above, the 
loci will in general be curved lines. In the same way the equation ij=^|) will 
represent two corresponding curves one on each diagram. Let the tangents to these 
curves at eorresponding points II and P make angles e and e with the axis of x, then 
i&n €=drf I d^ and ion e = dyldx. Through P draw the curve 17=6, where b has its 
proper constant value, and let the tangent to this curve make an angle A with the 
axis of x. Then denoting differential coefficients with regard to x and y by suffixes, 
we have i7jB+i7ytanii=0. We also have, as proved above, ^,=1^^ and ^^= -97^. 
Since ^^^^dr,^v^x + rf^^-b^^n^ + Uae 

^1 Ix^a; + ^ydy 1 + tan A tan e 
we see that e=:e-A, It immediately follows that the angle made by any two curves 
tohich meet at P is equal to the angle between the corresponding curves which meet at 
n. In other words corresponding angles are equal. 

If we draw two corresponding networks, one on each diagram, and if the meshes 
of each be infinitely small triangles, it follows from the equality of the angles that 
the networks are similar to each other at corresponding points. The scale or ratio of 
the networks is not however the same all over the diagrams. 

It also follows from the equality of the angles that the curves defined by ^=a, 
ir= b cut at the same angle in each diagram. They therefore cut each other at right 
angles. 
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669. Suppose we know the motion of a homogeneous membrane with giyen 
bounding conditions vibrating transverselj, say tr ss ^ ($, 17, £), where w represents the 
displacement of a point whose co-ordinates are (^, 17). Then this value of w satisfies 

cPw /cPw d^w\ 

where Dq is the density and T is the tension of the membrane. 

Let X, y he the co-ordinates of a point on another membrane which has sand 
strewed over it and fastened to it, so that the sand vibrates with the membrane. 
Let the density D of this heterogeneous medium be given by 

Then the equation of motion of this new membrane is 

But since ^, 17 are known functions of x, y, we obtain, by substitution in the equation 
tr=0 (^, t;, t)y the new relation w = }p(x, y, t), which is the solution of the equation 
of motion of the new membrane. 

Thus the motion of the new membrane is deduced from that of the first with 
corresponding bounding conditions. 

570. Generally, we do not want the actual motion of the membrane, but only 
its possible periods of vibration and nodal lines. We may notice that these two 
membranes have the same periods of vibration and corresponding nodal lines. 

571. In this trauHformation it is necessary that only one point of each mem- 
l»:ane should correspond to any single point of the other membrane within the area 
considered. If this be not attended to, some difficulties in interpretation may 
occur. 

572. The new membrane is of course heterogeneous, and it may be objected 
that the cases now considered are not such as occur in nature. If, however, the 
density is not very variable over the membrane, the results will nearly represent 
the motion of a homogeneous membrane. At the same time we must remember 
that the results to be obtained are not merely approximations, but are accurate 
solutions of the equations. Such a solution, if short, and obtained by some simple 
process, is sometimes preferable to one obtained by a long approximation, even 
though the latter may appear to be more directly applicable. 

To take a simple example, the oscillations of a homogeneous loose heavy chain, 
suspended from two fixed points, can be found only by very troublesome algebraical 
approximations. But if we suppose the chain to be heterogeneous, we may obtain 
an accurate solution of the equations. This solution leads to nearly the same 
results as the approximate investigations for a homogeneous chain. See Art. 544. 

To take another example, we may notice that the motion of a homogeneous 
membrane bounded by two radii vectores and two circular arcs, can be expressed by 
the help of Bessel's functions. But the motion of a membrane bounded in the 
same way and of the proper density, can be expressed by ordinary sines and cosines. 
This is much simpler than a solution in Bessel's functions, and helps us to under- 
stand the nature of the motion. 

573. We may, if we please, express all this in geometrical language. 
Consider first a heterogeneous membrane with any fixed boundary which vilnrates 

according to the law w=\ff{x, y, <>, 

where w is the displacement of the point P whose Cartesian co-ordinates are ar, y. 
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Trace on the membrane (he two sets of curves whose equations are f(x, y) = ^ 

and F(x, y)si7, where £ and i| are two parameters. These curves are to be such 

that, when the parameters (, 17 increase by a constant increment c?|=a or dTi = a, 

the two sets of curves divide the membrane into elementary squares. That the 

corresponding increments of ( and 17 should be equal when these curves form 

squares, follows from the proposition that the small corresponding figures formed 

on the two membranes by the method of conjugate ftmctions are similar. It may, 

however, also be deduced from the relations mentioned in Art. 568. If ABCD be 

one of these squares, draw a parallel to the a^s of x through any comer A, and 

then draw perpendiculars BM and DN from the two adjacent comers on this 

parallel. We have thus two equal triangles ABM^ ADN ; the sides in each triangle 

being the dx and dy produced by varying first ^ only, and then rj only. It follows 

dx dv dx dv — 

from this that ^ rff = ^ dij and -j dri= - — d^. We therefore infer from Art. 568 
d| di7 di; d^ 

The area of one of these squares is ( ^ ;/ "" w~ ^ ) *'* 

D /dx\* fdx\^ 
Thus, since the density I> is given by 1? ~ (d^J '^ [dT ) ' 

it follows that the mass of each elementary square is the same. 

Next, consider the corresponding homogeneous membrane. Draw on the mem. 
brane straight lines parallel to the axes of ^, t; at a distance a from each other, so 
that each straight line corresponds to one of the curves drawn on the heterogeneous 
membrane. Let a new boundary be drawn which cuts these straight lines at the 
same angles which the boundary of the heterogeneous membrane cuts the corre* 
spending curves. 

Then the motions of these two membranes are the same at corresponding 
points. We may consider each to be given by w=^yp (a;, y^ t), 

according as we express w in terms of (, t; or j;, ^. 

574. We may notice that the two membranes are so related that the masses of 
corresponding squares on the heterogeneous and homogeneous membranes are eqtuil to 
each other. Thus the whole masses of the membranes are the same, hut differently 
distributed, 

575. Similar theorems apply in changing from one heterogeneous medium to 
another, but as this case does not present any novelty, and is not so simple as the 
one just considered, we need not discuss it minutely. 

576. Having traced on the membrane the two orthogonal sets of curves 
/ (aJ, y) = f » F (a;, y) = 17, where ^ and vj are constants, and the functions both satisfy 
Laplace's equation, we may trace a third set of curves given by 

(SA(|)'=(fi)^(|)--"— 

These are, of course, the curves of constant density. 

A curve of constant density which passes through any point will cut the two 
members of the two orthogonal sets which pass through the same point at comple- 
mentary angles. Then we m>ay show that the sines of these angles are as the radii of 
curvature of the two members at that point. 

To prove this, let us find tan^, where B is the angle the curve of equal density 
makes with the curve / (as, y) = ^. By simple differentiation, we find 



fxx 
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where suffixes, as usual, imply differential coefficients. Since f,=Fy and fy~-F„ 
we see, by substituting in the numerator, that 

sin(9 _ {F*-F/)F„ + 2F^F,F^ 
Bine' 2/j;/^+(/.2-/,2)/„ • 

But the radius of curvature p of the curve/ is given by 

sin 6 p 
Hence, we see that -= — ^/= - - • 

sin ^ p 

577. It is not every heterogeneous medium whose motion can be deduced from 
that of a homogeneous one. If we eliminate ^ between 



\dx) \dy) ""Do' dx^^ dy^ ' 



., ,. . dnogZ) . rf^logD ^ 

we easily obtam — , .^ + — , .^ =0. 

It immediately follows (from Art. 568) that 

cTJlogP dMogl) 
de dv^ 

The density of the heterogeneous membrane must, therefore^ he such that its logarithm 
satisfies Laplace^s equxition, 

578. For convenience of reference, let (a?, y) be the Cartesian co-ordinates, (r, 6) 
the polar co-ordinates of a point P on the heterogeneous membrane; (^, 17) the 
Cartesian, (/>, w) the polar co-ordinates of the corresponding point II on the homo- 
geneous membrane. Suppose we take as our relation between the two points. 

». Ill x+y\J-l 
^ + i7^-l=clog ^ . 

P 

r 
Then we find ^=c log - , ri=cd. 

P 
Thus straight boundaries on the homogeneous membrane parallel to the axis of ^ 
correspond to straight boundaries on the heterogeneous membrane which pass 
through the origin. At the same time, straight boundaries parallel to the axis of rj 
correspond to circles whose centre is at the origin. 



The density D is given by |= (§)' + (f^y= g)'. 



If r vanish, we have D infinite ; it will therefore be necessary to exclude the origin 
from the area of the membrane. 

679. Ify then, we know the motion of a membrane bounded by a rectari^le, this 
transformation immediately gives the motion of a heterogeneous membrane bounded by 
two circular arcs and any two radii vectores. 

Example. — The motion of a rectilinear homogeneous membrane bounded by the 
straight lines ^=^1, ^=^2? V—^y vi=h2i is known to be given by the type 

w = ABin ITT ^ — ^ sm iv j- — ^ cos pmt, 

where the integers i, i' are any which satisfy .-^ =-v, + ., . xg — -5 » 

and where m* = T/Dq. 

It immediately follows that the motion of a heterogeneous membrane bounded by 

the arcs of concentric circles, whose radii are h\ and h'^^ and by two radii vectores 
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B^a^ and B^a^, U given bj . 

, . /. logr-logV, \ . /., B-a^\ 
ir= J sin ( tT , - -. , — , ' I sm I iV ^ ) cos pmt, 

where the integers i and i' •atisfy .^ — rj — = — ttto + , ri = —^ , 

* -^ (log Vj - log fc'i)a (ag-Oi)« T» 

and the density D of the membrane is given by n~ ~ \ ) ' 

680. Another nsefol relation between the corresponding points P and n is 

This gives ^=c (-\ cosnB, ''"^f") ^^^J 

and therefore, in polar co-ordinates, ps=tf(-j, w=n0. 

By this transformation all radii vectores are tamed round the origin and altered 
in a known manner. 

Also, the density D of the heterogeneous membrane is given by -^ =71^ ( - j 

Since tfs constant makes (i;=a constant, we see that straight lines through the 
origin correspond to straight lines through the origin. Also, circles whose centres 
are at the origin correspond to circles whose centres are at the origin. 

If we choose n= - 1, we have the ordinary case of inversion ; thus 

p=— , w=-^. 
•^ r 

In this case any circle inverts into a circle. The density of the membrane is thea 

D /c\* 
given by — = ( - j . As this is infinite when r is zero, the centre of inversion must 

be external to the membrane. 

581. Example. — The density of a membrane bounded by two concentric fixed 
circles of radii a and b at any point distant p from the centre is A/p^, Let it 
vibrate symmetrically so that the nodal lines are concentric circles, then by Ex. 8, 

Art. 566, the possible periods of vibration are 2r{Alp^T)^, where p is such that 
p (log a - log h) = It, where i is any integer. 

Let us invert this with regard to an external point. We immediately have this 
theorem. 

A heterogeneous membrane is bounded by two fixed circles, centres C and C\ 
Let be that point which has a common polar line in both circles, and let this polar 
line cut the straight line OCC in the point JR. Let the density of this membrane 

(OR \' 
OP Rp ) * 
Then this membrane can vibrate so that the nodal lines are circles, and the possible 

periods of vibration are 2t ( -j= j , where p is such that p log ,^——=:iv^ 
and where a and a' are the radii of the circles whose centres are C and C, 

582. EzoMple, — The motion of a rectilinear membrane bounded by the axes of 

^ and 17 and the straight lines i=h, vj^k, is known to be given by the fype 

• ' > •/ 

tr = ii sm y^ sm -^ cos pmt, 
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where i and i' are any integers which satisfy to + ts = ^ . 

fr *' «•" 

Let ns invert this with regard to the origin, we see that — 

The motion of an infinite memhrane honnded hy the axes of x and y, and the 

arcs of two circles whose diameters are h\ k\ and which tonch the axes of x, y at the 

....,,,. . . iirh' cos . i'lrk' sin d 

origin, IS given hy the type tr = -i sm sm cos|?TOt, . 

r r 

where the integers i and i' satisfy the equation i^h'^ + i'^k'^= ^ c*, 

provided its density is given by 2> = ( - ) . — ^ , 
where r= tension of the membrane. 

583. Example, — ^If we transform the same theorem with n=2, we see that — 

The motion of a finite membrane bounded by two straight lines OA = h\ OB=k\ 

inclined at an angle ir/4, and by two rectangular hyperbolas passing respectively 

through A and By and having OB and OA for asymptotes, is given by the type 

^ . ?Vr«co8 2^ . i'Trr^Bm2d 
tt?=^sm yj^ — sm — — cosjpwf, 

where t and T are connected by TP^'^iJi^s'i* 

fl At V C 



provided its density is given by D = 4(-j.-^. 



584. Suppose, in an infinite homogeneous membrane, a very small circular 
area of radius c to become rigid, and to be constrained to move transversely with a 
motion given hy w=A co8 pmt. Then waves will spread out equally in all directions, 
and when the motion has become steady, the vibration at any point distant p from 
the centre of disturbance is given by tD=jQ{pp) A cob pmt. 

Here we have supposed c to be so small that Jp (pc) = 1. Such a small circular 
vibrating area may, for convenience, be called a source of dieturbancBf or more 
shortly a source. 

If we transform this theorem by the method of conjugate functions, we see, for 
the reason to be given in Art. 580, that the infinitely small circle will transform into 
a similar figure, {.«., into another circle. 

585. Example. — The vibrations of an infinite homogeneous membrane bounded 
by a fixed straight line taken as the axis of or, and acted on by a source at some 
point (fi, i7i), are given by w={jQ{pp)-J^{pp')}Aeoapmt, 

where f>^=U-li?+('7-'7i)^ 

and p''=«-^i)*+(^ + '7i)», 

so that p, p' are the distances of the point ({, rfj from the source, and its image on 

the other side of the axis of ^. 

Hence we infer that the vibrations of an infinite heterogeneous membrane 
bounded by two fixed radii vectores forming a comer of angle ir/ra, and acted on by a 
source at a point r^d^, are given by 

where c*«^*JP=r»*+ri2»-2r»Vi*C08n(d-^i) 

c«*-« -R'« = r*» + Ti** - 2r"ri* cos n{0+ O^), 

provided the density of the membrane is given by — = n' ( - J 

Here r, are the running co-ordinates of any point of the medium, and w is the 
transverse displacement at the point p, to and Dq is a constant. 



a{*-i) 
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Art. 23. Uoti^1I1«*s liMnn of th* aqnatloiui of motion of a diasgins body. 

M. Liouville has also given in his Journal, Vol. ni. 1858, the equations of motion of 
a body which is changing its shape by cooling or by some other cause without 
assuming the body to be symmetrical like the ellipsoid discussed in Art. 23. 

Let ^, h^, \ be the angular momenta of such a body about the instantaneous 
positions of the axes Ox, Oy, Oz moving about a fixed origin O with angular 
velocities 0i, $2^ ^s about themselves. Then exactly as in Art. 19, we may show that 
the equations of moments become 

-^^-M3 + V2=J^ (I.) 

with two similar equations. 

Let (xyz) be the co-ordinates of a particle of mass m of the body referred to the 
moving axes. Let u^ v, w be its resolved velocities in space. Then by Art. (4), we 
have u=dxldt-y6^'^zd2, v = dyldt-z0j^+x$^f Ac, 

also h^ = 2m {xv - yu). 

Writing H^='2.m{xdyldt-y dxjdt) (IL), 

we find \=H^ + Cd^-Ee^-D02 (IIL), 

where ABCDEF are, as usual, the moments and products of inertia about the axes. 
By similar reasoning we find hi and h^, and substituting these in equations (I.), we 
deduce Liouville's equations of motion. 

If the moving axes be so chosen that they are always the principal axes at the 
origin, the products of inertia DEF are all zero, and the equation IIL takes the 
simple form h^=H^ + C0^ (TV.) 

If the body be synmietrical about the principal axes and remain so throughout 
the changes of structure, as in the case of the ellipsoid discussed in Art. 23, we have 
fli=0, H2=0, 1/3=0. The equations then take the simple form 

^^(A0i)-{B--C)0,0,^L, 
^^{B02)-(C-A)0^0i = M, 

^{C0,)-(A-^B)0i0,^N. 

We have supposed the body to be changing its shape by some such cause as 
a change of temperature. The quantities Hi, H^ H^ are the angular momenta 
produced by these changes about the instantaneous positions of the axes. If we 
take the centre of gravity of the body as origin and the principal axes as the axes of 
reference, these quantities will be given functions of the time when the changes are 
given. If the body were rigid they would obviously be zero, and will therefore 
in general be small quantities. In the same way the principal moments will also be 
given functions of the time. Thus Liouville's equations may be used to determine 
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the motion of such a body as the earth, taming about its centre of gravity as a fixed 
point, and at the same time altering its form and structure in a given manner. As 
an example of this the reader may consult an article by Prof. Darwin, On the 
influence of geological changes on the EartWs axis of rotation^ in the Philosophical 
Transactions for 1876. 

Art. 56. TransfiMrmation to principal co-ordinates. This method of trans- 
forming any co-ordinates 6, if>, &c. to the principal co-ordinates ^, t;, (fee. may be 
presented in a purely Mathematical form. Let us first assume the transformation 
to be possible, so that we have 

2T-^A^^0* + 2A^^e<t>+ =a,i^ -I- 022172+ ) ,.. 

2l7=Cn^-f2C,2^0+ =Cur' + C32V+ ] ^ ^' 

where the accents have been dropped from the co-ordinates in 2T as being 
unnecessary for our present purpose. We have also omitted Uq from the second 
equation for the sake of unity. Let the formulsB of transformation, which we have 
to find, be, as in Art. 69, 

0=mi^+m,i7+...( (2). 

Ac. = &c. ) 

Let us eliminate ^' from the equations (1) and differentiate the result with 
regard to 6, Vuiiingp^^=: - fu/eiji we have 

^/Tp,^+U) = {a^i' + c^)v^-^{a^' + c^)t%+ (3). 

This vanishes when we put 17=0, ^"=0, <fec. whatever ^ may be. Hence if the 
transformation be possible we have after substitution from (2) 

{^iiPi^+Cn)h + i^iiPi^+^ifil^i+ =0 W- 

In the same way by differentiating with regard to <f> we have when 17=0, i'=0, &c, 

(^12l'l* + C'i2)li + M22l>l^+C22)%+ =0. 

Thus we see that j^^' is one value of p^ obtained from Lagrange^s determinantal 
equation as given in Art. 58, while the values of ^, m^, (fee. are proportional to the 
minors of the determinant. Eliminating 97', ^, &c. in turn from the equations (1),- 
the same argument apphes to each of the other columns of coefficients in the 
formula of transformation (2). Thus we obtain the rule given in Arts. 53 and 56. 
The formulae of transformation are written at length on page 36. We see that 
the coefficients of x, y, (fee. are the values of the minors /ii(p'), (fee. 

If there were on the right-hand side of the equations (1) any term such as ^17, 
this product would give on the right-hand side of (3) a term {ai2Pi* + c^^j ^ drildd 
when we^ eliminate ^' and differentiate with regard to 6, It would give 
{'^iiP% + ^12) ^ d^fdO when we eliminate 17^ and differentiate with regard to 0, Now 
the differential coefficients of ^ or 17 with regard to the co-ordinates 6^ 0, ^, (fee. 
cannot be all zero, for this would make ^ or 17 independent of all the co-ordinates. 
Also if Lagrange*s determinantal equation have all its roots unequal, the coefficients 
^V\+*^i% cuid Or^iP^+Ci^ cannot both vanish. Hence in this case, when the right- 
hand sides of (3) are made to vanish, there cannot be any products of co-ordinates 
in either of the expressions on the right-hand side of (1). 

If Lagrange's equation have equal roots we know by Art. 61 that all the minors 
will be zero. The ratios of Z, m, (fee. found by the preceding rule will therefore be 
nugatory. To simplify the argument let us suppose that the equation has two equal 
roots and let these be p^ and p^. The ratios of the coefficients in the third and 
following columns of (2) may be found as before because they depend on unequal 
roots in Lagrange's determinant. Since the first minors are zero for the equal roots 

R. P. II. 22 
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the eqaationB (4) to determine the coefficients of either of the first two colamnB of 
(2) are not independent. Rejecting any one of these equations (as in Art. 273) we 
obtain by using the second minors all the letters in the first column in terms of any 
two, say li and m^. The letters in the second column are found in terms of I2 and 
m, by the same formulas. Thus we have two independent coefficients in each of 
these columns instead of one as before. 

But if we use these formulae of transformation without further limitation, we are 
not sure that terms containing the product ^ may not enter into the two right-hand 
sides of the expressions (1) provided they enter both with coefficients in the ratio 
Pi' : 1. To secm'e the absence of such terms, it will be sufficient to make the 
coefficient of {17 in either of the coefficients T or 17 equal to zero. If we choose T, 
we have by substituting from (2) in (1) 

^u^^a + ^12 ('i»»a + h^i) + = ^» 

or as it is written in Art. 316 

Regarding then liUij^ and I2 as arbitrary we have sufficient linear equations of the 
first order to find all the other coefficients of the two first columns in the formulas 
of transformation. Thus we have three arbitrary constants instead of two. 

Art. 60. Tbe condittons that a qnadrie Bhonld be one-signed. The con- 
ditions briefly quoted from Williamson's Differential Calculus have reference to the 
quadric T, which is to be a positive one-signed function and it is meant that the 
successive discriminants should all be positive. 

If we assume that the sign of the discriminant is not altered by any linear trans- 
formation of the co-ordinates we may obtain an easy proof of this proposition. Let 

the quadric be 2T=Aii0^ + 2Ai^e<p+A^(p'^-\-&c (1), 

and to simplify the argument let there be only four co-ordinates 0, <f>, \j/y x- ^^^ ^ 
be the discriminant, D^ the discriminant when any one co-ordinate, say Xj ^ P^^ equal 
to zero, D, the discriminant when two co-ordinates, as x &i^d ^, are both put equal 
to zero, Dg the discriminant when three co-ordinates, Xt ^ ^^^ 0, are put equal 
to zero and so on. 

Collecting all the d's together, then the 0's and so on, we may write T in the form 

where all the English letters on the right-hand side are rational functions of 
^u^is> ^^* ^^^ therefore are real. 

We may now write this expression in the form 

2T=B^x^'\-B^y^ + B^'^-^B^u^ (2), 

where u = x. 2 = \f' + CjX, and so on. 

Since (1) and (2) may be derived from each other by a linear transformation, 
their discriminants have the same sign. Hence the product BJBJB^B^ has the same 
sign as D. Again, putting w=x=0 and repeating the argument, the product B^B^B^ 
has the same sign as P^. Similarly the product B^B^ has the same sign as D^ and 
By has the same sign as Dy Thus B^, B^, B,, B4 are positive when the discriminants 
D, Dj, Dg, D3 are all positive and not otherwise. 

The conditions that T should be a one-dgned positive quadric follow im- 
mediately. The conditions that T should be a one-signed negative quadric may be 
deduced from these by changing the signs of all the coefficients A^^, Ai^ &g, in the 
expression for T. 

That the discriminants of (1) and (2) keep the same sign may be shown by the 
method indicated in Art. 71. Taking the second expression let us write 



NOTES. 



339 



(3). 



y = Tfljd + m^ip + ... 

Substituting in (2) we obtain a quadrio expression whose discriminant is easily seen 

to be 

B^l^-\-B^m^+.., B-J.^l^-\-B2m{m^-\- ... &c. 

B^ Ijl^ + B^m^m^ + . . . B^l^ + B^m^ + ... &c. 
This is obviously the square of 

\/^ih \/-^2% \/^8^1» ^^• 
\/B^l^ VBgWij \/B^n^, &o. 

(&C. (feo. &c. &c. 

The discriminant of T when expressed as a function of 0, <p, &c. is therefore equal to 



&Q. 



BiB^B^... 



h 

h 
&c. 



m 



i» 

2» 



&c. 
Ac. 



&c. &c. 

The sign has therefore not been altered. 

The determinant on the right-hand side is the Jacobian of x, y, <feo. with regard 
to 9, <py &c. We may therefore also immediately deduce from this result by a 
double transformation the theorem quoted in Art. 69. 

Art. 138. Tbe representative point. The statement in page 73, line 5, 
admits of some exceptions. To prove this let us suppose that the system has two 
co-ordinates x and y. Let the two principal oscillations be represented by the two first 
terms of the expressions for x and y given in Art. 116. Taking the first principal 
oscillation alone and eliminating t from the resulting expressions for x and y, we of 
course find a quadratic relation between x and y. Thus the representative particle 
describes an ellipse. The same remark applies to the second oscillation. We have 
therefore two representative particles, one for each oscillation. These describe two 
concentric ellipses in one plane with periodic times respectively equal to 2ir/pi and 
27r/2)2. The co-ordinate x of the system is the sum of the abscissas of these particles, 
the co-ordinate y is the sum of their ordinates. 

These two ellipses wiU intersect in four points real or imaginary, viz. D, D', 
E, E\ where DD', EE' are diameters. The co-ordinates x and y will simultaneously 
vanish only when the two representative points are at opposite extremities of the 
diameters DD', EE'. 

Let the particles start from the opposite extremities of BB', Then, the 'periods 
not being commensurable, they cannot again be at the opposite extremities of this 
diameter. If however the initial conditions of the system and the periods happen 
to be such that the time from D to £ or E' in one ellipse is equal to the time from 
D' to E' or E in the other ellipse, then the representative points will be simul- 
taneously at the opposite extremities of the diameter EE'. But if this be so, it 
cannot happen again. Thus when the system is disturbed from its steady motion, it 
may happen once again that its position coincides with the position it would have 
had at that instant if it had not been disturbed. 

If however the two ellipses are coincident, every diameter is a common diameter. 
Since the representative points describe this ellipse in different times, they will 
obviously pass the opposite extremities of some diameter at a constant interval 
equal to TrliPi-p^). In this special case the position of the system will coincide 
with the corresponding position in the steady motion whenever the time is an 
integer multiple of this interval. 
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Art. 451. Ostrogradflkj on tiM mimmnin cH JLdt. Lagrange's equations 
are the ordinary equations supplied by the Calculus of Variations when we make 
JLdt a minimum under known conditions. Sir W. Hamilton put these equations 
under a form (see Vol. i.) which is veiy useful in Dynamics. It is an interesting 
question to determine what is the corresponding transformation when X« is a 
function of differential coefficients higher than the first. This was considered by 
Ostrogradsky in the Memoir referred to in Art. 449. This Memoir is rather 
difficult on account of the immense length of the algebraical transformations. The 
following short account may therefore prove useful. 

Let X be a function of t and of m variables, of which q is any one, and let it be 
a function of the first n differential coefficients of q with regard to t. 

Let Qu stand for the partial differential coefficient of L with regard to d^q/dt*, 

andlet ^*=e*-Q'*+i + gV»- , 

where, as usual, accents denote differential coefficients with regard to tj and let k 
accents be denoted by (k). The relations between these variables are, therefore, 

Q, = dLldq--Q\, Qi=dLldq'-Q'^ &c. (1), 

and so on up to Qn-i = dLldq^""-^^ - Q'n, 

and the last is Qn^dL/dq^^'K 

By the principles of the Calculus of Variations, the minimum is given by the 
typical equation 5o=0* 

When L contains no differential coefficient above the first. Sir W. Hamilton 
eliminated the m first differential coefficients typified by q' by introducing m new 
variables typified by Qi=dLldq, Let us in the same way eliminate the highest 
differential coefficients typified by 9^"> and introduce instead the m new variables 

typified by Q„. Let H=L- S {Q,q'+'Q^q"-\- ... + g«g<"^), 

where the Z refers to summation for all the ^'s. Let 9^"^ be found from the equa- 
tion Q«=(2I«/(2$^"> and let its value be substituted in this expression for H so that H 
is now a function of f, g, g'...g^"~^\ Q^, <?,>... Qn* Since L was originally a function 

of tt g, g'...g^"^ it is now a function of «, g, g'.-.g^""*^ and Q^, 
We have by differentiation 

^r -'''''-> '''' 

provided ^ + 1 is not n. In that case 

dQ^ di'^^'dQ^ ^ ^"d$/ 
but the first and third of these terms destroy each other, so that the theorem (2) is 
also true when k+l=n. Also 

Here the second and fourth terms destroy each other. The first and third, by 
(1), become ^'i+i or-r-^i+i. Thus aU the equations may be written in the typical 
Hamiltonian form 

dQiH-1 dt^ \ dq<'> dt ^*-^* ' 

which are true for all values of k from *=OtoA; = n-l. Thus there are 2n equa- 
tions corresponding to each q. 
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We may show in the same way as in Vol. i., that the total differential coeffi- 
cient of H with regard to £ is equal to its partial differential coefficient. So that 
when L, and therefore ff, are not explicit functions of t, we have as one integral 
11= ?h where /i is a constant. Writing this at length it becomes 

which is the integral continually used in the Calculus of Variations. We see that 
this integral corresponds to the equation of Vis Viva. in Dynamics. 

Art. 566. Xioaded Mttmliranes. We may also deduce this result from the 

formulsB in Arts. 76 and 77. We shall begin by referring the unloaded membrane to 

principal co-ordinates. To effect this we write (see Art. 56) the complete expression 

for w given in Art. 563 in the form 

. nix . vi'y . . rrjx . vfy 
w=em — sm— j-^^ + sm^^ sm -—ri + Ac., 
a rb a b 

then the quantities ^, tj, &c, are principal co-ordinates. 

The vis viva of the membrane is easily seen to be 

ff{dwldtfpdxdy=\pab (r + V'+ ...) 
where accents denote differential coefficients with regard to the time. If we now 
form Lagrange's determinant, every constituent wUl be zero except those in the 
leading diagonal. If q^, q^^ &c, be the roots of the determinant and M=pdb, these 
constituents will be JM {q^ - g^^), ^M (q^ - q^^), Ac. Here q stands for the quantity 
represented by pm in Art. 563 ; the roots g^, q^ &c. are all found in that Article and 
are expressed by giving i and i' all integer values. 

Placing now a mass fi at the point (/i, k) its displacement will be given by 

__ . irih . iri'k 
W= sm — sm -z— ^ + Ac, 
a 

which we may abbreviate into 

There will now be an additional term in the expression for the vis viva, while the 
force-function will be the same as before. This additional term will be 

/na2^'2 -I- 2fiap^'ri' + &c. 
There will therefore be an additional term to every constituent of Lagrange's 
determinant. The determinant will be 

iM{q^-qi^ + fjLa\^ fxapq'^ &c. =0. 

fiafiq* IM (g2 - g^a) + ^/3 V &c. 

Expanding this, and remembering that by Art. 76 only the first powers of fi can 
enter into the expansion, we have 

(Q^ - «i') («' - 92^) Ac. + ^q^ {a^ (g« - g,«) (fee. ■¥^{q^- q^") &C. + <fec.} = 0. 

Dividing by the first term we have 

M a^ p 



-h&c. 



Substituting for a, /3, &c. their values given above and writing q^pm, we have 
the result given at length in Art. 566. 

This method is clearly general and will apply, when the proper values of a, j3, &c. 
are substituted, to membranes of other forms. 

Art. 568. CoQjiisata Functions. The application of the theory of conjugate 
functions to Hydrodynamics is probably well known to the student. By that theory 
the potential of a complicated fluid motion can sometimes be made to depend on 
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that of some simpler motion. But this of course is beyo^tfae scope of the present 
work. We may however notice some propositions which appear to be new. 

When one flnid motion is changed into another by a method analogous to that 
described in Art. 569 for membranes, the kinetic energies of the two fluids which 
occupy corresponding elementary areas are equal. Thus the whole kinetic energies 
of the two motions are equal, but differently distributed over the areas of motion. 
This corresponds to the theorem proved in Art. 573 for membranes. 

Suppose a vortex n of strength m to exist in one fluid at a point whose co- 
ordinates are ({, 17). Then there will be a vortex P of equal strength at the corre- 
sponding point {x, y) of the other fluid. But these will not continue to move so as 
to occupy corresponding points. We may, however, infer the motion of P from that 
of n by the following rule. Let x (^» v) ^^ ^ current function {not the current function 
of the fluid) giving the motion of the vortex 11 so that its velocities resolved parallel 

dy dv 

to the axes of { and 11 are respectively ^ and - ^ . Then the motion of P is given 

by a current function 

dv' dv' 

t.€. its velocities resolved parallel to the axes of x and y are respectively -^ and - --' , 

and its path is found by equating x' ^o a constant. Here ft? is the quantity called 
DJDq in Art. 569. Generally we may say that the current function of P is obtained 
from that ofUby subtracting J m 2o<7 ft, where 

M«=(d^/dx)«-f- (dydy)'= (di7/dy)2 + (dVdx)2. 

In using this rule the strength m of a vortex is to be considered positive when 
the vortex rotates in the direction opposite to the hands of a watch, that is from the 
positive direction of ( to the positive direction of 17. 

As an example of this rule, let us investigate the path of a vortex P swimming 
in the comer formed by two straight lines inclined at an angle equal to r/n. This 
problem is discussed by Prof. GreenhiU in the Quarterly Journal^ Vol. xv. Let us 
first suppose a vortex 11 to swim in the infinite space bounded by the axis of ^. 
Placing an image on the negative side of this axis, we see that the vortex IT moves 
parallel to the axis of J with a velocity w/217. Its stream function is therefore J m log 17. 
Taking any point on the axis of ^ as origin, we shall turn the negative side of the 
axis round the origin untU it makes an angle equal to vjn with the positive side. 
To express this we use the formulae of transformation given in Art. 580. We thus 
have 17 = c (r/c)** sin 71^. The value of ft, is therefore n{rlc)^^K According to the 
rule the stream function which gives the motion of the vortex P in the corner is 

x'=im\ogTi-ilogfi 
= Jwlog(rsinw^). 

The path is therefore given by r sin nd = c where c is a constant. It may be noticed 
that n need not be an integer. 

If two -circles intersect in A and P, we may find, by inverting this result, the 
motion of a vortex V in the space between the circular boundaries. Let 6 be the 
angle the circle through A, B and the vortex V makes with either circular boundary, 
and let a be the angle between the circular boundaries. Then the current function 
of the vortex V is found by subtracting Jm log fi from the value of x' given above, 

where M= ( - ) » as shown in Art. 580. The current function of the vortex V is 



therefore x = 9 ^^8 ( -^ T . P F . sin — j 



